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Abstract. New conditions for the validity of the Poisson representation (in
usual and generalized form) for a function harmonic in the upper half-plane
are obtained. These conditions differ from known ones by weaker growth
restrictions inside the half-plane and stronger restrictions on the behavior on
the real axis.
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1. Introduction and statement of results

In the theory of entire and subharmonic functions the Poisson representation

(1) u(z) =
y

π

∫ ∞

−∞

dν(t)

(x− t)2 + y2
+ cy, z = x+ iy, y > 0,

of a real-valued harmonic function u in C+ := {z ∈ C : Im z > 0} is very
important. Here, c is a real constant and ν is a real-valued σ-finite Borel measure
on R such that

∫ ∞

−∞

d|ν|(t)
1 + t2

<∞.

We mention applications of this representation to the theory of integral trans-
forms [1, Ch. 4], to the theory of entire functions [9, Part II], [10, Ch. 5], [8,
Ch. 3], and to the theory of Hp spaces [7, Ch. 6].

It is well-known (see, e.g. [7, p. 107], [9, p. 100]) that (1) is true if and only if u can
be represented in the form u = u1−u2 where u1 and u2 are non-negative harmonic
functions in C+. Nevertheless, for several applications (see, e.g. [8, Ch. 3], [10,
Ch. 5]) conditions that can be expressed in terms of the growth of u are more
useful. For a function u continuous in the closure C+ := {z ∈ C : Im z ≥ 0}
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of C+ the strongest condition of this kind is contained in the following result of
R. Nevanlinna [11].

Theorem A ([11]). Let u be a real-valued function harmonic in C+ and contin-
uous in C+. If

(A1) there exists a sequence {rk} with rk →∞ such that
∫ π

0

u+(reiθ) sin θ dθ = O(r) for r = rk →∞,

and if

(A2)
∫ ∞

−∞

u+(t)

1 + t2
dt <∞,

then u admits the representation (1) with dν(t) = u(t)dt.

In [3] and [4] different conditions for the validity of the representation (1) have
been found and applied to generalizations of the Titchmarsh Convolution Theo-
rem.

Theorem B ([3], [4]). Let u be a real-valued function harmonic in C+. If

(B1) there exists a sequence {rk} with rk →∞ such that
∫ π

0

u+(reiθ) sin θ dθ ≤ exp(o(r)), for r = rk →∞,

and if

(B2) there exists a number H > 0 such that

sup
0<s<H

∫ ∞

−∞

|u(t+ is)|
1 + t2

dt <∞,

then (1) holds. If u is continuous in C+ then dν(t) = u(t)dt.

Comparing conditions of Theorems A and B, we see that (A1) is more restrictive
than (B1) whereas (A2) is less restrictive than (B2). It should also be mentioned
that continuity of u in C+ is not assumed in Theorem B.

Assumptions (B1) and (B2) in Theorem B are sharp in the following sense: The
example u(z) = Re(cos z) shows that “o” cannot be replaced by “O” in (B1).
Moreover, (B2) cannot be replaced by

∫ ∞

−∞

|u(t+ iH)|
1 + t2

dt <∞,

for some H > 0, as the example u(z) = Im((z − iH)2n), n ∈ N, shows. It is also
worth mentioning that |u(t+ is)| cannot be replaced with u+(t+ is) in (B2), as
the example u(z) = −Re(z2n), n ∈ N, shows.
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In the present work we discuss conditions for the validity of a more general
representation which includes (1) as a special case. This representation has the
form

(2) u(z) =

∫ ∞

−∞

Pq(z, t) dν(t) + ImP (z).

Here Pq(z, t) is the generalized Poisson kernel defined by the formula

Pq(z, t) = Im

(

1

π

(1 + tz)q

(t− z)(1 + t2)q

)

, q ∈ N ∪ {0},

the measure ν is a σ-finite Borel measure on R satisfying
∫ ∞

−∞

d|ν|(t)
1 + |t|q+1

<∞,

and P is a real polynomial of degree at most q.

Throughout the text we assume that all harmonic functions and Borel measures
are real-valued.

For a function u harmonic in C+ and continuous in C+ which satisfies the con-
ditions

∫ π

0

u+(reiθ) sin θ dθ = O(rq) as r →∞,

∫ ∞

−∞

u+(t)

1 + |t|q+1
dt < ∞,(3)

the representation (2) (with dν(t) = u(t)dt) is due to R. Nevanlinna [11]. With-
out the continuity assumption on u in C+ but with the growth condition

(4) max
0<θ<π

u+(reiθ) = O(rα) for some α < q,

it is due to N. V. Govorov [6, p. 25].

Our first result is as follows.

Theorem 1. Let u be a function harmonic in C+.

If u satisfies condition (B1) of Theorem B and if there exists a number α > 0
such that

(5) lim inf
s→0+

∫ ∞

−∞

|u(t+ is)|
1 + |t|α dt <∞

then u admits the representation (2) with q = max{n ∈ N ∪ {0} : n < α}, with
a σ-finite Borel measure ν on R satisfying

∫ ∞

−∞

d|ν|(t)
1 + |t|α <∞,

and with a real polynomial P of degree at most q.
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Note that Nevanlinna’s [11] and Govorov’s [6] results mentioned above are not
contained in Theorem 1 because neither (3) nor (4) imply (5).

It is easy to see that Theorem B is contained in Theorem 1: If α = 2 then q = 1,
P1(z, t) is the usual Poisson kernel, and condition (5) with α = 2 is less restrictive
than (B2).

Our next result is related to the following question: Can we replace (5) with a
condition requiring convergence of the integrals in (5) only over two horizontal
lines? In some sense, there is an affirmative answer to this question. To formulate
this more precisely, we need a lemma.

Lemma 1. Let u be a function harmonic in C+.

If there exists a number H > 0 such that for all R > 0

(6) sup
0<y<H

∫ R

−R

|u(x+ iy)| dx <∞

then there exists a Borel measure ν on R with |ν|([−R,R]) < ∞ for all R > 0
and such that the function

u(z)−
∫ R

−R

Pq(z, t) dν(t), q ∈ N ∪ {0},

is harmonic in C+, continuous in C+ ∪ (−R,R), and vanishes on (−R,R).

Now we are ready to state our second result.

Theorem 2. Let u be a function harmonic in C+ satisfying condition (6) of
Lemma 1 and condition (B1) of Theorem B.

If there exist numbers H > 0 and α > 0 such that

(7)

∫ ∞

−∞

|u(t+ iH)|
1 + |t|α dt+

∫ ∞

−∞

d|ν|(t)
1 + |t|α <∞,

where ν is the σ-finite Borel measure defined in Lemma 1 then u admits the
representation (2) with q and P as in Theorem 1.

The following corollary to Theorem 2 is immediate.

Corollary 1. Let u be a function harmonic in C+ and continuous in C+ which
satisfies condition (B1) of Theorem B.

If there exist numbers H > 0 and α > 0 such that

(8)

∫ ∞

−∞

|u(t)|+ |u(t+ iH)|
1 + |t|α dt <∞

then u admits the representation (2) with dν(t) = u(t)dt and with q and P as in
Theorem 1.
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The rest of the paper is organized as follows: In Section 2 we prove some auxiliary
results. Section 3 is devoted to the proof of a weaker version of Theorem 1 where
condition (5) is replaced by a stronger one. Section 4 is devoted to the proof of
Lemma 1. In Section 5 we prove Theorem 2. Finally, using the result of Section
3 and Theorem 2, we prove Theorem 1 in Section 6.

2. Auxiliary results

Lemma 2. The generalized Poisson kernel Pq(z, t) satisfies the estimate

(9) |Pq(z, t)| ≤
y

|t− z|2
(

Aq
(1 + |z|)q−1

(1 + |t|)q−1
+Bq

(1 + |z|)q
(1 + |t|)q

)

, z = x+ iy ∈ C+,

where Aq and Bq are nonnegative constants.

Proof. For q = 0, 1 the inequality is trivial (with the choice A0 = 0, B0 = 1/π,
A1 = 1/π and B1 = 0). Hence, we may assume q ≥ 2. We have

Pq(z, t) =
Im((t− z̄)(1 + tz)q)

π|t− z|2(1 + t2)q
,

Im((t− z̄)(1 + tz)q) = Im

(

(t− z̄)

q
∑

k=0

(

q

k

)

tkzk

)

=

q
∑

k=0

(

q

k

)

tk+1 Im(zk)−
q
∑

k=0

(

q

k

)

tk|z|2 Im(zk−1)

=: S1 + S2.

Using the inequality | sin kθ| ≤ k sin θ, 0 ≤ θ ≤ π, k ∈ N, we obtain

|S1| ≤
q
∑

k=1

k

(

q

k

)

|t|k+1|z|k−1y ≤ q(1 + |t|)q+1(1 + |z|)q−1y,(10)

|S2| ≤ y +

q
∑

k=2

(k − 1)

(

q

k

)

|t|k|z|ky ≤ q(1 + |t|)q(1 + |z|)qy.(11)

From (10) and (11) we get

|Pq(z, t)| ≤
2qq

π

y

|t− z|2
(1 + |z|)q−1 ((1 + |t|) + (1 + |z|))

(1 + |t|)q .

We also need the following immediate corollary to Lemma 2.

Corollary 2. The generalized Poisson kernel Pq(z, t) satisfies the estimate

(12) |Pq(z, t)| ≤ Cq
y

|t− z|2
(1 + |z|)q
(1 + |t|)q−1

, z = x+ iy ∈ C+,
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where Cq is a positive constant.

Lemma 3. Let u be a function harmonic in C+.

If there exist numbers H > 0 and α > 0 such that

(13) sup
0<s<H

∫ ∞

−∞

|u(t+ is)|
1 + |t|α <∞

then u admits the representation

(14) u(z) =

∫ ∞

−∞

Pq(z, t)dν(t) + U(z),

with q and ν as in Theorem 1 and with a function U harmonic in C such that
U(x) = 0 for x ∈ R.

Proof. Consider the family of Borel measures on R

σs(E) =

∫

E

u(t+ is)

1 + |t|α dt, 0 < s < H.

By (13), each sequence {σsk
} with limk→∞ sk = 0 contains a subsequence (which

we also denote by {σsk
}) which is weak-star convergent to a finite Borel measure σ

on R (the 2-point compactification of R). Hence, noting that

lim
t→±∞

(1 + |t|α)Pq(z, t) =











0 if α < q + 1

(±1)q+1

π
Im(zq) if α = q + 1

,

we get

lim
k→∞

∫ ∞

−∞

u(t+ isk)Pq(z, t) dt(15)

=

∫ ∞

−∞

(1 + |t|α)Pq(z, t) dσ(t) if α < q + 1,

lim
k→∞

∫ ∞

−∞

u(t+ isk)Pq(z, t) dt(16)

=

∫ ∞

−∞

(1 + |t|α)Pq(z, t) dσ(t)

+
1

π
Im(zq)

[

σ({∞}) + (−1)q+1σ({−∞})
]

if α = q + 1.

Joining (15) and (16) and setting dν(t) = (1 + |t|α)dσ(t) we obtain

(17) lim
k→∞

∫ ∞

−∞

u(t+ isk)Pq(z, t) dt =

∫ ∞

−∞

Pq(z, t) dν(t) + A Im(zq),

for some constant A.
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Consider the family of functions

(18)

Us(z) = u(z + is)−
∫ ∞

−∞

u(t+ is)Pq(z, t) dt,

z = x+ iy ∈ C+, 0 < s <
H

2
.

From (13) it follows that for each s with 0 < s < H/2 the function Us is
harmonic in C+ and becomes continuous in C+ if we set Us(x) = 0 for x ∈ R. By
the Symmetry Principle it can be extended harmonically to C and then fulfills
Us(z) = −Us(z̄) for z ∈ C.

Now let us show that, for any fixed R, the family {Us : 0 < s < H/2} is uniformly
bounded in the rectangle ΠR = {z ∈ C : |Re z| ≤ R, | Im z| ≤ H/4}. To show
this, we shall first show that

(19)

∫ ∞

−∞

|Us(x+ iy)|
1 + |x|q+1

dx ≤ C for |y| ≤ H

2
,

for some constant1 C which does not depend on y and s.

Note that it is enough to show (19) for 0 < y ≤ H/2. Using Fubini’s Theorem
and (18) we get

∫ ∞

−∞

|Us(x+ iy)|
1 + |x|q+1

dx

≤
∫ ∞

−∞

|u(x+ i(y + s))|
1 + |x|q+1

dx+

∫ ∞

−∞

|u(t+ is)|
(
∫ ∞

−∞

|Pq(z, t)|
1 + |x|q+1

dx

)

dt(20)

=: I1 + I2.

By (13), I1 is bounded by a constant not depending on y and s. From (9) we
obtain for 0 < y ≤ H/2

(21)

I2 ≤ Aq

∫ ∞

−∞

|u(t+ is)|
(1 + |t|)q−1

(
∫ ∞

−∞

y

(x− t)2 + y2

(1 + |z|)q−1

(1 + |x|)q+1
dx

)

dt

+Bq

∫ ∞

−∞

|u(t+ is)|
(1 + |t|)q

(
∫ ∞

−∞

y

(x− t)2 + y2

(1 + |z|)q
(1 + |x|)q+1

dx

)

dt

≤ Aq,H

∫ ∞

−∞

|u(t+ is)|
(1 + |t|)q−1

(
∫ ∞

−∞

y

(x− t)2 + y2

1

1 + x2
dx

)

dt

+Bq,H

∫ ∞

−∞

|u(t+ is)|
(1 + |t|)q

(
∫ ∞

−∞

y

(x− t)2 + y2

1

1 + |x| dx
)

dt.

1Here and in what follows the letters A, B, C and D with or without subscripts denote
positive constants.
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Since

(22)

∫ ∞

−∞

y

(x− t)2 + y2

1

1 + x2
dx =

π(y + 1)

t2 + (y + 1)2
≤ π(H + 2)

2(t2 + 1)
,

the Schwarz inequality gives
∫ ∞

−∞

y

(x− t)2 + y2

1

1 + |x| dx

≤
(
∫ ∞

−∞

y

(x− t)2 + y2

1

1 + x2
dx

)1/2(∫ ∞

−∞

y

(x− t)2 + y2
dx

)1/2

(23)

≤ π
√
H + 2

1 + |t| .

Inserting (22) and (23) into (21) and using (13) we conclude that I2 is bounded
by a constant not depending on y and s. This proves (19).

Since |Us| is subharmonic, we have for any ρ > 0

|Us(z)| ≤
1

πρ2

∫ ∫

|ξ+iη−z|≤ρ

|Us(ξ + iη)| dξdη

=
1

πρ2

∫ ∫

|ξ+iη−z|≤ρ

(1 + |ξ|q+1)
|Us(ξ + iη)|
1 + |ξ|q+1

dξdη(24)

≤ 1 + (|z|+ ρ)q+1

πρ2

∫ Im(z)+ρ

Im(z)−ρ

(

∫ Re(z)+ρ

Re(z)−ρ

|Us(ξ + iη)|
1 + |ξ|q+1

dξ

)

dη.

With the choice ρ = H/4 and by the aid of (19) we obtain for z ∈ ΠR

|Us(z)| ≤
1 + (R + H

2
)q+1

π(H
4
)2

∫ H/2

−H/2

(
∫ ∞

−∞

|Us(ξ + iη)|
1 + |ξ|q+1

dξ

)

dη

≤ 1 + (R + H
2
)q+1

π(H
4
)2

HC.

Thus the family {Us : 0 < s < H/2} is uniformly bounded in ΠR.

Let {sk}∞k=1 be a sequence such that (17) holds. By the well-known Compactness
Principle for harmonic functions we can extract a subsequence (which we also
denote by {sk}) such that the sequence {Usk

}∞k=1 is uniformly convergent on any
compact subset of the strip {z ∈ C : | Im z| < H/4}. Let U be the limiting
function. Evidently U is harmonic in this strip and U(x) = 0 for x ∈ R. With
the choice s = sk in (18) and taking limit as k →∞ we obtain

(25) U(z) = u(z)−
∫ ∞

−∞

Pq(z, t) dν(t)− A Im(zq),

for 0 < Im z < H/4. The right hand side of (25) is a harmonic function in C+.
Therefore U can be extended harmonically to C+. Since U(x) = 0 for x ∈ R,
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this function can be extended harmonically to C. To derive formula (14) we only
have to replace U(z) + A Im(zq) by U(z).

3. A weaker version of Theorem 1

Theorem 1’. Let u be a function harmonic in C+, satisfying condition (B1) of
Theorem B and condition (13). Then the assertion of Theorem 1 holds.

Proof. By Lemma 3 the function u admits the representation (14). Our aim is
to show U(z) = ImP (z) where P is a real polynomial of degree at most q. The
proof of this assertion is obtained in several steps.

Step 1: We show that

(26)

∫ π

0

U+(reiθ) sin θ dθ ≤ exp(o(r)) for r = rk →∞.

From (14) we get
∫ π

0

U+(reiθ) sin θ dθ

≤
∫ π

0

u+(reiθ) sin θ dθ +

∫ π

0

sin θ

(
∫ ∞

−∞

|Pq(re
iθ, t)| d|ν|(t)

)

dθ.

The first integral on the right hand side can be estimated by (B1). Let us denote
the second integral by I. Using Fubini’s Theorem, the relation

(27)

∫ π

0

sin2 ϕdϕ

r2 + t2 − 2rt cosϕ
=

π

2
min

{

1

r2
,
1

t2

}

≤ π

1 + t2
for r ≥ 1,

and estimate (12) we obtain

I ≤ Dqr
q+1

∫ ∞

−∞

1

(1 + |t|)q−1

(
∫ π

0

sin2 θ

t2 − 2tr cos θ + r2
dθ

)

d|ν|(t)

≤ Dqr
q+1

∫ ∞

−∞

1

(1 + |t|)q−1

π

1 + t2
d|ν|(t) = O(rq+1) as r →∞.

This implies (26).

Step 2: Now we show that

(28)

∫ π

0

|U(reiθ)| sin θ dθ ≤ exp(o(r)) for r = rk →∞.

By the Nevanlinna formula (see, e.g. [5, p. 16] or [9, p. 193]) we have

U(i) =
1

2π

∫ π

0

4(rk
2 − 1)rk sin θ

|rkeiθ − i|2|rke−iθ − i|2U(rke
iθ) dθ.

Note that for rk ≥ 2

C1

rk
sin θ ≤ 4(rk

2 − 1)rk sin θ

|rkeiθ − i|2|rke−iθ − i|2 ≤
C2

rk
sin θ.



200 S. Gergün and I. V. Ostrovskii CMFT

Since U = 2U+ − |U |, we obtain
∫ π

0

|U(rke
iθ)| sin θ dθ ≤ rk

C1

∫ π

0

4(rk
2 − 1)rk sin θ

|rkeiθ − i|2|rke−iθ − i|2 |U(rke
iθ)| dθ

≤ 2C2

C1

∫ π

0

U+(rke
iθ) sin θ dθ − 2πrk

C1

U(i).

Then (28) follows from (26).

Step 3: We show that

(29) |U(z)| ≤ exp(o(|z|)) for |z| = rk
2
→∞.

Since U(z) = −U(z̄) for z ∈ C, it is enough to prove (29) only for z ∈ C+. By a
further application of the Nevanlinna formula we obtain

U(z) =
1

2π

∫ π

0

(rk
2 − rk

2

4
)4rk(

rk

2
) sin θ sinϕ

|rkeiθ − ( rk

2
)eiϕ|2|rke−iθ − ( rk

2
)eiϕ|2U(rke

iθ) dθ,

if z = (
rk
2
)eiϕ ∈ C+.

Simple estimates and (28) show that

|U(z)| ≤ 12

π

∫ π

0

|U(rke
iθ)| sin θ dθ ≤ exp(o(rk)) for rk →∞.

Step 4: Now, we show that

(30) |U(z)| = o(|z|q+1) as z →∞, | Im z| < H

2
.

Formula (14) implies that U has a similar representation as the function Us in
formula (18). Calculations similar to (20)–(23) show that there exists a constant
Cq,H ≥ 0 such that

(31)

∫ ∞

−∞

|U(x+ iy)|
1 + |x|q+1

dx ≤ Cq,H if |y| ≤ H,

instead of (19), and

|U(z)| ≤ 1 + (|z|+ ρ)q+1

πρ2

∫ Im(z)+ρ

Im(z)−ρ

(

∫ Re(z)+ρ

Re(z)−ρ

|U(ξ + iη)|
1 + |ξ|q+1

dξ

)

dη,

instead of (24). Putting ρ = H/2, | Im z| < H/2, we get

|U(z)| ≤ 1 + (|z|+H/2)q+1

π(H/2)2

∫ ∫ |U(ξ + iη)|
1 + |ξ|q+1

dξdη,

where the double integral is taken over the rectangle
{

(ξ, η) ∈ R2 : |ξ − Re z| < H

2
, |η| < H

}

.
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This integral tends to 0 as z → ∞ because its integrand is summable over the
whole strip {(ξ, η) ∈ R2 : |η| < H} as seen in (31). Thus, (30) is valid.

Step 5: Let G be the entire function which is determined uniquely by the condi-
tions ReG(z) = U(z) and G(0) = 0. We shall show that there exists a sequence
{Rk}, Rk →∞, such that

(32) |G(z)| ≤ exp(o(|z|)) for |z| = Rk →∞
and that

(33) |G(z)| = o(|z|q+2) for z →∞, | Im z| ≤ H

4
.

To this end we use the Schwarz formula

G(z + ζ) =
1

2π

∫ 2π

0

U(z + ρeiθ)
ρeiθ + ζ

ρeiθ − ζ
dθ + i ImG(z) if |ζ| < ρ.

Differentiating with respect to ζ we obtain at ζ = 0

G′(z) =
1

πρ

∫ 2π

0

U(z + ρeiθ)e−iθ dθ.

This implies

(34) |G′(z)| ≤ 2

ρ
max
|ζ−z|≤ρ

|U(ζ)|.

Now, choose ρ = H/4. For |z| ≤ Rk := rk/2− ρ, we get from (34) and (29)

|G(z)| =

∣

∣

∣

∣

∫ z

0

G′(ζ) dζ

∣

∣

∣

∣

≤ Rk max
|z|≤Rk

|G′(z)|

≤ Rk exp(o(rk/2)) ≤ exp(o(Rk)) for |z| = Rk →∞.

Hence, (32) is valid.

For | Im z| ≤ H/4 we get from (34) and (30)

|G′(z)| = o(|z|q+1), z →∞.

From this, (33) follows by integration.

Step 6: We are now ready to complete the proof of Theorem 1’.

We apply the well-known version of the Phragmén-Lindelöf Principle for the
half-plane (see, e.g. [12, p. 43]) to the function G(z)/(z + i)q+2 in C+ and to the
function G(z)/(z− i)q+2 in C−. This shows that (33) holds in the whole complex
plane C. But then, by Liouville’s Theorem, the function G is a polynomial of
degree at most q+1. Since ReG(t) = U(t) = 0 for t ∈ R and G(0) = 0, we have
G(z) = iaq+1z

q+1 + iaqz
q + · · ·+ ia1z with coefficients aj ∈ R, j = 1, 2, . . . , q+1.

Hence, U(z) = Im(−aq+1z
q+1 − · · · − a1z). Clearly, (31) yields aq+1 = 0, so that

(2) holds.
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4. Proof of Lemma 1

We proceed in a manner similiar to the proof of Lemma 3.

Fix R and consider the family of Borel measures on [−R,R]

νR,s(E) =

∫

E

u(t+ is) dt, 0 < s < H, E ⊂ [−R,R].

Each sequence {νR,sk
}, limk→∞ sk = 0, contains a subsequence (which we also

denote by {νR,sk
}) which ist weak-star convergent to a finite Borel measure νR

on [−R,R]. Hence

(35) lim
k→∞

∫ R

−R

u(t+ isk)Pq(z, t) dt =

∫ R

−R

Pq(z, t) dνR(t).

Consider the family of functions

(36) UR,s(z) = u(z + is)−
∫ R

−R

Pq(z, t)u(t+ is) dt, z ∈ C+, 0 < s <
H

2
.

Clearly, UR,s is harmonic in C+ and continuous in C+ ∪ (−R,R) if we define
UR,s(x) = 0 for x ∈ R. By the Symmetry Principle, UR,s can be extended to
a function (which we also denote by UR,s) harmonic in C\ [(−∞,−R] ∪ [R,∞)]
which satisfies UR,s(z) = −UR,s(z̄) there.

Take any R′ > R, any ε > 0 sufficiently small and consider the compact set

ΠR,R′,ε :=

{

z ∈ C : |Re z| ≤ R′, | Im z| ≤ H

4

}

\{z ∈ C : |Re z| > R− ε, | Im z| < ε}
(see Figure 1).
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Figure 1

We shall show that the family {UR,s : 0 < s < H/2} is uniformly bounded on
the set ΠR,R′,ε.
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To do so, we first prove that

(37) sup
0<y<H/2

∫ (R′+ε)

−(R′+ε)

|UR,s(x+ iy)| dx <∞.

From (36) it follows that
∫ R′+ε

−(R′+ε)

|UR,s(x+ iy)| dx ≤
∫ R′+ε

−(R′+ε)

|u(x+ i(y + s))| dx

+

∫ R′+ε

−(R′+ε)

(
∫ R

−R

|Pq(x+ iy, t)||u(t+ is)| dt
)

dx

=: I1 + I2.

Using Fubini’s Theorem and estimate (12) we get

I2 =

∫ R

−R

|u(t+ is)|
(

∫ R′+ε

−(R′+ε)

|Pq(x+ iy, t)| dx
)

dt

≤ Cq,R′

∫ R

−R

|u(t+ is)|
(

∫ R′+ε

−(R′+ε)

y

(x− t)2 + y2
dx

)

dt

≤ πCq,R′

∫ R

−R

|u(t+ is)| dt

where Cq,R′ does not depend on y and s. Since 0 < s < H/2, it follows from (6)
that I2 is bounded by a constant which does not depend on y and s.

For 0 < y < H/2 we have 0 < y + s < H and (6) shows that I1 is uniformly
bounded. Therefore, (37) holds.

Since |UR,s| is subharmonic in C\ [(−∞,−R] ∪ [R,∞)] for z ∈ ΠR,R′,ε we obtain
the estimate

|UR,s(z)| ≤
1

πε2

∫ ∫

|ξ+iη−z|≤ε

|UR,s(ξ + iη)| dξdη

≤ 1

πε2

∫ H/2

−H/2

∫ R′+ε

−(R′+ε)

|UR,s(ξ + iη)| dξdη.

By the aid of (37) this shows that the family {UR,s : 0 < s < H/2} is uniformly
bounded on ΠR,R′,ε.

Now, let {sk} be a sequence such that (35) holds. By the Compactness Principle
for harmonic functions we can extract a subsequence (which we also denote by
{sk}) such that the sequence {UR,sk

} is uniformly convergent on any compact
subset of the slit strip

Π =

{

z : | Im z| < H

4

}

\ [(−∞,−R] ∪ [R,∞)] .
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Let UR be the limiting function. Clearly, UR is harmonic in Π and satisfies
U(x) = 0 for x ∈ (−R,R). With the choice s = sk in (36) and taking limit as
k →∞ we obtain

(38) UR(z) = u(z)−
∫ R

−R

Pq(z, t) dνR(t) for 0 < Im z <
H

4
.

The right hand side of (38) is a harmonic function in C+. Therefore UR can be
extended harmonically to C+. Since UR(x) = 0 for x ∈ (−R,R), the function UR

can further be extended harmonically to C\ [(−∞,−R] ∪ [R,∞)].

Now, we show that for R2 > R1 the restriction of νR2
to [−R1, R1] coincides

with νR1
.

We have

UR2
(z)− UR1

(z) +

∫

R1<|t|≤R2

Pq(z, t) dνR2
(t) =

∫ R1

−R1

Pq(z, t) [dνR1
(t)− dνR2

(t)].

The left-hand side is a harmonic function in C\ [(−∞,−R1] ∪ [R1,∞)] vanishing
on (−R1, R1). Since

(39) Pq(z, t) =
y

π

1

(x− t)2 + y2
+Q(x, y, t),

where Q is a harmonic polynomial in x and y vanishing for y = 0, we see that νR2

coincides with νR1
on (−R1, R1).

5. Proof of Theorem 2

Let ν be the σ-finite Borel measure defined in Lemma 1. Since

Pq(z, t) = O(t−q−1) as t→∞,

and since α ≤ q + 1, the convergence of the second integral in (7) ensures the
convergence and harmonicity in C+ of the integral

∫ ∞

−∞

Pq(z, t) dν(t).

Define

U(z) := u(z)−
∫ ∞

−∞

Pq(z, t) dν(t).

We shall show that U(z) = ImP (z) with some real polynomial P of degree at
most q.

For arbitrary R > 0 we write

U(z) =

(

u(z)−
∫ R

−R

Pq(z, t) dν(t)

)

−
∫

|t|>R

Pq(z, t) dν(t) = I1 + I2.

It is easy to see from Lemma 1 that I1 is a harmonic function in the slit plane
C\ [(−∞,−R] ∪ [R,∞)] vanishing on (−R,R). Using (39) we see that I2 has this
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property, too. Hence, U is continuous in C+, if we define U(x) := 0 for x ∈ R.
By an application of the Symmetry Principle we can extend U to a harmonic
function in C (which we also denote by U).

Repeating steps 1–3 of the proof of Theorem 1’ we obtain

(40) |U(reiθ)| ≤ exp(o(r)) for r =
rk
2
→∞.

Suppose that we have shown

(41) |U(z)| = O(|z|q+3) as z →∞, | Im z| < H

2
.

Then using the methods of steps 5 and 6 in the proof of Theorem 1’ we get
U(z) = ImP (z), where P is a real polynomial of degree at most q + 4. Noting
that the convergence of the first integral in (7) implies

(42)

∫ ∞

−∞

|U(x+ iH)|
1 + |x|q+1

dx <∞,

we obtain that the degree of P is not greater than q and hence the assertion of
Theorem 2 holds. Now, it only remains to establish (41).

Set

(43) v(z) = U(z)−
∫ ∞

−∞

Pq(x+ i(H− y), t)U(t+ iH) dt, z = x+ iy, y < H.

The integral on the right-hand side converges by (42). Therefore, v is harmonic
in {z : Im z < H} and continuous in {z : Im z ≤ H}, if we define v(x+ iH) := 0
for x ∈ R. Hence v can be extended to a harmonic function in C (which we also
denote by v).

Now, we show that there exists a sequence {Rk}, Rk →∞, such that

(44) |v(reiθ)| ≤ exp(o(r)) for r = Rk →∞.

Set ṽ(ζ) := v(ζ + iH). Then, by (43) with ρk := rk/2−H,
∫ 0

−π

|ṽ(ρkeiθ)|| sin θ| dθ ≤
∫ 0

−π

|U(ρke
iθ + iH)|| sin θ|dθ

+

∫ 0

−π

(
∫ ∞

−∞

|Pq(ρke
−iθ, t)||U(t+ iH)| dt

)

| sin θ| dθ

=: I1 + I2.

From (40) we obtain I1 ≤ exp(o(ρk)) as ρk → ∞. Using Fubini’s Theorem and
the estimate (12) we get I2 ≤ exp(o(ρk)) as ρk →∞ by an argument similiar to
that at the end of step 1 in the proof of Theorem 1’. By symmetry,

(45)

∫ π

0

|ṽ(ρkeiθ)| sin θ dθ ≤ exp(o(ρk)) as ρk →∞.
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In the same fashion as in step 3 of the proof of Theorem 1’ we obtain from (45)
that

|ṽ(z)| ≤ exp(o(|z|)) for |z| = ρk
2
→∞.

Since |v| is a subharmonic function in C, (44) holds for Rk = ρk/2−H.

Now, we show that

(46) |v(x)| ≤ O(|x|q+2) for x→∞, x ∈ R.

Since U(x) = 0 for x ∈ R, it follows from (43) and estimate (12) that for |x|
sufficiently large

|v(x)| ≤
∫ ∞

−∞

|Pq(x+ iH, t)||U(t+ iH)| dt

≤ Dq|x|q
∫ ∞

−∞

H

(x− t)2 +H2

1

(1 + |t|)q−1
|U(t+ iH)| dt

≤ Dq,H |x|q
(
∫

|t|<1

|U(t+ iH)| dt+
∫

|t|≥1

|U(t+ iH)|
1 + |t|q+1

2t2

(x− t)2 +H2
dt

)

= O(|x|q) +Dq,H |x|q max
|t|≥1

2t2

(x− t)2 +H2

∫

|t|≥1

|U(t+ iH)|
1 + |t|q+1

dt

= O(|x|q+2), as |x| → ∞.

Therefore, (46) is true.

Now, let V be an entire function such that ReV (z) = v(z). Define

(47) F (z) :=

{

eV (z)−Azq+2

if q is even,

eV (z)−Azq+3

if q is odd,

where A > 0 is a constant. It is evident from (46) that F is bounded on the
boundary of the strip S := {z ∈ C : 0 < Im z < H} if A is large enough.

From (44) it follows that

|F (z)| ≤ exp(exp(o(|z|))), for |z| = Rk →∞, z ∈ S.

An application of the Phragmén-Lindelöf Principle for a strip (see, e.g. [9, p. 40])
shows that F is bounded on S. This implies

(48) v(z) = log |F (z)|+O(|z|q+3) ≤ O(|z|q+3), as z →∞, z ∈ S.

Similarly, by replacing V with −V in (47), we get

(49) −v(z) ≤ O(|z|q+3), as z →∞, z ∈ S.

From (48) and (49) we conclude

(50) |v(z)| = O(|z|q+3), as z →∞, z ∈ S.
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As in the proof of (46) we show

(51)

∣

∣

∣

∣

∫ ∞

−∞

Pq(x+ i(H − y), t)U(t+ iH) dt

∣

∣

∣

∣

= O(|z|q+2),

as z →∞, 0 < Im z <
H

2
.

Then (41) follows from (43), (50) and (51).

6. Proof of Theorem 1

We need the following well-known result for the representation of a function
defined in a strip by a Poisson integral.

Lemma 4. Let v be a function harmonic in a strip Sh := {z ∈ C : 0 < Im z < h}
and continuous in its closure Sh.

If there exist two sequences x+
j → +∞ and x−j → −∞ such that

(52)

∫ h

0

|v(x+ iy)| sin πy

h
dy = o(eπ|x|/h), as x = x±j , j →∞;

and if

(53)

∫ ∞

−∞

(|v(x)|+ |v(x+ ih)|)e−π|x|/h dx <∞

then v admits the representation

v(z) =
sin πy

h

2h

∫ ∞

−∞

v(t) dt

cosh π(x−t)
h

− cos πy
h

+
sin πy

h

2h

∫ ∞

−∞

v(t+ ih) dt

cosh π(x−t)
h

+ cos πy
h

,(54)

z = x+ iy ∈ Sh.

Since we could not find a convenient reference we shall give a proof.

Proof. Denote the expression on the right-hand side of (54) by T (z) and let

V (z) := v(z)− T (z).

It is easy to see that T (z) is harmonic in Sh, continuous in Sh and takes the same
values as v(z) on ∂Sh. Indeed, the change of variables ζ = eπz/h, v(t) = v1(e

πt/h),
v(t+ ih) = v1(−eπt/h), reduces T (z) to the Poisson integral of v1 for C+.

By the Symmetry Principle the function V (z) can be extended to the whole
complex plane C as a harmonic function (which we also denote it by V (z))
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which is odd and 2h-periodic with respect to y = Im z. This function can be
expanded into the absolutely convergent Fourier series

V (x+ iy) =
∞
∑

k=1

ck(x) sin
kπy

h
,

where

ck(x) =
1

h

∫ h

0

V (x+ iy) sin
kπy

h
dy, k = 1, 2, . . . .

Since V satisfies the Laplace equation we get

ck
′′(x)−

(

kπ

h

)2

ck(x) = 0, k = 1, 2, . . . .

Therefore

(55) ck(x) = c1ke
kπx/h + c2ke

−kπx/h, k = 1, 2, . . .

where c1k and c2k are constants not depending on x.

On the other hand,

ck(x) =
1

h

∫ h

0

v(x+ iy) sin
kπy

h
dy − 1

h

∫ h

0

T (x+ iy) sin
kπy

h
dy

=: c
(1)
k (x)− c

(2)
k (x).

The elementary inequality | sin kτ | ≤ k sin τ , 0 ≤ τ ≤ π, implies

|c(1)
k (x)| ≤ k

h

∫ h

0

|v(x+ iy)| sin πy

h
dy,

|c(2)
k (x)| ≤ k

h

∫ h

0

|T (x+ iy)| sin πy

h
dy.

Evidently, condition (52) implies

(56) c
(1)
k (x) = o(eπ|x|/h), as x = x±j , j →∞.

Let us show that

(57) c
(2)
k (x) = o(eπ|x|/h) as |x| → ∞.

Substituting the expression for T (x+ iy) and using Fubini’s Theorem we obtain

|c(2)
k (x)| ≤ k

2h2

∫ ∞

−∞

|v(t)|
(

∫ h

0

sin2 πy
h

cosh π(x−t)
h

− cos πy
h

dy

)

dt

+
k

2h2

∫ ∞

−∞

|v(t+ ih)|
(

∫ h

0

sin2 πy
h

cosh π(x−t)
h

+ cos πy
h

dy

)

dt.
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A standard calculation shows
∫ h

0

sin2 πy
h

cosh π(x−t)
h

± cos πy
h

dy = he−π|x−t|/h.

Therefore,

|c(2)
k (x)| ≤ k

2h

∫ ∞

−∞

(|v(t)|+ |v(t+ ih)|)e−π|x−t|/h dt

=
k

2h
eπ|x|/h

∫ ∞

−∞

(|v(t)|+ |v(t+ ih)|)e−π|t|/he(π/h)(|t|−|x|−|x−t|) dt.

Since exp((π/h)(|t| − |x| − |x− t|)) is bounded by 1 and tends to 0 as |x| → ∞,
we obtain (57) from condition (53) with help of the Lebesgue Dominated Con-
vergence Theorem.

Equations (56), (57) and (55) show ck(x) = 0, k = 1, 2, . . .. Hence, V (z) = 0 and
v(z) = T (z).

To prove Theorem 1 it suffices to show that its conditions imply condition (13).
Then the assertion of Theorem 1 will follow from Theorem 1’.

By condition (5) of Theorem 1, there exists a constant C > 0 and a decreasing
sequence {sl}∞l=1 ⊂ (0, 1], liml→∞ sl = 0, such that

(58)

∫ ∞

−∞

|u(x+ isl)|
1 + |x|α dx ≤ C, l = 1, 2, . . . .

Clearly, it suffices to show that

(59) sup
sl<y<s1

∫ ∞

−∞

|u(x+ iy)|
1 + |x|α ≤ D, l = 1, 2, . . . ,

where D does not depend on l.

We want to apply Lemma 4 to vl(z) = u(z+ isl) for h = hl := s1− sl, l > 1. It is
clear from (58) that vl satisfies (53) of Lemma 4. To show that (52) of Lemma 4 is
also satisfied, we need to apply Corollary 1 to the function vl+1(z) = u(z+ isl+1).
It is easy to see that condition (8) is satisfied with H = hl+1. Now we have to
show that there exists a sequence {Rk}, Rk →∞, such that

∫ π

0

v+
l+1(re

iθ) sin θ dθ ≤ exp(o(r)) as r = Rk →∞.

Let

QR,sl+1
= {z ∈ C : |z + isl+1| < R} ∩ C+ for R > sl+1.

Since the function v+
l+1(z) is subharmonic in the closure of QR,sl+1

we have

v+
l+1(z) ≤

1

2π

∫

∂QR,sl+1

v+
l+1(ζ)

∂

∂n
GQR,sl+1

(ζ, z) |dζ| for z ∈ QR,sl+1
,
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where GQR,sl+1
(ζ, z) is the Green function of QR,sl+1

and ∂/∂n is the derivative

in the direction of the inner normal.

Let

KR,sl+1
= {z ∈ C : |z + isl+1| < R, Im z > −sl+1}.

According to the Principle of Extension of Domains (see [2, p. 3], or in an equiv-
alent form [12, Ch. IV § 2]), we have

∂

∂n
GQR,sl+1

(ζ, z) ≤ ∂

∂n
GKR,sl+1

(ζ, z) for ζ ∈ ∂QR,sl+1
∩ ∂KR,sl+1

, z ∈ QR,sl+1
.

Using the well-known explicit expression for the Green function of a half-disc,
we get (with the choice zsl+1

= z + isl+1, ϕsl+1
= arg zsl+1

)

(60)

∫

∂QR,sl+1
∩∂KR,sl+1

v+
l+1(ζ)

∂

∂n
GQR,sl+1

(ζ, z) |dζ|

≤
∫

∂QR,sl+1
∩∂KR,sl+1

v+
l+1(ζ)

∂

∂n
GKR,sl+1

(ζ, z)| dζ|

=

∫ π−arcsin(sl+1/R)

arcsin(sl+1/R)

u+(Reiθ)
4R|zsl+1

|(R2 − |zsl+1
|2) sin θ sinϕsl+1

|Reiθ − zsl+1
|2|Re−iθ − zsl+1

|2 dθ

≤ 4(R + |z|+ sl+1)
3

(R− |z| − sl+1)3

∫ π

0

u+(Reiθ) sin θ dθ.

Furthermore, since QR,sl+1
⊂ C+, we obtain

∂

∂n
GQR,sl+1

(ζ, z) ≤ ∂

∂n
GC+

(ζ, z) for ζ ∈ ∂QR,sl+1
\C+, z ∈ QR,sl+1

.

Hence,

(61)

∫

∂QR,sl+1
\C+

v+
l+1(ζ)

∂

∂n
GQR,sl+1

(ζ, z) |dζ|

≤
∫

∂QR,sl+1
\C+

v+
l+1(ζ)

∂

∂n
GC+

(ζ, z) |dζ|

=

∫

√
R2−sl+1

2

−
√

R2−sl+1
2

u+(t+ isl+1)
2y

(x− t)2 + y2
dt

≤
∫ R

−R

u+(t+ isl+1)
2y

(x− t)2 + y2
dt, z = x+ iy.
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Joining (60) and (61) we obtain

(62)

v+
l+1(re

iϕ) ≤ 2(R + r + sl+1)
3

π(R− r − sl+1)3

∫ π

0

u+(Reiθ) sin θ dθ

+
1

π

∫ R

−R

u+(t+ isl+1)
r sinϕ

r2 + t2 − 2rt cosϕ
dt,

reiϕ ∈ QR,sl+1
.

For 0 < r < R − sl+1 and 0 < ϕ < π we have reiϕ ∈ QR,sl+1
. We multiply both

sides of (62) by sinϕ and integrate with respect to ϕ from 0 to π. Using the
relation (27) we now obtain

(63)

∫ π

0

v+
l+1(re

iϕ) sinϕdϕ ≤ 4(R + r + sl+1)
3

π(R− r − sl+1)3

∫ π

0

u+(Reiθ) sin θ dθ

+Cq(1 +R)αr

∫ ∞

−∞

u+(t+ isl+1)

1 + |t|α dt.

Remember that the function u satisfies (B1). Choose R = rk, r = rk/2 − sl+1

in (63) where {rk} is the sequence from condition (B1). Then condition (B1) is
satisfied for v+

l+1(z) with the sequence {Rk} = {rk/2− sl+1} instead of {rk}.
Now, by Corollary 1, the functions vl+1 has the representation

(64)
vl+1(z) =

∫ ∞

−∞

Pq(z, t)u(t+ isl+1) dt+ ImPl+1(z),

q = max{n ∈ N ∪ {0}, n < α},
where Pl+1 is a polynomial of degree at most q. Using the representation (64)
and the estimate (12) we get

|vl(x+ iy)| = |vl+1(x+ iy + i(sl − sl+1))|

≤ Cq(1+|x|+hl+1)
q

∫ ∞

−∞

|u(t+ isl+1)|
(1 + |t|)q−1

(y + (sl − sl+1)) dt

(x− t)2 + (y + (sl − sl+1))2

+O(|x|q) as |x| → ∞, 0 < y < hl

As in the proof of (46) this shows that |vl(x + iy)| = O(|x|q+2) as |x| → ∞,
0 < y < hl. Hence, vl satisfies condition (52) of Lemma 4. An application of
Lemma 4 gives formula (54) for the function vl. Dividing both sides by 1 + |x|α,
integrating with respect to x, and changing the order of integration yields

∫ ∞

−∞

|u(x+ i(sl + y))|
1 + |x|α dx ≤

∫ ∞

−∞

|u(t+ isl)|I+
l (t) dt

+

∫ ∞

−∞

|u(t+ is1)|I−l (t) dt,(65)

0 < y < hl.
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where

I±l (t) =
sin πy

hl

2hl

∫ ∞

−∞

dx
(

cosh π(x−t)
hl

± cos πy
hl

)

(1 + |x|α)
.

We now estimate I±l (t). To do so we write

I±l (t) = I±1,l(t) + I±2,l(t)

where

I±1,l(t) :=
sin πy

hl

2hl

∫

|x|>|t|/2

dx
(

cosh π(x−t)
hl

± cos πy
hl

)

(1 + |x|α)
,

I±2,l(t) :=
sin πy

hl

2hl

∫

|x|<|t|/2

dx
(

cosh π(x−t)
hl

± cos πy
hl

)

(1 + |x|α)
.

Evidently,

I±1,l(t) ≤ 1

1 + | t
2
|α
sin πy

hl

2hl

∫ ∞

−∞

dx

cosh π(x−t)
hl

± cos πy
hl

,

I±2,l(t) ≤ 1

2hl

∫

|x|<|t|/2

dx

cosh π(x−t)
hl

− 1

≤ 1

2hl

|t|
cosh πt

2hl
− 1

.

Choosing n ∈ N in such a way that 2n > α + 1 and using the well-known
inequality cosh τ − 1 ≥ τ 2n/(2n)! we obtain

(66) I±2,l(t) ≤
|t|
4hl

(2n)!(2hl)
2n

(π|t|)2n ≤ D1

1 + |t|α for |t| ≥ 1,

where D1 does not depend on l (remember that hl < 1).

An application of Lemma 4 with v(z) ≡ 1 yields the identity

1 =
sin πy

hl

2hl

(

∫ ∞

−∞

dx

cosh π(x−t)
hl

− cos πy
hl

+

∫ ∞

−∞

dx

cosh π(x−t)
hl

+ cos πy
hl

)

.

Both integrals in the right hand side are positive. Hence we conclude that

I±1,l(t) ≤
D2

1 + |t|α , for t ∈ R,

and, moreover,
I±l (t) = I±1,l(t) + I±2,l(t) ≤ 1 for t ∈ R.

Using this and (66) we conclude that

I±l (t) ≤
D3

1 + |t|α for t ∈ R,
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where D3 does not depend on l and t.

Substituting this estimate into (65) we obtain
∫ ∞

−∞

|u(x+ isl + iy)|
1 + |x|α dx ≤ D3

∫ ∞

−∞

|u(t+ isl)|+ |u(t+ is1)|
1 + |t|α dt

≤ 2D3C, 0 < y < s1 − sl,

where C is the constant from (58). Hence, (59) follows.
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