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The Wavelet Transform in Clifford Analysis

Jan Cnops

Abstract. The upper half space G = {(z¢,...,2,) : To > 0} can be con-
sidered as the group generated by dilations and translations on R™. This
group has a natural unitary representation on Lo(R™). Using the continuous
wavelet transform, certain Banach and Hilbert spaces of functions monogenic
(i.e. solutions of the Cauchy-Riemann operator) on the Poincaré half space
are constructed. The Hilbert spaces are linked with the fractional calculus of
the Dirac operator on R".
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1. Introduction

Let G be a Lie group with a left invariant Haar measure pu. Then the repre-
sentation « of G on Lo(G, ) given by a(g)f(a) = f(ga) is obviously unitary.
Suppose now that H is an arbitrary Hilbert space, with a representation 3 of GG,
and let f be an arbitrary non-zero vector of H. For each h € H, we can define
the function 7(h) on G by

m(h)(9) = (B(g9)f, h),

where (-, ) is the inner product on H. The circumstances under which 7 becomes
a unitary mapping from H to (a subspace of) Ly(G) are well known (see [7]). This
technique is described under various forms and with various degrees of generality
in the literature, and is very difficult to attribute to one author. Usually in the
literature f is either called a vacuum vector or a wavelet. Since the application
of this theory in this paper has similarities with certain wavelets ( as described in
e.g. [2]), we have adopted the name wavelet transform for this case. The group G
we use here is generated by translations and dilations. Using suitable functions f,
it is possible to make sure the image of Ly(R™) consists of monogenic functions,
i.e. solutions of some Cauchy-Riemann equation. One can consider either the
Cauchy-Riemann equation for Euclidean or for Poincaré metrics (there is an
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elementary relation between the two), but it seems conceptually more logical to
use the Poincaré metric.

Doing this we solve a question of Gilbert and Murray (see [6]) regarding the
non-triviality of certain Banach spaces of monogenic functions. Apart from that
we construct a series of Hilbert spaces of monogenic functions, which are linked
with representations of the conformal group of R”, which encompasses GG. The
wavelets considered turn out to be, in a natural way, fractional Dirac derivatives
of the Cauchy kernel, D®E., where D is the Dirac operator on R® and E the
Cauchy kernel in R"*!. Hence the boundary values of the wavelet transforms T
are fractional Dirac derivatives of L, functions.

2. Preliminaries

2.1. Clifford algebra. Let R™ be n-dimensional Euclidean space, with the pos-
itive definite inner product (-,-). We can take an orthonormal basis ey, ..., e,
such that (e;,e;) = 0;;. We shall usually indicate vectors of R™ with lowercase
boldface letters, i.e. use x, y, etc.

The Clifford algebra C/(R,n) is the free algebra generated by R"™ modulo the

relation

x? = —(x,x).

It can be considered as being the exterior algebra AR"™, where the extra informa-
tion defining the inner product is included. From this point of view one has

Xy =xAy —(x,y),
for arbitrary vectors. Clearly, for n > 1, (/(R,n) is not commutative.

For practical reasons (e.g. use of the Fourier transform) it makes sense to com-
plexify C/(R,n) to C/(n), which then consists of elements of the form a + b,
where a and b are in C/(R, n). Multiplication then assumes that : commutes with
all elements of the Clifford algebra. On Cf(n) we can define an anti-automorphism
by

= —1, %:Bd,

Sl

X = —X,

for arbitrary x in R™ and a and b in C/(n). There is a natural identification of C
as a subspace of the finite-dimensional algebra C/(n), and so it makes sense to
speak of the scalar part of a Clifford number, which will be denoted by [a]o.

In this paper the so-called paravector formalism will be used. In this formalism,
vectors in R™™ are identified with elements of C/(n) by

Tr=2x9+x1€1+" "+ 2Tpe, = To + X,

where x is a vector in R™. Thus, instead of using the full Clifford algebra over
R"™! only the smaller algebra C/(n) is taken.
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2.2. Monogenic functions. In Euclidean space R™ the Dirac operator D is
defined by

Df(x) = Z e;0,f(x),

where 0; is the i-th partial derivative and f is a (sufficiently smooth) function
which takes values in the Clifford algebra. Sometimes functions with values
in a spinor space (i.e. an irreducible representation of the algebra, so that the
multiplication with e; makes sense) are used. This does not influence the theory.

Like in R™*! there is a very similar operator, the Cauchy-Riemann operator
D =D + 0,.

Its properties are very similar to that of a Dirac operator, and there is an easy
way to convert Dirac and Cauchy-Riemann operators. For a full overview of the
theory of solutions of the equation Df = 0, the so-called monogenic functions,
we refer to [4].

Let © be a domain in R™!, and let « be a strictly positive, sufficiently smooth
(e.g. C*) function, the so-called conformal weight. Equipped with the metric
ds,? = dsg> / a?, where dsg is the Euclidean metric, £ becomes a conformally
flat manifold. The Cauchy-Riemann operator (sometimes called the spinor Dirac
operator or Atiyah-Singer operator, as for this case other Dirac-like operators are
in use) in this case is given by

Do f(x) = a(x)®2D (a(x) "2 f(x)))

A function satisfying D, f = 0 is called monogenic in 2, or monogenic for a.
Since any function f, monogenic for ¢, can be written in the form a(*~1/2g,
where ¢ is Euclidean monogenic, the (local) theory of monogenic functions on
conformally flat manifolds is equivalent with the (local) theory of monogenic
functions on Euclidean space.

The specific case of interest here is where the domain is the half space P =
{x: 9 > 0} with the Poincaré metric dsp> = dsg®/1¢>. The Cauchy-Riemann
operator Dp of this manifold is given by Dp = 277/ *Dag "2,

2.3. Hilbert modules. A (right) module 7 over (/(n) is a vector space such
that for each a the map

R(a): T — T,
[ — R(a)f = fa,
is a linear map which is well defined as a right multiplication, i.e. that R(1) = Id
and R(ab) = R(b)R(a). We only consider modules here where elements of 7 are

Clifford valued functions, and where multiplication R(a) is got by multiplying
pointwise from the right by a, that is,

R(a)f(x) = f(x)a.
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A linear map 7 x 7 — (/(n) satisfying

(fr9) = (9,f),
(figN) = (fi9)A,

for any f and ¢g in 7 and A in C/(n) is called a Clifford valued inner product. If
the scalar inner product [(+,-)]o is positive definite, and if 7 is complete for the
resulting norm, 7 is called a Hilbert module.

For a Hilbert module 7 of Clifford valued functions on a certain domain €2, we
say that 7 has a reproducing kernel K if the point evaluation is continuous in
each point. The reproducing kernel K is a function on €2 such that for all x € Q2

(i) K(x,-)eT.
(ii) f(x) = (K(x,-), f)r for all fin 7.

It has been proved (see [3]) that such a reproducing kernel exists if and only if
the point evaluation is continuous.

2.4. The group of motions and the wavelet transform. We can turn G =
R4 x R™ into a group defining multiplication by
(a,u)(b,v) = (ab,u+ av).
The geometric action of an element of G is given by
g(a,u)r = ax + u,

which is meaningful for z € R"™! so g(a,u) can be considered as a similarity of
R"*! leaving R” invariant. It is easily seen that ¢ in fact defines a group action,
given by, g(a,u)g(b,v) = g(ab,au + v).

Consider the space Ly(R™) of C/(n) valued functions with the inner product (-, ),
given by

<.fa g) Ly — fg
R
This inner product is C¢(n) valued. The complex valued inner product [(-,-)1,]o
is positive definite, and turns Ls(R™) into a Hilbert space with a norm, || - ||z,.

However, to obtain reproducing properties, we shall need the full Clifford al-
gebra valued inner product. This has to be treated with care because of the
non-commutativity of the algebra. In general, it is not true, for example, that

<fag>L2 = <gv f>L2‘

We now define the following unitary representation of G on Lo(R"):

m Wiaw s = st (S0,

a

Its Fourier transform can be defined by Wr f=F(WFf). Explicitly it is given
by

—~

W (a,u) f(w) = a"2e@W flaw).
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Notice that we use the Fourier transform in n dimensions normalised by

FoI0) = = g [ @ e

at least for L functions. This way F and F~ are isometries on Ly(R™), and they
are the inverse of each other. Moreover we define an inner product for Clifford
valued functions on G by

< d
<fa9>G:/0 anil /Rn f(a,u)g(a,u) du.

It is not hard to check that this is a left invariant measure on G. Indeed, for an
arbitrary fixed element (b, v) of G, the mapping ¢ on G given by

o(a,u) = (b,v)(a,u) = (ba,bu + v)

has Jacobian (with respect to Lebesgue measure dadu) b"*'. With this inner
product we define the module Ly(G) in the usual way, the relation between com-
plex and Clifford valued inner products obtained in the same way as in Ly(R"™).

Let ¢ be an arbitrary function in Ls(R™). Then the wavelet transform with
wavelet ¢ is defined as the mapping

T: Ly(R") — F(g),
fo=Tf  Tfla,u)= W,y f)r,
Here F(G) is the vector space of C/(n) valued functions on G.

2.5. Radially symmetric wavelets. We formulate the following theorem for
scalar valued wavelets, because it is stated for scalar valued functions in the
literature. Proofs given in this setting remain valid in the case of Clifford valued
functions if the wavelet itself is scalar (if f is scalar, then (f, g)r, = (7, f)1,). We
shall be using Clifford valued wavelets, and shall prove the necessary properties
based on these for scalar wavelets.

Theorem 2.1. Let 1) be a radially symmetric scalar valued function in Lo(R™)
satisfying the admissibility condition (notice that F1 is also radially symmetric,
and so it makes sense to consider Fi as a function of one real variable, the

radius)
Cy = (27)" /
0
Then

(i) (1/4/Cy)T is an isometry from Ly(R™) to a submodule T of La(G).

o dt
T IFOP < o0,
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(ii) The inversion formula is given by
1
e

in the weak sense.
(iii) 7 has a reproducing kernel given by

da

10 =g [ V@ 000 T 0

! (W(ay, ), Wiag, uz)¥),.

K(a17u15a2u2) = C’_
P

Proof. The proof for n = 1 is given explicitly in [2]. As indicated there, the
proof for n > 1 is quite similar. [ ]

3. Generalised Cauchy wavelets
3.1. The Cauchy transform as a wavelet transform. An important role
in this paper will be played by a generalisation of the Cauchy kernel
I y+y —x—Xg
Sna1 [y 4 Yo — X — X[

Here s,,1; is the surface area of the unit sphere in R"*!, s, = 27%/2T'(k/2). With
it we associate the Cauchy transform of a function in Ly(R™) by

Cf(y +yo) = (E(Y + Yo, ), f) Lo

This is a monogenic function in R"**\R". Notice that we only need the function
E(y + yo,x + x¢) restricted to the hyperplane xq = 0 for the Cauchy transform.

E(y + yo,x + x9) =

The Cauchy transform is closely related to a wavelet transform. Indeed, if we
take

wU(X) = E(17 X)v
we immediately get, for a > 0, that

an/Z

St [1 = (x — )|+

X—1u

W(a,u)y(x) = =a"?E(u+ a,x).

Writing the wavelet transform for this wavelet as T\, we have

Tof(u+a) = a"*Cflu+a).

To be able to define a suitable generalisation of this Cauchy transform we first
need to calculate the n-dimensional Fourier transform of E. Fix y + yq, with
yo > 0. Then the Fourier transform over R™ of E(y + yo, -) is given by

1 )
/ X E(y + yo,x) dx.
R

FE(y +yo,w) = @)
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In order to calculate this integral we consider the following functions, monogenic
in x for the whole of R™"*!

1 —

2 =
1
pata = (112 )t aae

It is fairly easy to prove monogenicity. We have

Dxez<w,X — Zo)|W| — (zw . |w|)ez(w,X — X)W

)

and monogenicity follows from the fact that (|w| — w)(|w| + w) = 0 (recall
that w? = —|w|?). The function P, can be treated in a similar way. On the
hyperplane z = 0, P, (x) + Py (x) = ¥ X and so

FEY +0:9) = s [ B0+ o) (P () + P) d

For both terms we apply Cauchy’s representation formula (this is the reason why

we wrote E instead of E: E is a monogenic function). For Pg, we use the domain
Cr={x: x>0 and |x| <r}. Forr — 400 we obtain, using Jordan’s Lemma,

/ E(y + yo,x)PL(x) dx = ligrn N E(y + yo,x)PL (x) dSx.
n r—+oo [acH

But, according to Cauchy’s representation formula, we have
| B+ mx0PL ) S = Py + )
aCH

whenever r > |y|, and therefore

1 1
@ /Rn E(y + yo,x)PL(x) dx = WPJ,(y + Yo).

In a similar way C~ is defined as C- = {x : 2y < 0 and |x| < r}. Notice that
y +yo € C~ because yy > 0. So one obtains

1 —
(272 /Rn E(y + v0,x)Pg(x) dx = 0.

Therefore
1 w
FE w)=— [ 141— | @Y ~ Yollwl > 0.
(y + yo,w) 2(27r)”/Q< +Z‘w’)€ , Yo
In a quite similar way we obtain for the lower half-space
1 w
FE(v — — =1 4= ) MWy — Yol > 0.
(y y07w> 2(27T)n/2 ( +Z|w|> € ) Yo

This also follows directly from the fact that
E(y —yo,x) = E(y + y0,%) = 2[E(y + yo0,%)]o-
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If we now define the radially symmetrical wavelet

do(x) = 2[E(Lx)], = ——

3n+1|1 _X|n7

we see that

Fio(w) = 2/FE(1,w)]o = (27T1)n/2€—w|.

Therefore 1y does not satisfy the admissibility condition of Theorem 2.1 and
we do not have an inversion formula of the form given there. It is known how-
ever, that the Cauchy transform has an inversion formula of the form f(x) =
lim,, 1o(Cf(x 4+ x9) — Cf(x — x¢)). In terms of the wavelet transform 7} defined
by 19 this becomes

f(x) = lig}l a "*Tof(x + a).
We now define two subspaces of Ly = Ly(R") as follows:

Definition 3.1. The spaces of boundary values from above and from below are

defined as

1 = {5 f= s a).

L= {5 f=tm-crt-a).

An important characterisation uses the functions (1/2)(1 £ zf&j—‘) which (for

w # 0) are self-adjoint idempotents whose product is zero. These idempotents
were already used by F. Sommen in [9], and by A. McIntosh in [8].

Theorem 3.2. Elements of LE are characterised as follows: f € LT if and only
if
1 w
=—|1£1— .
Frw) = (1£02%) Frw)

The spaces Ly are mutually orthogonal.

Proof. The two spaces A* = {f: Ff = (1/2)(1+1(w/|w]|))F [} are orthogonal
for the inner product of Ly(R™). Indeed, in the integrand defining (F f, Fg), with
f € A”and g € AT we have the factor (1—1(w/|w|))(1+2(w/|w|)) which equals 0.
Moreover, for f € Ly(R"™) we have that f = f* 4+ f~, where

Fre=l (1 :I:zi) Ff.
2 ||

Because the factors in front are idempotents f* € A%, and Ly(R") is the direct

orthogonal sum of A* and A~. Now, for o > 0 and x arbitrary we have that
E(x —xg) € A™. Therefore, if f € AT, Cf(x — x9) = (E(x — x0,), [)1, =0
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and f € L. Likewise A~ C L, . But because AT and A~ span Lo(R"), we must
have equality of the spaces, A* = L. [ |

Corollary 3.3. Both spaces L2i are invariant under the action W of the motion
group G.

Proof. This follows immediately from the Fourier transform W of W. [ |

With the wavelet 1)y we can now associate the two wavelets ¢4 and v, which are
the projections of 1y onto L§ and Ly, resulting in the wavelet transforms T}
We immediately have that Ty = T+ +T~, while T,f f = Ty f if f € L3, and similar
relations. However, if we look at the explicit form of the Fourier transforms of 1/)3[
we immediately see that

ve (%) = E(1,x),

wa(x> = _E(_LX)'

In other words, the Cauchy transform can be considered as being the split over the
decomposition Ly @ L, of a wavelet transform with radially symmetric wavelet.

3.2. The generalised Cauchy transform. Consider, for real g with § > 0
the wavelet given by

Dplw) = (2m) 2wl e,
It is easy to check that the normalising constant for this wavelet equals
Cs = ng = 272’81—\(25).

It should be remarked that it is possible to take § complex, with Re 3 > 0. The
normalising constant then equals

Cy = Cy, = 27°%FL(2Re p).

For ease of notation we have chosen to work with real § only; the reader will
have no difficulty in taking the holomorphic extension of the results below, which
are valid for complex values of [.

We can immediately calculate the reproducing kernel associated with this wavelet
transform in terms of an inner product, as described in Theorem 2.1. For future
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reference however, we first calculate a slightly more general inner product.

Qﬁ(az,uz;al,ul) = (W(a2,112)¢7,W(Gl,ul)wﬁhQ

Q2B /2
_ 4 : )2 / @M = a4 (o +a2) W] g
2m)n n
n/2+p n/2+
_ ayay / ez(w,%>|w|ﬂ+ve—lw\ dw
(2m)™ (a1 + ag)P 1t Jp,
2) S i SR T |°
(a1 + CL2>6+7+" A ai + as
a;l/ 2+ a;z/ 24
) T (m+ az)ﬁ+v+n/2w(a1 2, U2) 4 ().

The reproducing kernel of the image of Ty, is given putting v equal to 3, and
dividing by Clj:

Ky =(1/Cp)Q4".
To generalise the Cauchy transform we use the projections of 13 onto the spaces
Lf, creating the wavelets

Dh(w) = % (1 + 2|::—|) Ds.

To simplify notation, we shall concentrate here on the upper half space, and
consider mostly the submodule L3, together with the function w;. The case

of Ly will be quite analogous; whenever the switch is straightforward we shall
not mention it.

For this function W(a, u) AZ; (w) is explicitly given by

U 1 o W Y
W(a, u)iy (w) = Wa[” /2en@ W) (1 —i—zm) |w|Peal®l,

Notice that a*ﬁ*"/fﬂ?(a, u)z/ﬁ\;;(w), considered as a function of the n + 1-dimen-
sional variable y = u + a, is monogenic. Indeed, if one takes the part which
depends on a and u, g = eX@WWe=@l (which is scalar) one obtains

Oag = —lwlg,

Dug = wyg,

Dy = (w —lwl)g,
where D, stands for the n — 1-dimensional Dirac operator in the variable u.
Multiplication with the remaining factor gives

Dy <1 n zi) — 0.
|w|
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The monogenic wavelet transform of a function f for the wavelet 13 is now

defined by

Cif(am) = a2 Rﬁ(ca,u)%(w)f(w)dw

A

= a2 W (0, W), f)i,
= a2 (W (a, W), )1,

The symbol Cg is used because it is a generalisation of the Cauchy transforma-
tion, as will be seen later. The Cauchy transform itself will be denoted by CY, as
it is in some sense the limit for  — 0 of the monogenic wavelet transform C’;.
So we define

Ciflaw) = Cfla+w),
Cy fla,u) = Cf(—a+nu), a > 0.

3.3. Explicit expression for the Cauchy wavelets. Let us now calculate
the function a=#—"/ *W(a,u)tpy itself, rather than its Fourier transform. As a
central role is played by monogenicity, we shall look at this function, rather than
W (a,u)ipy. We have that

4)  a P 2W{a, W)y (x) = %”/ elwt — X) (1 + z|w—|> |w|?e= 9l du,
n w

where we have written ¢, for (27)~". It is seen immediately that this function is
a function of @ and u — x only, say ¢s(a,u — x), that ¢g(a,y) is monogenic in
the variable a +y, that ¢4 is homogeneous of degree —3 —n again in the variable
a +y, and is invariant under rotations in R™. Therefore it must have the form
(we put y = r&, with £ = . €,& a unit vector)

op(a,ré) = a P A (2) + a_ﬁ_”_lrfB (2) )

The function ¢ is monogenic with D¢pg = 0. To express this in terms of the
functions A and B, we need the following formulae for the Dirac operator: if f
is a scalar, radially symmetric function (i.e. f is a function of r only) then it
follows from the definition of the Dirac operator that

DF(E) = Y el (1) = £1'(0),

while taking the derivatives termwise gives

Dxf(r§) = D(f(r)x) = (Df(r))x + f(r)Dx = —rf'(r) = nf(r).
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Thus it follows that
0=Dgp; = (8a+D)< - ”A( >—|—a g-n- 1r§B(@)>

— a—ﬁ—n(_ﬁ_nA_%A/_’_gA/

a a ra

LIPEn e ZreB - - —B)

a? a?

Both scalar and vector part must be zero, which leads to the system
—F—n A——QA’——B——QB’ = 0,
a a a

—B-n-1
Honslp B+ )
a ra

Substituting ¢ = r/a, and multiplying the first equation with a and the second
with a?, results in

(=3 —n)A—tA' —nB—tB = 0,

(=B—n—1)B—tB"+ (1/t)A" = 0.
The function ¢g being a monogenic function is analytic, and it is permissible to
expand A and B into series, A(t) = Y.7% At and B(t) = 3% B;t'. Because

of analyticity, both A and B are even functions of their argument This results
in the system

(=8 —n—-k)A,—(n+k)B: = 0,

(=8—n—1—Fk)Bry+ (k+2)Ar2 = 0,
which can be written as

B+n+E)(B+n+k+1)
(k+2)(k+mn)

(Bn+k+1)(f+k+n+2)
(k+2)(k+n+2)

—Ak+2 ks

— By By.
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So, with the classical notation (a)y = a(a+1)---(a+k — 1), and F = 2F}
denoting the hypergeometric function, we get

A(0) :1%§;«ﬁ+mmn«5+n+nmn<_ﬁ)k

a kl(n/2) a?
B4+n f+n+1 n 1
= AgF — ——
(5) 0 ( 9 ) 92 727 (1,2 )

B(i> = Boi((ﬁ+n+k1!z(§)i(f/;z+2)/2)k< 7“2)

(6) — —ﬁZnAOF (

The constant Ay can be determined from the defining integral putting u—x =0
and a = 1. We then get

B+n+1 f4+n+2 n+2 12
2 ’ 2 27 a?)’

Ay = %n |w|?e™ ¥l dw = —ansn / rPn=le=r dr
R" 0
1 T
— usiD(3+n) = 6+ n)

2nn/2 T'(n/2)

where s, = 27™/2T"(n/2) is the surface area of the unit sphere. It was permissible
to disregard the term in w/|w|, because the integrand for this term is antisym-
metric in w, and therefore this part of the integral equals 0.

The series expansion is only valid in the domain [u—x| < a. The integral however
defines a monogenic function in the domain a > 0. To determine the functions in
the domain [u—x| > a > 0 we must look at the inner and outer power functions,
introduced by F. Sommen in [10]. These are monogenic functions in the variable
y + a, defined for a complex parameter s by

n+s —s 1 az)

s = “F 11— ' Y 9
p(y+a) r ( 2 279 r2

+s —s 3 a2
—sar® e F 1_n_____
Sa/r. 6 2 72727 7/.2 )

l1—s 3—s—n 3 a?
o = — Dar®s 'F c_
wly+a) = (s+n—partp(L2 22000 50

l—-s 1—s—n 1 a?

s¢f L%

M ( ) r2)

These functions are homogeneous of degree s, and are monogenic in the domain
ly| < 0. Notice that the series definition of the hypergeometric function converges
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absolutely for the argument —a?/r? = —1, and so these functions are continuous
up to each boundary point where r = a # 0.

On the cone r = a, both of these functions are determined by two real constants:
we have for s fixed and a > 0 arbitrary

ps(a(1+¢)) = a’(u+v),
gs(a(1+8)) = a’(c+df),

for some scalars u, v, ¢ and d. Indeed, this is the only possible form for a function
homogeneous of degree s which is axially invariant on this cone. Moreover, it is
easily seen from the properties of the hypergeometric series that ud —wve # 0. As
a consequence we have:

Lemma 3.4. Let f be a function on the cone r = a of the form

fla(1+€)) = a*(e1 + &),

then f has a monogenic extension into the domain |y| < |a|, which is a linear
combination of ps and qs.

Now, our function ¢g(a, ), when restricted to the cone satisfies the conditions
of Lemma 3.4. Therefore the series expansions (5) and (6) have two monogenic
extensions into the domain |y| < a: one given by ¢z, the other one given by
Lemma 3.4. By the unique continuation property of the Cauchy-Riemann oper-
ator, both extensions are equal in this domain.

One can take the derivative with respect to a under the integral sign and obtains
immediately

(7> 8a¢ﬁ(a7 Y) = gbﬁ-f—l <a7 Y)

Notice that this equation is also valid for 8 = 0. But since ¢g is monogenic, we
have D¢g = —0,¢3, and so —D¢g(a,y) = ¢pg+1(a,y).

We can summarise the results of this subsection:

Theorem 3.5. The Cauchy wavelets ¢g(a,y) defined by the integral (4) can be
extended to monogenic functions in the domain a > —|y|. In the domain a > |y|
they are defined using the hypergeometric series by (5) and (6). In the region
la| < |y| > 0 they are defined by the monogenic power functions p_g—, and
q—p—n. Finally, if B is an integer, repeated application of (7) shows that ¢g is a
B-th derivative of the Cauchy kernel, and can therefore be extended to the domain

R\ {0}.

It was proved in [10] that, if § is not an integer, one cannot construct a monogenic
function of degree —3 — n in the entire domain R™* \ {0}. Therefore, in this
case, a similar extension for ¢4 is impossible.
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4. Spaces of monogenic functions

The wavelet transform T}, associated to the real valued radially symmetric
wavelet g, maps Lo(R™) (up to a constant) isometrically to a closed subspace
of Ly(G). Thus it is natural to assume that the image of the generalised Cauchy
transform Cg will have the form of a weighted Bergman space Bas_;1. We shall
presently show that this is indeed the case. But the wavelet transform provides
a link between these spaces and a kind of Hardy spaces introduced by Gilbert
and Murray ([6, p. 288]). They ask the question whether these Hardy spaces
are trivial. Using the wavelet transform we can give a complete answer to this
question, because the image of C’g is contained in these Hardy spaces.

First we define the relevant Bergman spaces (actually they are Hilbert modules
over (¢(n)) B, to be the spaces of functions which are monogenic in the upper
half space and which have finite norm for the inner product

[f7 g]u = /OOO aﬂ<f(a + ~),g(a + ')>L2 da.
The norm will be denoted by [[f]],.

Consider for any real p and an arbitrary Clifford valued function on the half
space f the norm (which may be infinite)

1
£l = fggmlf(a + )| L,

We construct, for p fixed, two function spaces with this norm:

- the space H,, of functions satisfying Dp f = 0 with finite norm || f||,;
- the space M), of monogenic functions with finite norm || f||,.

The Hardy spaces considered in [6] are the spaces H,. Since any solution of
Dpf = 0 can be written as f = a("~1/2g where g is monogenic, H,, is isomorphic
to (and isometric with) the space M, 1_n)/2.

It is fairly elementary to prove that the space M, is trivial for ;1 > 0. Indeed, for
such p1, we have that lim, o || f(a+-)||z, = 0, which implies that f is in the Szeg6
space of the half space, with boundary value zero: hence f is zero everywhere.

For ;1 < 0 we shall show that the image of CJf, where 3 = —p, is contained in
the space M. In other words, that

B2ﬂ—1 C M_ﬁ.

Theorem 4.1. Let § > 0. Then Cg: Ly(R™) — Bag_y is, up to a constant, an
1sometry.

Proof. Let T be the wavelet transform associated with the radially symmetric
wavelet 5, and let Sgf(a,u) = a ™ 2Tsf(a,u). It is known, see [2], that
Sz is, up to a constant, an isometry from Ly(R"™) to 73, the Bergman space of
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harmonic functions with inner product [[-,]]as—1. Clearly for any f € Lj we
have Cg f = Spf, because 15 is the orthogonal projection of ¢4 onto Ly . We

have already proved that Cj f is monogenic, and so C§ is, up to a constant, an
isometry from L, into Mss_;. We now prove that C’; is onto. Assume therefore
that there exists ' € Mys_; such that I is orthogonal to the image of C;f.
Since Sg is up to a constant an isometry, g = SB’IF exists and sits in L, . But an

explicit calculation shows that Sgg is monogenic for g € L, if and only if g = 0.
This proves that F = 0, and Cj is onto. n

Corollary 4.2. The reproducing kernel of Bag_1 is given by

1
Cg(@l + a2)25+"

f(ui—u) 1 _
¢2ﬁ<a1+a2) Oﬁ¢2ﬁ(a1+a27u1 u),

where ¢op 1s a generalised Cauchy wavelet.

Proof. We start with the reproducing kernel (2) for the image space of the
wavelet transform 7. First of all we must correct it, multiplying it with a factor
(ayaz)™™/?7P to take into account the difference between wavelet and Cauchy
transform. Then we must project it onto the space of monogenic functions in
the second variable (because we only use the image of L3 ), and the conjugates
of monogenic functions in the first variable (because the result of applying the
reproducing kernel must be a monogenic function). This gives the result. [ |

Since each of the spaces Bag_1 is isomorphic with L3, they are mutually isomor-
phic. We can therefore define the isomorphism

7353 BQﬂfl - Bzfy—h
;o P —cHOp™
This is obviously well defined. We now prove

Theorem 4.3. 775 1s an integral transform with kernel P,YB given by
Pf(az, Up;ag,uy) = C§1¢6+7(a1 + az,u; — uy).
In other words, PYG(ay, uz) = [P (ag,uz;-), Glas_1.
Proof. We start with the similar map Qg: 75 — 7T,. Let F be a function in 7.

According to the inversion formula of Theorem 2.1 it is the image under 7 of f,
given by

f(x)zciﬁ/ooo ;flgrll /ndulW(al,ul)wg(x)F(al,ul).
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Taking QgF =T, f results in

1 & da1
Q‘jF(az,uz) = /n dXW(a2au2)¢v(X)C_ﬁ/0 !

/n du1W(a1, ul)@/)/g(X)F(al, 111)

1 da1
Cs Jo @?H

/n duy (/ de(a2,u2>¢7(x)W(a1,u1)¢ﬁ(x>) Flay,uy)

1 [ da
= = n—i—11/ dul Qﬁ(a27u2aalaul>F<alaul)
0 n

Cs
1 [ da
= = n—|—11/ dul Qﬁ(a27u2aalaul>F<alaul)
Cﬂ 0 n
Q). F)
= — Us; - .
Cg 5 a2,02; "), G

In other words, Q7 is an integral transform with kernel (1/C3)Q7.

As in the case of the reproducing kernel, we only have to adjust the exponent
in a; to account for the difference of the inner products (-, )¢ and [-, -]as—1, and
project onto the space of monogenic functions. ]

Theorem 4.4. Let 3 > 0. Then C’g defines a continuous mapping from L3 into
M_g with empty kernel.

Proof. Keep a fixed. We shall calculate an upper bound for |C§ f(a, -)| ., start-
ing from || f||z,. First notice that

—~ ~ 1 —a
W(a,u)yp(w) = (27T>n/2aﬂ+n/2ez<w,u>|w|5€ |w|

= WU (a,0)¢5(w),

which implies for f € Ly, for which we can use 93 or 15 without changing the
wavelet transform, the equation

Cf flaw) = a7 [ W 0,015, (w) fw) do

= a2 RE (W(a,0)0 f) (w).
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Calculating the Lo norm of C’;{ f(a,-) gives
||Cg_f(a7)||%2 = [<Cg—f(a>')’03—f(av')>L2}o
= (27_[_)71 [(fcgf(av )7:F03—f(aa ')>L2}0

= (2n)"a 7 [(W(a, 010 £, W(a, 0105 f)ua]

- <2w>"a-%—"{ W(a,owﬂiv\(a,owgfdw]

Rn 0

= @ma [ f@)PIV (e 0)ds(w)
= [ f@)PlwfPe@lde
R

The last but one equality is valid because W(a,O){b\ﬁW(a,O)@ﬂ is real. The
function |w|??e=2%%! is bounded. It reaches its maximum at |w| = 3/a, and the
maximum is a=2°C?, where C' = (3/e)?. Replacing |w|**¢~2%%! by this bound
in the integral gives

ICF F(a, )z, < a™CIf||L.-

This proves that C;{ is a continuous mapping from Lo(R™) into M_z with norm
at most C.

Moreover it is easily seen, since |w|?*?e=2e%! is different from zero almost every-
where, that ||C} f(a,-)||z, = 0 if and only if f = 0. n

Corollary 4.5. H, is not empty if p < —1+n.

5. Fractional calculus of the Dirac operator

The symbol of the Dirac operator maps w to w, in other words
F(Df)(w) = —wF f(w),

assuming, of course, that f is in the suitable Sobolev space. As a consequence
we immediately have

Dy = FU5

Formally, the adjoint of D in Ly(R™) equals D. On the other hand, it follows
directly from the representation W (see (1)) that

D, W(a,u)y(x) = —DxW(a,u)y(x).
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for any wavelet 1. So we obtain, assuming D f € Lo(R"™), that
Cﬁin(a, u) a P W (a, u)ng?, Df).,
= a HDI (0, W)Y, f),
= " am W (a, w)(DY), f)r,
= o PN W a, W) (FUE)s S
= IFCgﬂf(a, u).
Let S” be the Sobolev space of functions in Ly(R™) for which the Sobolev norm

1Flls,p = (1 + |w])"F f (@)l 1,

is finite.

Assume now, for the moment, that 3 is a positive integer, and that f € L3 is in
the Sobolev space S®. We then obtain, using induction, that

Cy (=D)’f(a,u) = CF f(a,u).

But since an arbitrary function g in L3 is the limit of its Cauchy transform from
above, g = lim, o C"¢g(a,-). Applying this to the previous equation, we obtain

A similar treatment for functions in Ly N S? however shows that
Dﬁf:l(ggngf(a,-), fesniL;.

We therefore have to introduce an extra operator, the Hilbert transform H. It

is defined by
+ e L,
ST
- fel;.

It is known (see [6]) that the Hilbert transform is a singular integral trans-
form. Obviously H? = Id, and since, as follows from the reasoning above, both
eigenspaces of H, namely L3 and L, are invariant under the Dirac operator, H
commutes with D. We can combine the results for Ly and L, and write

(~HD)’f =lim(C; f(a, ) + Cj f(a, ), fE€S”

But Cy + C’g is, up to the factor a=?~"/2, the wavelet transform T} associated
with the scalar valued, radially symmetric wavelet 13, and so we can write this
as

(8) (—HD)?f = li?g a P "?Tsf(a,)), feSh
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Take now (3 > 0, not necessarily an integer (as already remarked, we can gener-
alise the theory to complex [ with Re § > 0). In the proof of Theorem 4.4 the
equality

||Cgf(a, )||%2 =c s |]E(w)|2|w|256_2“|w‘dw

(where ¢ is a constant independent of f) has bee established. Clearly this leads
to the estimate

1C5 f(a ). < cllfllss-

It follows that C’g f is a function in the Szegd space, and every function in the
Szegd space has a boundary value. A similar reasoning holds for Cy (obviously
we could have rewritten the resoning of Theorem 4.4 directly in terms of T}).
Therefore we can extend (8) to a definition of a fractional power of the Dirac
operator:

(~HD)’f =lima """ *Tyf(a, ), feS”.

Obviously, this is really useful only if it leads to a one-parameter group of oper-
ators, i.e. if (=HD)Y o (=HD)? = (=HD)**#. We prove that this is the case.

Theorem 5.1. Take f € S"*P. Then

(~HD)? o (~HD)’f = (~HD)"*"f.

Proof. We actually shall prove that, for f € S°,
T',y o (To)_l o Tgf = (Z_ﬁT,H_ﬁf.

If f € S then the boundary values of both sides exist, and the theorem simply
states their equality.

We have already seen that if f € S% a=#~"/2T,f has a boundary value then
this boundary value equals (Ty)~! o Tsf. Now, fix a; for a moment, and let F

be the function F,, defined as F,, (x) = afﬂfﬂﬂTgf(al,x). We can then take
the wavelet transform of £}, ; in the calculations we need the fact that 3 is a
radially symmetric function, from which the equality

W(ay, x)s(ar) = Wi(ay, up)s(x)
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follows. So, with expression (3) for Qg
T’yFa1 (a27 u2)

_ / W (a2, w2 )i, (%) Py (%)

= A Wlas v, [ dw Wianx)ga(an) fw)

n

= W a6 [ W )0 ()

n

= [ dw (@7 [ W Gan ) (0 a0 ) )

= /dulalﬁ”/2Qf(a1,u1;a2,u2)f(u1)

a'2y+n/2

v+n/2

)
(a1 + ag)Ptrtn/2 Ty flar + az,u5).

The change of integration order is permitted because f € Ly. Since f € SP, Tj
is in the analogue of the Szegd space, and the limit lim,, o F7,, taken in the Lo
sense, exists, and it equals (—HD)? f. Moreover the wavelet transform taken in
a fixed point (as,us) is continuous, and therefore we can take the limit of the
equality above,

Tw(_HD)Bf(%, uy) = az_ﬂTwﬁf(am uy).
This proves the theorem. [ |
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