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Conformality of the Apollonian Metric
Zair Ibragimov

(Communicated by Frederick W. Gehring)

Abstract. The Apollonian metric ap of a domain D C R" is rarely con-
formal. In fact, if it is conformal at one point then D is, up to a Mobius
transformation, a complement of a convex body of constant width and if it
is conformal at two points then D is a ball. We consider a quantity that
measures the deviation of ap from being conformal. This quantity is essential
in comparing the Apollonian metric to hyperbolic and quasihyperbolic met-
rics. We show that this quantity is invariant under Md&bius transformations
and compute it for some standard domains. We then use it to obtain sharp
estimates between any two of the Apollonian, hyperbolic and quasihyperbolic
metrics on such domains.
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1. Introduction

This paper is a continuation of our earlier work on the Apollonian metric [IT)].
There we showed that for any domain D C R", the Apollonian metric ap of D
is conformal either at every point or at only one point or at no point of D
[IT, Theorem 2]. Moreover, we established that the first two possibilities take
place if and only if the domain D is, up to a Mobius transformation, the comple-
ment of a ball or a convex body of constant width, respectively [[1, Theorem 3].
The relations between the convex bodies of constant width and the Apollonian
metric is studied more closely in [[2]. See [ChG] for more about convex bodies
of constant width.

In this paper we consider a quantity Hp(x) € [1,+oc| that measures the devia-
tion of the Apollonian metric ap from being conformal at the point x, where
Hp(z) = 1 corresponds to ap being conformal at z. Hence, according to
[IT, Theorem 2] if D is not, up to a Mdbius transformation, a complement of
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a ball or a convex body of constant width, then Hp(z) > 1 for all z € D.
Despite this fact, for many domains D one has

(1.1) ;EE)HD(J:) = 1.

Domains for which ([[.1]) holds are important in the light of the following obser-
vation.

Let f: D — D' be an Apollonian isometry, i.e., f is a homeomorphism with

ap(f(z), f(y)) = ap(x,y)  forallz,y € D.

If ap is conformal at x € D\ {oo, f~!(c0)} (that is, Hp(z) = 1) then one can
prove that f is 1-quasiconformal at x, i.e.,

o) ey @) = F@) s 2 =y =1} _
r—o- min{[f(z) = f(y)|: |z —y|=r}

The proof makes use of the fact that 0D has a very simple geometry when viewed
from the point z. But 0D will still have simple geometry when viewed from a
point & with Hp(x) = 1 + € for small enough ¢ > 0. If one shows that ([[.2)
holds also for such points then ([.7) holds for each point of some open subset U
of D and the restriction of f to U is a Mdbius transformation by Liouville’s
Theorem (see, for instance, [Gd] and [R]). This would be an important step
in proving Beardon’s Conjecture which says that all the Apollonian isometries
are the restrictions of Mobius transformations. These ideas are being developed
in [I2].

In Section | we show that the quantity Hp(x) is invariant under Mobius trans-
formations of R" and provide four types of domains for which (1) holds. In
general, computing Hp(x) is rather complicated due to the fact that its defini-
tion uses limiting process. To compensate for this difficulty we give very simple
characterization of Hp(z) in terms of a purely geometric quantity that uses nei-
ther limits nor the Apollonian metric ap of D. This quantity plays an important
role in studying the relations between any two of the Apollonian, hyperbolic and
quasihyperbolic metrics which will be discussed in Section B.

1.

Finally, when this article was being prepared for publication it came to the
author’s attention that Peter Hasto has established results similar to those in

Examples £.§ and E£.9.

2. Mobius invariance

We denote by R™ the n-dimensional euclidean space and by {ej, es, ..., e,} its
standard basis, n > 2. The set of unit vectors in R” is denoted by V”. The open
and closed balls of radius > 0 and centered at = € R™ are denoted by B"™(z, 1)
and En(x, r), respectively. The sphere of radius r > 0 and centered at z € R™
is denoted by S""!(x,r). The unit ball and the unit sphere in R™ are denoted
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by B™ and S"~!, respectively. The upper-half space in R” is denoted by H". At
times we identify R? with the complex plane C.

The Mébius space R = R™ U {o0} is the one-point compactification of R™. The
Mobius space R, equipped with the chordal distance

|z —y|
L+ |z2y/1 + |y|?
x(wy) = { VITIEVI+ ]

V14 |z]?

if v,y € R,

if y = o0,

is a metric space.

The cross-ratio of a quadruple a,b,¢,d of points in R with a # b and ¢ #d is
defined by
b,d —c|lb—d
obed] o M@OXbd) o =clb—d]
X(aa b)X(Ca d) ‘(Z—bHC—d‘

where we use the convention that

|z —oo|

=1 for all z,y € R".
|y — oo

The group of Mobius transformations of I R" is denoted by M&b(R"). A homeo-
morphism f: R° — R belongs to M6b(R") if and only if

(@), £(b), f(c), f(d)] = |a, b, ¢, d]

for all quadruples a, b, ¢,d in R" [BI, Theorem 3.2.7]. By a sphere or a ball in R"
we mean the image of S"~! or B" under a Mobius transformation of R”.

Throughout the paper we assume that D C R" is a domain, where dD contains
at least three points. The Apollonian distance ap(z,y) between the points x and
y in D is defined as

wezedD |z — z||ly — w|
We say that ap is conformal at x € D if the following limit

a x
lim D<y7 )
y=z X(y, )
exists. In general, this limit does not always exist. Therefore, it is natural to
consider for each x € D the quantity

where

Lp(z) := limsup M and [p(x) := liminf LD(% y).
Yy—x X(I, y) Yy—T X(x’ y)
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Hence
1 < Hp(x) <
for each € D and ap is conformal at « if and only if Hp(z) = 1.

First we establish the invariance of Hp(x) under Mébius transformations.
Theorem 2.1. Let D C R" be a domain and f € M&b(R"). Then

Hyp)(f(x)) = Hp(z)
forallz € D.

Proof. According to Proposition 7.2 in [[T], the quantity

y=z x(2,y)
is a finite non-zero number. Let {yx} be a sequence in D converging to x such

that (F(@), F(w)
— lim aro)\J L), J\Yk '
Lim ) =l = e F i)
Then
. aD(x,yk) — ( (x)vf(yk’)) . X(f(x)af(yk‘)) — T
s = i S e G~ AoV @)
Hence

Lp(x) 2 ALy (f(x)).

In a similar fashion we obtain

Ip(x) < Mypy(f(2))
and consequently

Hp(z) = Hyp)(f(x)).
By applying the above argument to f~' we obtain Hp(z) < Hppy(f(z)) as
required. [ ]

Remark 2.2. It is evident from the proof of Theorem B.I] that neither of the
quantities Lp(x) and [p(x) are invariant under Mobius transformations.

To make the computations of Hp(z) easier, we next give a characterization of
Hp(z) in terms of a purely geometric quantity pp(z,u) defined as follows. Re-
call that if E is a compact set in R", then for each u € V" there exists a
unique support hyperplane of £ with an outer normal vector u (see, for instance,
[Sch, p. 11]). The width of E in the direction of u is defined to be

width(E, u) := dist(Py, Py),

where P; and P, are the support hyperplanes of E with outer normal vectors u
and —u, respectively. Observe that

0 < width(E, u) < diam(F) and width(E, —u) = width(E, u).
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Now for each v € V™ we define

width(R" \ D, v) if x = o0,
pp(z,u) =19 o on :
width(R™ \ i,(D),u) if x # oo,
where i, € M6b(R") is the inversion in $"~!(z,1). It immediately follows from
the definition that pp(x, —u) = pp(z,u) and that pp(z,w) is monotonic with
respect to D, i.e., if D C D’ then
,UD(aja u) > MD’(xv u)

for all z € D and u € V. Observe also that B"(z,dist(z,0D)) C D for x # oo
and using monotonicity we obtain

2
(2.1) 0 < pp(z,u) < { dist(z,dD)
diam(0D) ifx =00

if x # 00

for each z € D and for each u € V™.

Theorem 2.3. For each x € D, we have
max,eyn i (e, 1)

HD(I) =

Proof. We will first show that if L is a line passing through x and if u € V" is
its direction vector then

o ap(yr) [ () i £ oo,
y—z Xx(y, ) wp(x,u) if x = o0,
where y varies over the line L.
Assume first that # = co. Then pp(co,u) = width(R" \ D, u) and
. ap(y,o0 ( max{|ly —w|: w e dD}
lim ————= = hm V14 |y|? log —
y—oo X(Yy, ) vl min{|y — w|: w € D}
max{|y —w|: w € D}
= li 1
oo (]y\ ©8 min{|y —w|: w € 9D}

= width(R" \ D, u)

(2.2)

by [, Lemma 7.6].
Now assume that  # oo. Let f € M6b(R") be the inversion in S"~'(z,1). Then
lim (D) (yv OO) _ 1 . lim aD(:yu l‘)

oo x(y,00) T [z ume x(y, )

by Propositions 7.2 and 7.3 in [[T] and hence we have
lim aD(y> $)
v=r x(y, )

= (L4 |2P)pppy (00, u) = (1 + |z[*)up(z, )
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as required.

Now let {yx}, yx» € D, be any sequence converging to x. Then there exists a
subsequence of {yx}, also denoted by {yx}, such that the sequence of vectors
(ye — x)/|lyx — x| € V" (y/|yx| if © = o0) converges to some u € V". Let L
be a line passing through = and parallel to u. Then using (B.9) along with the
continuity argument one can show that

i @2Ws @) ) (Ut [z pp (e ) if 2 # oo,
ke X(k, ) po(z,u) if 2 = oo,

which completes the proof of the theorem. [ ]

The following lemma is a consequence of Theorems E.1] and 2.3,

Lemma 2.4. Let D be an image of a convex domain in R™ under a Mobius
transformation. Then for each x € D we have

This inequality is sharp.

Proof. Using Theorem P. we can assume that D is a convex domain in R"™.
Let ¢ € 0D be a point with dist(z,0D) = |z — (| and let D, be a half-space
in R™ determined by the tangent hyperplane to 9D at ¢ and containing D.
Then the Apollonian metric ap, of D, coincides with its quasihyperbolic metric
kp. [B2, Lemma 3.1} and dist(x,dD) = dist(x,dD;). Hence by monotonicity of
pp(z,u) along with (B.3) we obtain that

D¢ (l’, y) . kDg (I, y) 1

> — 1- . TS pr— .
MD(ZUU) > /_LDC(.T,U) yl_{% ’x . y’ yl_l’)l"lr ’x — y’ dlSt(m,aD)

On the other hand, according to (R.1]) we have

2
<
~ dist(x,0D)

Using Theorem P.3 we complete the proof. Equality holds for the domain in
Example 2.7. [ ]

:uD(xa u)

Recall that the Apollonian distance function constitutes a metric if and only if
the boundary of the underlying domain is not a proper subset of a sphere in R
[B2, Theorem 1.1]. The following lemma characterizes such domains in terms of
the quantity Hp.

Lemma 2.5. Let D C R" be a domain. Then Hp(x) = oo for some x € D if
and only if the boundary OD of D is a proper subset of a sphere in R".
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Proof. Assume that Hp(z) = oo for some z € D. Using Theorem P.1] we
can assume that x = oco. Then Theorem P.3 along with (B.I) implies that
mingeyn ftp (00, 1) = mingeys width(R" \ D, u) = 0 for some u € V", i.e., the
boundary 9D of D is properly contained in a hyperplane orthogonal to w.

Now assume that 9D is a proper subset of a sphere S in R" which we can
assume to be of the form P U{occ}, where P is a hyperplane in R”. By means of
a preliminary Mo6bius transformation, if necessary, we can assume that oo € D.
Then width(R" \ D,u) = 0, where u € V" is a normal of P. Then Theorem P.3
implies that Hp(co) = oo. n

We conclude this section by computing the quantities

inf Hp(z) and sup Hp(x)

zeD z€D

for some standard domains D. Computations for these examples are straightfor-
ward, but are very long and tedious. Details are left to the reader.

Example 2.6. Let B™ be the unit ball. For each x € B", we have

2 2 1

Hen(2,0) = T 1E T T ] dist(n, 0B

In particular, Hgn(z) = 1.
Example 2.7. Let Dy = {x € R": 0 < 21 < 1} be a parallel strip. For each
x € Dy, we have

2

< < —
7S po(@,u) < e

dist (l’, 8D0
In particular,

inf Hp,(z) =1 and sup Hp,(z) = 2.

x€Dg z€Dg

Example 2.8. Let r € (0,1) and D, = {x € R" : r < |z| < 1} be an annulus.
For each = € D,., we have

1 2yF 1 < pow < —2
e A Vr ) dist(z,0D,) — AT = dist(z,0D,)"

In particular,

inf Hp (z)=1  and sup Hp, (z) = (1“‘7\/7_”)2\/;

z€D, €D, 2
Example 2.9. Let 0 < a < 2mr and D, = {z € C: 0 < argz < a} be an
angular sector in C. Let z € D,, be given. If 0 < a < 7 then

- (o) < 2cos*(%)
dist(z,0D,) — HDal= 1) = dist(z,0D,)
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In particular,

inf Hp, (z)= and sup Hp,(z) = 2COS2<—> :

2€Dq 2E€Dg,
If # <a < 27 then

In particular,

inf Hp (z)=1 and sup Hp,(z) = tan(%) :

2€Dq 2E€Dg,

3. Apollonian and quasihyperbolic metrics

In this section we study the equivalence of the Apollonian and quasihyperbolic
metrics on domains in R™. We start with the following proposition.

Proposition 3.1. If
K

D —
i, u) < dist(z,0D)

for all z € D then
ap(z1,22) < Kkp(z1, 22)
for all x1,x9 € D.

Proof. Using (2.2) we have
. alx,x 4 ru) 1
lim ——— = <K—F—.
) |7| Hp(@,u) < dist(x, dD)
Hence for each € > 0 there exists r = r(z,€) > 0 such that
[z — 9]
dist(z,0D)

for all y € D with |x — y| < r. Let I' be the quasihyperbolic geodesic joining x;
and x5 in D. The existence and rectifiability of such I' is established in [GeO].
Let € > 0 be fixed. Then for each x € I" there exists r(z) > 0 such that

|z =y
dist(x,0D)

for all y € I" with |x — y| < r(x). Due to compactness of I" we have

a(z,y) < K + €|z — y|

a(zx,y) < K + elx — y|

min{r(z): z €'} > 0.

Since
|dx|

ko) = [ G omy
r



3 (2003), No. 2 Conformality of the Apollonian Metric 405

there exists ¢ > 0 such that

|§] §j+1|
k(w1 2) > Z dist(&;, D)

for all partitions {z1 = &, &1, ...,&, = o} of T with

max{|{; — &1 1 0<j <n} <q.

Put 6 = min{g,min{r(z) : = € I'}} and let {x; = &.&,...,& = x2} be a
partition of I" with max{|§; — &;41|: 0 < j <n} <. Then we have

o) £ 3 al €1n) < 22 S Sl engin(r)
=0

dist(¢;,0D)
and hence
Kk(xy,z9) > KZ d‘fj Snl Ke > a(ry,72) — (length(T') + K) e,
ist(&;,0D)
which completes the proof since € is arbitrary and I is rectifiable. [ ]

Remark 3.2. Using Proposition B.J] and (2.1) we obtain that ap < 2kp for
any domain D C R™. Another proof of this result has been given by Beardon
[B2, Theorem 3.2].

Corollary 3.3. If the complement of a domain D C R"™ is convex then ap < kp.

Proof. Indeed, given z € D let ¢ € 9D be such a point that dist(z, D) = |z—(|.
Let D be a half space determined by the hyperplane tangent to 0D at ¢ and
contained in D. Then by the monotonicity property we obtain

1
dist(z,0D)"

Then the result follows from Proposition B-1. ]

(. u) < pip, (2, u) =

Next we turn to estimating the Apollonian metric by the quasihyperbolic metric
from below by presenting such an estimate for quasiballs (see, Theorem B.§).
For quasidisks this result was proved by Gehring and Hag [GeHZ]. Both our
result and our method are straightforward generalisations to higher dimensions
of their result and method, but we lose the sharpness of their estimate. We begin
with the following proposition whose proof is a direct extension of the proof of
Lemma 2.1 in [GeHZ].

Proposition 3.4. Suppose that K > 1 and ¢ > 1 and let b= K™V, [fu >0
and v+ 1 < 2c*(u+ 1)° then

v < (2¢)® max{u®, u~"}.
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Lemma 3.5. If f is a K-quasiconformal self-mapping of R" and if D is a proper
subdomain of R" then for all x,y € D we have
af(D)(f(l'), f(y)) <b- CLD(Z', y) +c
with
b=KYCD  and ¢ =4blog(2)\,),

where N\, is a constant depending only on n.

Proof. By performing a preliminary Mobius transformation we may assume
that D and f(D) are in R™ and f(oc) = oo. Fix z,y € D and choose p,q € 0D

so that
—1oe @) = fIIf(a) — f(y)]
o) 1) =108 Y50y =5 o)) = 7o)l
Then by Lemma 3 [GeQ] we have v + 1 < 2(2),%)%(u + 1)°, where

_ @) = fIf(e) — fW)l d _ lz—pllg—yl

F@ = F@lfe) = fwl ™ " =l =yl
Hence v < (4),%)® max{u®, v~} whence logv < b-log|u| + ¢ < b-ap(z,y) + ¢
by Proposition B.4. [ |

Lemma 3.6. If D C R" is a K-quasiball then
kp(z,y) < bdap(x,y) + cd
for all x,y € D, where b = K"V ¢ =4blog(2\,) and d = 4(2\,)?

Proof. Let f: R' — R" be a K-quasiconformal map such that f(B") = D.
Then using Lemma B.J and Theorem 3 of [GeQ] we have

kn(@,y) = kren (F(F @), £ W)))
< - max { ks (7 (2), £ (), [l (/1 @), 17 0] "
= d-max {agso)(f @), S ), [ (@), £ )] )
< d-max {bap(z,y) + ¢, [bap(z,y) + ]'/*} < bdap(z,y) + cd.

Theorem 3.7. If D C R" is a K-quasiball then
kp(z,y) < pap(z,y)
for all x,y € D with ap(z,y) < 2//p, where p = 168K K+DVE-TL,
Proof. Since D is a K-quasiball, there exists a K-quasiconformal self-mapping f

of R" such that f(B") = D. Choose h € M6b(R") with h(z) = 0 and h(y) = co
and let B*(0,7 — 1) and R" \ B"(0,7 4+ 1) be the maximal Apollonian balls
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about 0 and oo in h(D), respectively. (See, [B2] or [IT] for definition of maximal
Apollonian balls). Then

= =
SIE

T+
r —

ap(z,y) = anpy(0,00) = log <

and hence r > 4etBE(K+D)VE-1

Choose T € M6b(R") with T(B") = B" and T(f~'(y)) = 0 [AV\], 7.34]. Then
the map ¢ = ho foT 1oiis a K-quasiconformal self-mapping of R" and
such that g(B") = R" \ h(D) and g(co) = oo where 7 is the inversion in "',
Put z = ¢g(0) € R" \ o(D) and let B"(z,1) and R" \ B"(z, L) be the maximal
Apollonian balls about z and oo in R" \ h(D), respectively. Then [ = |z —u| and
L = |z — v] for some distinct v and v in Oh(D). Then, by Theorems 14.8 and
14.18 of [AV V], we have

L |z—vlju— oo . (IO—gl(v)llgl(U)—Od)
[ [z =ullo—oof = 7"\ [0 = g7 (u)llg(v) — o<

— p
ot (1) < AKKFIVE-T _ \/_
77K,n< ) > € 4

Since I < 1, we have L < ,/p/4 and R"\ (D) c B"(z, VP/4). Now, let
B = B"(rz/|z|, R) be the smallest ball containing R" \ h(D). Then

R:L+||z|—r|§\/7ﬁ+1§7p.

By performing a preliminary rotation, we may assume that B = En(rel, VP/2)
and R"\ h(D) C B. Let

VP(r —req)

2|z —req|?

hl (l’) =

be a Mobius transformation of R”. Then hy (h(D)) contains the unit ball B" and
by Corollary 2.5 of [GeP| we have

p
kp(x,y) < 2k (0,00) < 4k, (n(Dy) (2—\/;61,())

2r +./p

< 4kpn @61,0 =4log
2r 2r — \/]_)

Hence, if we put

2%+ p p. t+1
G(t) = log VP ilogt_1

2 — /P
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then G'(t) > 0 for all ¢ > r and we obtain

1 2
rel_ 4logL\/ﬁ > —4G(r)
—1 2r —\/p

— 4 lim (G(s) — G(r)) = 4/00 Gt dt >0

pap(x,y) — kp(z,y) > plog .

as required. n
Theorem 3.8. If D C R" is a K-quasiball then

kp(z,y) < C(K,n)ap(z,y)
for each z,y € D.

Proof. Let x,y € D. If ap(z,y) < 2/\/p then kp(z,y) < pap(x,y) by Theo-
rem B.7, and if ap(x,y) > 2/,/p then

kp(z,y) < [dKl/("_l) + 2dK1/(”_1)\/]_710g(2/\n)] ap(x,y)

by Lemma B.6. Here p = 16e85KE+DVE-T and ¢ = 4(2),)25" ™. Hence the
theorem holds with

C(K,n) =max {p, dK""D 1 2d. K"V /plog(2)\,)} .

We conclude this section by presenting some sharp estimates between any two
of the Apollonian, hyperbolic and quasihyperbolic metrics on the plane angular
domain D,, 0 < o < 7. For simplicity these metrics are denoted by a, h, and k,
respectively. We begin with the following lemma.

Lemma 3.9. Let 0 < a <7 and 0 < ¢ < a. Then
Q a Q

3.1 Y (—) <2

(3.1) - < sin 5 5

and

1 sin( %
| _ '(adﬁ) _T
sin(§) sin 8 a

(3.2)

where 3 := min{¢, a — ¢}.

The proof of this lemma is left to the reader.

Theorem 3.10. For all z1, 2z € D, we have
k(z1,22) < h(z1,22) < T sin(%) k(z1, z2).
Q

These inequalities are sharp.
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Proof. Let hp, and kp_ be the density functions for the hyperbolic and quasi-
hyperbolic metrics on D,, respectively. Then using the same argument as in the
proof of Proposition Bl it is enough to show that

™ . «
(3.3) kp,(2) < hp, (2) < Zsin(5 ) ko, (2)
forall 0 < a <.

Casel: o = 0. Then the density of the quasihyperbolic metric is given by
kp,(2) = 1/dist(z,0Dy). To compute the density of the hyperbolic metric we
use the conformal map w; : Dy — B"? given by

671'zfz7r/2 -1

(.Ul(Z) = eTrz—i?T/Q + ]_

Then

ho (2) = hge (w1 (2))|wn'(2)] = ——— m

 sin(7Im 2) ~ sin 7(dist(z,0Dy))
and (B.3) follows from (B.T]).
Case2: o > 0. Then the density of the quasihyperbolic metric is given by
1
1 |z| sin(arg(z))
- dist(z,0D,,) - 1
|z| sin(a — arg(z))

if arg(z) <
kDa (Z)

N| R l\glg

if arg(z) >

and we use the conformal map wo: Dy — Dy, wa(2) = 2™% to compute the
density of the hyperbolic metric in D,. We have

Z|7r/a—1 1 . )

Im 2™/*  alz|sin(Z arg(z))’

™
|

hp,(2) = ho, (wa(2)es ()] = =

Then using (B.2) we obtain

7sin(arg(z)) if 0 < arg(z) < @
T Sin(%) -2’
sm(— arg(z)) >
Q sin(a — arg(z)) . a
— if — <arg(z) <«
sin(§) 2
and . o
- — sin(arg(z)) if 0 < arg(z) < 5
sin(— arg(z)) < (7); N
@ —sin(a — arg(z)) if 5 <arg(z) < «
a
which implies (B.3). The proof is complete. ]

As an immediate consequence of Theorem B.10, Proposition B.1 and Example 2.9
we obtain the following corollary.
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Corollary 3.11. For all z1,29 € D,, we have
a(z1, z2) < 2(:052(%) h(z1, z2).
This inequality is sharp.

Given any simply connected plane domain D, by [B2, Theorem 1.2] one has
ap < 2hp, where 2 is best possible. But obtaining sharp inequalities in the
other direction prove to be more difficult. Below we present an estimate in this
direction which holds locally.

Theorem 3.12. For each zy € D,, there exists a neighborhood U, of zy in D,
such that

a
;h(zla 29) < a(z1, 22)

for all z1, 29 € U,,. This inequality is sharp.

Proof. Using Mébius transformations of C, if necessary, we can assume that
|20 =1 and 0 < arg(zg) < a/2. Put

U., = BQ(ZO7 |ei/? — eiocﬂ'/(a-i-ﬂ')D — B2 (zo,Qsin(%)) ‘

Then we have
T

arg(z1) < Y and arg(z) < for all 21,20 € U,,.
™+«

T+ o
Observe also that sin ¢ < sin(r¢/«) for all ¢ € (0,7a/(7 + ).

Now we consider the sector D, as a subset of the upper-half plane D, = H2.
Since the set U, is hyperbolically convex [GeHT, Lemma 3.4], for any two points
21,29 € U,, C D, the hyperbolic geodesic I',,., joining z; and z» in D, is con-
tained in U,,. Then using monotonicity of the Apollonian metric [B2, p.93] we
have

a o «Q dw
_hDa(Zlaz2) = —hDW(w(zl),w(ZQ)) < _/ ’ ’
7r m T Ju(r.,.) Imw

B a/ g]z\“/o‘_l\dz\ _/ |dz|
T Jr.,., |ZI7esin(} arg(2))  Jr.,, |2[sin(5 arg(z))
< / M:hD (21,22) = ap, (21, 22) < ap, (%1, 22)
—Jr Im z T T - e

2122

where w(z) = z™/*. The proof is complete. n
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