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Abstract. For a compact set K which is the closure of a Jordan domain, the
Faber operator provides a well-known tool for deriving results on the error of
uniform polynomial approximation on K. We show that the corresponding
methods also work for compact sets which are not the closure of a Jordan
domain. In particular, the cases of so-called touching domains and of Jordan
arcs are considered.
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1. Introduction

Let K be a compact subset of the complex plane C and let A(K) be the Banach
space of functions that are continuous on K and holomorphic in the interior K°
of K endowed with the uniform norm

|F|lx = SHE‘F(Z)" F e A(K).
ze

We study the rate of polynomial approximation in A(K) defined by
E.(F,K):= inf |F — P||g, F e A(K),
Pell,

where II,, denotes the set of polynomials of degree < n.

From now on, we always suppose that K is not a single point and that the
complement of K with respect to the extended plane C,, := C U {oc} is a
simply connected region. Note that in this case, a uniquely determined best
approximating polynomial P = P*(F') in II,, exists for all F' € A(K).
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According to the Riemann Mapping Theorem, a unique conformal mapping v
of Coo\D, where D := {z: |z| < 1}, onto Co,\K exists so that ¢(c0) = oo and
Y'(00) > 0. The n-th Faber polynomial F,, := F), i with respect to K may be
defined by

V) _SNRGE

Blw)—z L wrt
Then F), is a polynomial of exact degree n. For further properties of Faber
polynomials and Faber expansions, see [I1], [§] or [22].

The set K is called a Faber set if the linear operator

T: (%an\! - H]D)) — (%Hn I HK>,

n n

(Tp)(2) = Z a,F,(z), where p is the polynomial p(w) = Z a,w”,

v=0 v=0

defined by

which is always onto and one-to-one, turns out to be continuous. In this case, T’
extends uniquely to a continuous linear operator — also denoted by T" — from

A(D) to A(K) which is also one-to-one, see e.g. [0, Lemma 1].

If K is a Faber set and if ||T’|| denotes the operator norm of T', then we have the
following estimate which connects the uniform polynomial approximation on D
(or D) to the uniform polynomial approximation on K.

Suppose that F' € A(K) belongs to the range T(A(D)) of T and F = T'f, say.
Then, for all polynomials p,

1F = Tplle <[IT[ - lf = Pli-

If p = pj, is the best approximating polynomial of degree not larger than n to f
on D then we get in particular

(1) E,(F,K) < ||T|| - E,(f,D).

Thus, according to classical results on polynomial approximation on the closed
unit disk, we are able to estimate E,(F, K) if it is possible to find estimates for
the modulus of continuity of f.

A large number of corresponding results already exist for the case that K is the
closure of a Jordan domain, that is, for the case that I' = 0K is a Jordan curve
(see e.g. [2], [9], [I5], or the monographs [I1], [22]).

The boundedness of the Faber operator on more general compact sets K was
studied in particular in [I0]. In this paper, we use this concept to find results
on polynomial approximation on compact sets bounded by a finite number of
Jordan arcs or Jordan curves. In particular, we shall consider the following two
cases.
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a) The case of so-called touching domains as studied in [5] and [[2]. Here, the
compact set K consists of the closure of two Jordan domains touching at
one point, for instance, the lemniscate |22 — 1] < 1.

b) The case of a compact set K which is itself a Jordan arc, for example, two
lines meeting at a point. Of course, in this case A(K) equals C(K), the
Banach space of functions continuous on K with the uniform norm.

2. Approximation on Faber sets

In what follows we consider compact sets — with C\ K being a simply connected
domain as above — having the additional property that I' := 0K is a curve. This
is equivalent to saying that 1 extends continuously to the unit circle dD.

For p € N, let w,(p,t) denote the p-th modulus of continuity of a function ¢
continuous on JD. If ¢ satisfies fol wp(p, u)u~ du < oo, we define

t 1
Gilet) = aplot)+ [ Mdqutp/ wplp)
0 ¢

U bt
Then we have the following basic result.

Proposition 1. Let p be a positive integer. Then a constant c, exists such that
for all Faber sets K and for all F € A(K) with fol wy(F o, u)u™tdu < co we

have
E(FK) < ¢ ||T||w,(Fov,1/n).

Proof. We consider the Cauchy integral
1 Fo
=g [ O e <1
of Floty (= F ogp). Since fol wp(F o, u)ut du < oo, the function f extends
continuously to D and we have
wy(fit) <d, w;(F o, t)
for 0 < t < 1, with some constant d,, see e.g. [, p.54].

In particular, the continuity of f implies that F' belongs to the range of T" and
that T'f = F, see |10, Theorem 5|. Now, according to known results of Jackson
type for polynomial approximation on D, see e.g. [T, p. 56], there is a constant C,,
(not depending on f) such that

En(f7 aD) S prp(fa 1/”) .

A combination of these results with inequality ([) proves the proposition. [ ]
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In order to express approximation results in terms of F' instead of F o1 we have
to impose further restrictions. As usual, Lip,,(«) = Lip,,(a, I') denotes the class
of functions ¢g: I' — C satisfying a uniform Holder condition of the form

9(G) —9(Q)| < MG =G|, GG el
and
Lip(a) := Lip(a, I') := U Lip,, ().

M>0
With these notions we can easily prove the following Jackson-type result.

Theorem 1. Let K C C be a Faber set such that ¢ € Lip(3,0D), for some
B >0. If o <1, there exists a constant ¢ = ¢(K, af3) such that

cM

nas’

for alln € N and all F € A(K) which belong to Lip,,(«,T).

E,(F,K) <

Proof. If ¢ € Lip (3, 0D) we have
F o € Lipy,(af, 0D).
From the definition of w, we see that there exists a constant D = D, indepen-
dent of F' o1, such that
wi(F o1, t) < DMt*?
in the case aff < 1 and
wy(Fowy,t) < DMt

in the case a3 = 1. The theorem then follows from Proposition [I. [ ]

To get a reasonable sufficient condition for Theorem [I] to hold, we consider the
curve I' to be of the form
r=Jv
j=1

where the 7, are — possibly overlapping or even coinciding — Jordan arcs or
Jordan curves so that

{v(e"): o <t <t}
is a Jordan parametrization of v; (i.e. one-to-one with the possible exception
that the endpoints may coincide) for certain ¢y < t; < ... < t,, = to+27. In
addition, we suppose that the vi,...,7,, are Dini-smooth, that is, they have a
parametrization

v ={e;(t) - t €[0,1]}
with ’(t) # 0 being Dini-continuous, see for example, [21, Section 3.3]. Finally,
we suppose that the arcs v; and 7,41 (with 7,41 := 7o) join at the points ¢(e™7)
with an exterior angle of opening 73; with 0 < 3; < 2 (exterior means that the
angle between the right- and left- hand tangents at 1 (') is taken in C, \ K).
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We say that I' = 0K is piecewise Dini-smooth with parameter (3 if T' is as above
with
f = min(1, ‘r{lin B;)-
j:

To ensure Holder continuity of 1) on the boundary of D, we consider I' with
positive parameter $. This means, that the 7; do not join under vanishing
exterior angle. A vanishing interior angle as in the case of an outward pointing
cusp, however, is permitted.

Corollary 1. Let K C C be a compact set having piecewise Dini-smooth bound-
ary T as above with parameter 3 > 0. If « < 1, a constant ¢ = ¢(K, af) exists
such that

Eo(F,K) < &2
for alln € N and all F € A(K) which belong to Lip,,(a, T').

Proof. It can be shown ([I9], in particular Remark 4) that a sufficient condition
for K to be a Faber set is that [' = U;nzl ~v; with Dini-smooth Jordan arcs ;.
This is essentially a consequence of Theorems 4 and 5 of [[3]. Moreover, from
Theorem 3.9 in [21] it follows that v (extended to C \ D) belongs to the class
Lip(5, 0D). n

3. Approximation on touching domains

Now we consider compact sets K which are the closure of two Jordan domains
meeting at a single point (so-called touching domains, see [4], [I2]). More pre-
cisely, let 74 be a Jordan curve with 0 € 74 and 74 \ {0} C {2z : Re,z > 0}
which is piecewise Dini-smooth with only one corner at 0. Moreover, let

o= {2z ey
and let G, G_ denote the Jordan domains bounded by 7. ,~v_, respectively. We

consider K to be the closure of G, UG_ for Gy, G_ as above. A typical example
is the (filled-in) lemniscate K defined as the closure of G U G_ with

G,UG_={z€C: [2*-1] < 1}.

If the exterior angle 73 of I' = 0K = 7, U~_ at the origin is positive, then
Theorem [I] implies that

2) En(F,K):(9< ! )

nob

for all ' € A(K) with F' € Lip(«) on I'. In particular, if = 1, then K satisfies
a Jackson-type property of the form

(3) Ey(F.K) = (9(%)

n



278 L. Frerick and J. Miiller CMFT

for all F € A(K) with F' € Lip(a) on I'. An example is the set
K = {az+iy: —1<z <1, |y ng\/l—xQ}.

The special case F' = F,, with

2%, Rez>0 .
Falz) = { (—2)* Rez <0’ Fa(0) =0

was already studied in [5] and [IZ] (answering a question of Grothmann and
Saff in [I4]). Actually, in [5], a characterization of touching domains K with
E,.(Fi,K)= 0O(1/n) is given. In [12], the approximation of F,, on touching do-
mains is performed by approximation of 2%/ on corresponding Jordan domains.
This method is, however, restricted to even functions. One motivation for our
investigations was to get rid of this restriction (cf. the concluding remark in [12]).

A question that naturally arises is whether (B) and (J) turn out to be sharp.
In other words, are there Bernstein-type-results for touching domains also? We
apply a result of Anderson, Hinkkanen and Lesley ([lI]) to prove such an inverse
result, at least for even functions on K.

Theorem 2. Let K be the closure of G4 UG_ with G,G_ as above, and with
exterior angle 73, B € (0,1] at the origin. If F € A(K) is even and if

E.,(F,K)=0 (%)

for some a € (0, 1], then
|F(z) — F(0)

B — 0, z—0, z€ K,

for all s < a. That is, F' satisfies a Holder condition of order s at 0, for all
5 < a.

Proof. We put A% := {z?: z € A} for an arbitrary set A in C and consider the
Jordan domain G7 and the compact set K* = {z* : z € K, } where K, is the set
Y+ UG4. Then G2 is bounded by the Jordan curve 4% which is piecewise Dini-

smooth with only one (possible) corner of exterior opening 273 at the origin.
If

P:Coo \D — Cy \ K?
is a Riemann mapping with the normalization ®(c0) = oo and ®(1) = 0, say,
then from Theorem 3.9 of [21] we obtain that ®(w)/(w — 1)*? is (well-defined

and) continuous in (C, \ D) N U for some neighbourhood U of 1. This implies
that, for a positive constant d,

1D7L(¢) — 1] ~ d|¢|Y/ 3P near 0.
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Let F' € A(K), F even, with given E,(F, K) = O(n=*%). We define H € A(K?)
b
' H(¢) = H(Z%) = F(2), z € K,.

Note that z — 22 is one-to-one on K. Let (P*) be the sequence of best approxi-
mating polynomials of degree not greater than n to F on K. Since f is even and
K equals —K, the polynomials P are even. Writing Q,,(2?) = P*(z) where Q,
is a polynomial of degree n/2, we conclude that

sup [H(C) — @u(¢)] = sup |F(z) — F(2)]

(eK? 2€K+

= sup |[F(z) — B;(2)| = En(F, K)
z€K

and thus, by our assumption,

E,(H,K?) = O(L> :

noh

According to Theorem 3 of [, applied with 0 instead of 1, the function H
satisfies

OO o, (o cent
for all s < «a, which implies
w — 0, z2—0,z€e K,
for all s < a. ]

Remark 1. Theorem B implies, in particular, that, for the functions F, consid-
ered above, the rate

1
En(Fom K) = O (W)
cannot be improved, for K with exterior angle # at 0 and a < 1, in the sense
that

supn’ E,(F,, K) = 0o

neN
for all § > af. Using Corollary 2 from [{] instead of Theorem 3 from [, it may
be derived in a similar way as in the proof of Theorem P that in the case a < 1
and # < 1 we actually have

c
En<F ) K ) Z W

for some positive constant c.

In [I2], the case aw > 1 was also considered for the functions F,. We shall prove
a similar result for arbitrary functions satisfying a certain smoothness condition
on the boundary of K and for more general sets K. We note that a path is
understood to be a piecewise continuously differentiable curve.



280 L. Frerick and J. Miiller CMFT

Theorem 3. Let K be the closure of G UG_ with G,,G_ as above and exterior
angle w3, B € (0,1] at the origin. If p € N and if a < 1, then there exists a
constant ¢, = ¢,(K, af3) such that

cpM
n/@(p+a)
for all n > p and all F € A(K) with FP) extending continuously to K and
F® ¢ Lip(a) on T = 0K .

E.(F,K) <

Proof. Let ¢ be as in Theorem M. We show that there exists a constant d such

that
E,(F" K
(@) Fn(F,K) < ca2t 8]
n
Then the assertion follows by induction on p and application of Theorem [ll, since
if F() extends continuously to K then the same is true for F(© . . F@E=1,

Let P be the best approximating polynomial of degree not greater than n to F”
on K. We define

Ri() = Fin(2)i= [ (PQ) = PiQ)de, €K
0
where the integration is performed along an arbitrary path from 0 to z in K.
Then F € A(K) and
Fi(z) = F(z) = Quia(2), 2 €GL UG,
with a polynomial @, € II,,41. Moreover, F| = F' — P in Gy U G_ and, by
continuous extension, also on K.

It can be shown that a constant d > 0 exists such that, for all z, 2’ € K, there
exists a path + in K connecting z and 2z’ with the property that the length of ~
is bounded by d|z — Z/|. Note that vanishing exterior angles do not occur. Since
IFillx < En(F, K),
this implies that
[F1(2) — Fi(2)| < dE(F, K)|z — 2|

for all 2,2/ € K, and in particular Fy € Lipy, (1) with M, = dE,(F', K).
Since F; and F' differ only by a polynomial of degree < n + 1, the Corollary [
implies (@). u

4. Approximation on Jordan arcs

In this section, we consider another — for the Faber operator non-classical —
situation: we suppose that K = 0K =T is a Jordan arc so that

20
r=Jv
j=1
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where the 7; are Jordan arcs as in Section P with 4, = «; for j = 1,...,¢
(each ~; is traversed twice by ¥(e) for t € [to,to + 27]). If the 7; are Dini-
smooth, K is now itself a piecewise Dini-smooth arc and we again suppose that
it has parameter 3 > 0 as in Section P. We note that at the endpoints 1 (e®)
and ¥ (e"2¢) of T the exterior angles are 27, that is, 3, = 8oy = 2, so that these
cusps behave nicely and do not contribute to the value of (.

Again, from the Corollary [[] we obtain the existence of a constant ¢ = ¢(K, a3)
with

c
(5) En(F,T) = 5

for all F' € Lip,(«,I"). Note that A(K) = C(I") now.

Example 1. Let I' be the union of two line segments joining at the origin under
an angle 73 of the form

Ts=[0,1)e™/?U[0,1]e ™/

for some 3 € (0,1). Then I is piecewise Dini-smooth with parameter (3, so that
(B) holds.

If the Jordan arc I' is Dini-smooth (without corners), then we have § = 1 and
(B) implies the existence of a constant ¢ = ¢(T', ) with
c
6 E.,(F,T')=—
(0 (F1) =

for all F' € Lip,(a,T).

Provided that (B) holds — in the case of an arbitrary Jordan arc — only for
a = 1, it is known, see for example [20] or [6], that a constant d = d(I") exists
with

(1) E(F.T) <d-w <F %)

for all ' € C(I"), where w(F, -) denotes the modulus of continuity of F on I". An
important feature here is that the constant ¢ in (f) is independent of F'.

A Jordan arc T is said to have the Jackson-property (J-property for brevity) if
(M) holds for all I € C(I'), in other words, if the analogue of Jackson’s First
Theorem holds for I'. Several papers have investigated necessary or sufficient
conditions for a Jordan arc I' to have the J-property. Newman [20] has shown
that I' € C''*9 for an arbitrary positive ¢ is sufficient for the J-property and he
posed the problem of characterizing the arcs I having the J-property. Andersson
[B] proved in particular that arcs as in Example [ do not have the J-property.
Moreover, it is known that smoothness is not sufficient, see [I6]. From (ff) we
see that a little more, namely Dini-smoothness, turns out to be sufficient.

Maimeskul [I7] has proved that ¢» € Lip(1,0D) is necessary for I' to have the

J-property, and now it is conjectured that this is also sufficient (cf. [IR], [1]). As
a consequence of Theorem [I] and the above remarks we have the following result.
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Corollary 2. If the Jordan arc T is a Faber set with ¢ € Lip(1,0D) then I' has
the J-property.

We briefly turn to the question of sharpness of (f|) or, in other words, to Bernstein-
type results. We apply the following theorem from [B].

Theorem A. If K is an arbitrary compact plane set (but not a single point)
such that Co \ K is a simply connected region, and if, for some F € A(K) and
some s € (0,1],

En(F,K) = O<i>

n

then the Cauchy integral f of F o )ap extends continuously to D. Furthermore,
f € Lip(s —€,0D), for all € > 0.

If K =T is a Jordan arc which is symmetric with respect to the real axis and if
we choose in particular F'(z) = ZP, where z € I" and p is a positive integer, then
1 ¥ (Q)
fw) = 5— ——d(

271 Jig=1 C—w

1 VP (¢) (1 1
" 2mi m:lC—wdC:w (E> _R(5>

for 0 < |w| < 1, where R is a polynomial of degree < p. If now I' is piecewise
Dini-smooth with parameter 3 € (0,1), then ¢ € Lip(3,9D) but ¢ ¢ Lip(B, oD)
for all 3 > f3 (this follows e.g. from Theorem 3.9 in [21]). Thus, if pf < 1 then
PP & Lip(s,0D) for all s > pp.

If, in particular, I'g is as in Example [ with 5 € (0, 1), and if G, € Lip(a,I'g),
with G4(2) = Z% on I'y, where a = p/q is a rational number so that af < 1,
then

1

cannot be improved in the sense that

supn’ E,(Gq,g) = 00
neN

for all 6 > af. This follows from Theorem A and the fact that

sup [2% — P(2)| = sup (" — P(¢7)]
z€l's C€ls/q

for all polynomials P. Note that I'g/, has parameter 3/q.

Finally, we remark that a Bernstein-type result similar to Theorem 3 from [I] or
to Theorem B cannot be expected here. To see this, let us consider, for a < 1,
the function 2%, coinciding with F,(z) in the right half plane, instead of G,. We

put
: m m
K::{ =re? . 0< <1,——<9<—}.
z re ST s 1= =7



3 (2003), No. 1 Polynomial Approximation on Compact Sets 283

By taking into account the local behaviour of the Riemann mapping

w:(Coo\ﬁ—MCoo\K,

we may obtain from Proposition [l that

1
En(Fy,T12) S B (Fo, K) = O(—) ,

n3c/2

although F,, satisfies the same Holder condition at the origin as G,. In order to
obtain inverse results it is necessary to impose additional conditions, for example
on the growth of derivatives of the approximating polynomials, see e.g. [4].
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