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Extremal Point Methods for Robin Capacity

Marcus Stiemer
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Abstract. The Robin capacity §(A4) of a compact, non-empty set A C 0N
with respect to a domain Q C C containing oo is defined by

5(A) = 5(A,Q) = exp(zlij& —R(2) + log |z|) ,

where R(z) = R(z,0) is the fundamental solution of a mixed boundary value
problem with pole at oo, where Dirichlet conditions are imposed on A and
Neumann conditions on 992\ A. P. Duren and M. Schiffer have discovered that
it coincides with the minimal logarithmic capacity of f(A) over all conformal
mappings f of Q with f(z) =z 4+ O(1), z — oc.

In this article, effective methods for the numerical determination of §(A)
are developed. For this purpose the conformal invariant §(A)/cap(0€?) is
related to other moduli of the given configuration like harmonic measure or
conformal modulus. Then an effective extremal point discretization for these
moduli based on Menke points is derived. If ) is analytically bounded, the
discretizations presented provide geometrically fast converging approximations
to the considered moduli and thus to Robin capacity.
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1. Introduction

~

Let €2 be a domain on the Riemann sphere C containing co. To begin with,
assume that the boundary of ) consists of K Dini smooth Jordan curves with
1 < K < oo. Let A # (0 be a closed subset of 012, each component of which is
a curve or an arc. The complement of A with respect to 0f) is denoted as B.
A function R that is continuous on € is called the Robin function in  with
Dirichlet boundary A and pole at oo, if it possesses the following four properties:

1. R is harmonic in Q \ {oo};
2. lim, o R(z) — log | 2| exists;
3. R(¢) =0for ¢ € A4
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4. OR/on(¢) =0 for ¢ € B.

Here OR/0n denotes the derivative in the direction of the outer normal in ¢. In
particular, we claim that the gradient of R has a continuous extension to the
Neumann boundary B. The definition of the Robin function can be extended to
non-smooth boundaries by conformal invariance (see [11]): in such a situation,
we define R to be R o WU, where U is a conformal map from  on a domain with
smooth boundary fixing co and R is the Robin function in the image domain
with corresponding Dirichlet boundary. The Robin capacity d(A) of the set A
with respect to €2 is defined by

5(A) = §(A,Q) = exp ( lim —R(2) + log !z\) .

Thus, it is defined similar to logarithmic capacity. The role of the Green function
in the definition of the logarithmic capacity cap(A) has been taken by the Robin
function.

Duren and Schiffer revealed that 6(A) coincides with the minimal logarithmic
capacity of f(A), where the minimum is taken over all conformal mappings f
of Q with f(z) =z + O(1), 2 — oo (see [11], 12], 28] B1]). Here f(A) has to be
understood in the sense of boundary correspondence. The connection between
the Robin function and Robin capacity and other quantities from geometric
function theory and potential theory has been thoroughly investigated by P.
Duren, J. Pfaltzgraff, M. Schiffer, R. Thurman and others (see e.g. [4, 8, [, 10
11, 12, 32, 33)).

The Robin capacity d(A) with respect to 2 and the logarithmic capacity cap(0f2)
of 0N show the same scaling behavior under a conformal map f of 2 with
f(z) =az+ O(1), z — oo

0(f(A)) =lal-0(A4)  and  cap(9f(Q)) = |af - cap(092).

Consequently, §(A)/ cap(df?) is invariant under all conformal mappings of €2 that
fix oo.

In [3, p. 70], L. V. Ahlfors introduces the notion configuration for a domain
bounded by a finite number of smooth curves together with a finite set of interior
and boundary points taken in a certain order. Two configurations are equivalent,
if there exists a conformal mapping from one domain onto the other which maps
each of the specified interior and boundary points onto the corresponding points
of the other configuration. The equivalence of configurations can be expressed
by the equality of certain conformal invariants called moduli [3, p. 70]. On the
other hand, as soon as a set of a sufficient number of moduli is known, any other
conformal invariant of the specified configuration can be computed from them.
Configurations associated to Robin capacity are characterized by one interior
point (here 0o) and a certain number of boundary points (the end points of the
arcs that constitute the set A). For instance, if {2 is the outer domain of a Jordan
curve and if A # () is a subarc, the configuration possesses one marked interior



4 (2004), No. 2 Extremal Point Methods for Robin Capacity 477

point and two boundary points. Such a configuration is characterized by a single
modulus [3, p. 70]. One can choose the equilibrium measure p(A), if co is the
marked inner point. If € is doubly connected and if A is one boundary curve
and B the other, then there is one marked inner point and no boundary point.
Such a configuration possesses two moduli [3], p. 70]. Here, if again oo is regarded
as the specified inner point, the configuration is characterized by the conformal
modulug]| of 2 and the harmonic measure w(oo, B, (2).

In the following, the Robin capacity 0(A) is expressed in terms of the above
mentioned moduli for the described configurations. This makes it possible to
apply extremal points that discretize these moduli for the numerical computation
of 6(A). In particular, we prove the following two theorems.ﬂ

Theorem 1. Let §2 be the outer domain of a Jordan curve and A C 02 a subarc.
Then the Robin capacity 6(A) of A with respect to 2 amounts to

5(A) = cap(99) - sin? (gu(m) .

Theorem 2. Let M be the conformal modulus of the doubly connected domain €2
with co € ), whose boundary components are non-degenerate continua. Further,
let w = w(oo, B,QY) be the value in oo of the harmonic measure in 2 with respect
to the Neumann boundary B. Then

(0(9)9:(2)\
0(A) = (W) - cap(09Q).

The parameter of the above theta functions is given by

T
T=ir

Note that no further assumptions on the smoothness of A and B are necessary
in Theorems [I] and [2] if the conformally invariant extended version of the Robin
function is considered. In particular, since A and B are non-degenerate continua
in Theorem [2| 0 is regular in the sense of potential theory and w is well defined.
The theta functions occurring in the above formula can be effectively computed
with the help of their Fourier series: The expansion of ¥3(v) = ¥s(v,7) with
parameter 7 and ¢ = €7 = e ™/M ig given by

192(,0’7_) _ Z q(k—1/2)26(2k—1)i7rv

k=—o00

!'Throughout the following, the conformal modulus is defined as —logr, if the annulus
{r < |z| < 1} is conformally equivalent to €.
2Theorem (1| and Theorem [2| are part of the author’s thesis [32].
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(cf. [36, p. 155]) and the theta function ¥3(v) = ¥3(v, 7) with parameter 7 and
T —m/M g represented by

g=¢e" =¢
,193(2}’ 7_) _ Z qk262k-i7rv

(ct. [36, p. 154)). ;

The next step is to approximate the moduli that are related to Robin capacity
by Theorems[I]and [2} This will be done with the help of extremal point systems.
The classical way to discretize the equilibrium measure of a compact set E in

the complex plane is to use Fekete points: a system of n points ZLFl], cee Zy[LFT}l that

maximizes
n n
Vo (21,00, 20) = HH |2 — 2
p=1rv=1
nFV

among all sets (2x)k=1,. n of different points on E is called a system of Fekete
points of order n. C. Pommerenke proved for the distribution of Fekete points
on an analytic Jordan curve I' that

2rk 1 2rk V1
tn,k:an—ki%——@(an—kL)%—O( ogn)7 n — oo,
noon n

n2

where eitnr = @_1(27[5,1), 1 < k < n, are the preimages of the Fekete points under
the conformal mapping ®: A = {|z| > 1} — Ext(I') with ®(z) = z + O(1),
2z — oo. Further, a,, € R is a rotational angle independent of k, and ¢ is a real
analytic function depending on the given analytic Jordan curve [29] (see also [0,
pp. 229-241]). Considering the weaker assumption that I' is a quasiconformal
curve or arc, A. Andrievskii and H.-P. Blatt proved a discrepancy estimate for
Fekete points [5], which has been generalized to the case of weighted Fekete points
and weighted extremal points for Green capacity by M. Gotz and E. B. Saff [14]
(see also below). In the case of an analytic Jordan curve, a better discretization
of the equilibrium measure is provided by an extremal point system that has
been introduced by K. Menke in 1970 [20, 21]: let 21,..., 2., Ci,. ..,y be two
sets of n points each such that z; < (4 < 29 < (o < ... < 2, < (,. This means,
that the points z; and (; are alternating on the curve I'. Menke defined the
resultant R,, of such two sets of points by

Ro(z1, 20, Gy oy Go) = HH’% = G-
p=1lv=1

Points 27[%”, cee z,[%], C,[LA/{], cee ,%] that maximize R,, under the above mentioned
constraints are called Menke point§’] If e*n+, eink k=1,... n, are the preim-

ages of the Menke points Zg\i] = ®(e%nk) and QT%] = @(e'nk) respectively under

3This notation has been introduced by D. Gaier.
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the conformal mapping ®: A — Ext(I") with ®(z) = z + O(1), then

2k —1
Spk = O + T+ O(r"), n — oo,
(1) o'
thg = a, + —m+O(r"), n — oo,
n

for some 0 < r < 1 with a rotational angle a,, = 27 — t,,,, = O(r") independent
of k [20, 21], 22], 23, 24]. The maximum R,, of the nth resultant possesses the
asymptotic representation

(2) R, = 2" cap(8Q)™ - (1+ 0O ("),  n— oo,

with 0 < 7 < 1, which makes 277/ - RY™ a geometrically fast converging ap-
proximation to the logarithmic capacity of 0€). For Fekete points on an analytic
Jordan curve, Vi/""™ approaches cap(0Q) only with order O(1/n), n — 0.
Moreover, Menke presents a method which allows approximation of the confor-
mal map ¢ with ®(2) = z+ O(1),z2 — oo from A onto Q geometrically fast
on compact subsets of ). The approximating functions are of the form zp(1/z2),
where p is a polynomial that maps the 2nth roots of unity onto certain values
derived from the Menke points of order n [20], 21], 22], 24]. This good distribution
of Menke points can be used to discretize the equilibrium measure p of 02 in
geometrical order. In [34] it is established, that any family of analytic maps f,
which are univalent in an annulus about the origin and map 0D onto the analytic
Jordan curve 0f) preserving the orientation and interpolating the Menke points of
order n in the 2nth roots of unity provide an approximation to p with an error
estimate of geometric rate of convergence. More precisely, 1/27|(f 1) (2)]|dz]
approximates dy(z) uniformly on 02 with a geometrically decaying error bound.
In this article, we will construct such approximations f,, with the help of trigono-
metric interpolation. This makes it possible to approximate the Robin capacity

of the subarc of an analytic Jordan curve geometrically fast. In the following, it
[M]

is often more convenient to label the extremal points in their natural order w, .,

k=1,...,2n, with w%]e—1 = zr%] and w%]g = C[M]

mes £ =1,...,n. We will prove
the following result.

Theorem 3. Let ) be an analytically bounded Jordan domain containing oo,
parametrized over [0, 2w[ by the analytic map ~ with +'(t) # 0, t € [0,27[. Let A
be a subarc of Q) with starting point v(a) and ending point y(b), 0 < a < b < 2.
Moreover, let R, be the mazimum of the resultant of order n. Further, let ji,,(A)

be defined by

Y

1
pn(A) = o= [P (0) = p, " (a)
where p,(t) = S,(t) +t, t € [0,2n] and

n—1
1 1
Sn(t) = —ag + E (ay cos kt + by sin kt) + 50n COS nt

2
k=1
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is the trigonometric interpolation polynomial mapping equidistant points wk/n

onto 7_1(w%j), k=1,...,2n. Then, there exist constants C' >0 and 0 <r < 1
such that for n € N

I(A) — 2’1/"]%,1/"2 ~sin2<gpn(A))‘ < Cr".

For the computation of §(A)/ cap(0f2), where §(A) is the Robin capacity of one
boundary component A with respect to a doubly connected domain €2, the confor-
mal modulus of €2 and the harmonic measure of oo with respect to the Neumann
boundary have to be determined. To this end, a discretization for the doubly
connected situation is required. By conformal invariance, the latter is related
to the so called hyperbolic situation, where a compact set £ C D is considered.
Both point systems introduced above possess an analogue in the hyperbolic sit-

7] ZLT,]L that

uation: in 1947, M. Tsuji introduced a system of n points z,1,...,

maximizes
n n
V(. 2) = HH AR

among all sets (2x)k—1,.n of different points on E, where

z=C

[ng] - 1_25

These points are called Tsuji points of order n. Let ® denote a conformal map
from {r < |z| < 1} onto Q with r = e~ ™°4() where I corresponds to itself. In
1985 Menke proved the estimate

21k

1 3/2
bk — o — 278 (logn)
n

<L 2 1<k<n,

n

for the distribution of Tsuji points on an analytic Jordan curve E = I', where
P(reitnr) = ZEE:, Qy = tn, — 27 and L > 0 independent of n and k (cf. [25]).
The rotational angles «,, drop out if the respective rotation of the unit circle is
pre-composed to ® for each n € N. For the weaker assumption that I' is a quasi-
conformal curve or arc, a discrepancy estimate for Tsuji points is contained in the
more general estimate provided by Theorem 3 in [14], which has been obtained
by Gotz and Saff in the context of weighted extremal points both for logarithmic
and Green capacity. Taking advantage of the distribution of Tsuji points, Menke
developed approximation techniques for the hyperbolic capacity and the confor-
mal map ® [26]. Moreover, he introduced another system of extremal points [27]
whose images under ® approach rotated roots of unity geometrically fast [35].
We will refer to this point system as hyperbolic Menke points: to define it, we
again consider two sets zq,...,2, and (3,...,(, of n points each on the analytic
Jordan curve I' with 21 < (1 <20 < (3 < ... < 2, < (. A point system of this
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type zr[lHl} z,[f{l, 7[51], . 7% that maximizes the (hyperbolic) resultant R
RZ(Zl,...,Zn,Cl,...,Cn = HH ZM,CV

1v=1

is called Menke points of order n. As in the parabolic case, Menke points approx-
imate the distribution of the images of equidistributed points on |z| = e~ ™)
under a conformal mapping from {e~™°4) < |z| < 1} onto Q with a geometri-
cally decaying error bound, and 2~/ ( R/ n* approaches e~ ™04 geometrically
fast [35]. Thus, they are better suited for approximation of the conformal mod-
ulus and the harmonic measure of the doubly connected domain €2 as soon as
[' = 012 is an analytic Jordan curve.

From now on we do not assume that dD is a boundary component of €2: let B
be one boundary component of the doubly connected domain 2 with co € €
and let G(z, ) be the Green function in the outer domain of the other boundary
component A with pole at (. In particular, if A coincides with the unit circle,
G(z,() is given by

—C 7C#OO7

log | 2| ,( = 0.

‘1—,2(_
g
z

G(Z,C) =

The situation considered represents a special case of a plane condenser. The
classical definition of a plane condenser can be found in [7]. Moreover, its relation
to Green energy is pointed out there, which is the basis of the discretization

techniques considered below. H. Kloke generalized the Tsuji point process to
(K] (K]

plane condensers by considering extremal points z, 7, ..., zn,» which minimize
Vn (Zl,..., Gz;uzl/ )
p=1rv=
M?ﬁv

among all sets (z;)g=1,.., of different points on B [16] (see also [17]). The numbers

VE = VY Ll}, o ,ZLKA) provide a discretization of the conformal modulus. In

partlcular Kloke proved

logn

0 < mod(Q) — — VG g%

n(n —1) 2

n
with C' > 0 independent of n > 2. Estimates for classical extremal points related
to both conducting plates A and B of a condenser can, for instance, be found in
[13]. To obtain geometrically fast converging approximations, we extend Menke’s
construction to condensers. From now on, let B be an analytic Jordan curve.
We consider 2n points 21 < (1 <22 < (2 < ... < 2, < (, on B. A point system
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27[101],, nn,C ...,CW]L that minimizes

To(z1, 2 Gl G) = 3 Y G (2,6)

p=1 v=1

is called Menke points for condensers of order n on B. Again We Will also use the

notation wf,l, k=1,...,2n, with wfgg | = z[Cg and wn % CM, (=1,.

Let J¢ denote the minimum J¢ = J¢( n,l], . ,zf,]l, 7[101], e C,[”l) The quantlty

log 2

c 1 c

approaches mod(£2) geometrically fast. In particular, we will prove the following
result.

Theorem 4. Let the boundary component B of the doubly connected domain 2
be an analytic Jordan curve and the boundary component A be a non-degenerate
continuum. Further, let M be the conformal modulus of ). Then there are
constants C and p with C >0 and 0 < p < 1 such that

|Ic — M| < Cp".
Here and in the following, the weak assumptions on A correspond to the assump-
tion that the Green function G in the external domain of A is known. If fast

converging numerical approximations to G are desired, further assumptions on
A are necessary. Moreover, we will show that

(4) Wn = Z G( LC,L]H

2n mod

converges to w(oo, B, ) geometrically fast.

Theorem 5. Let the boundary component B of the doubly connected domain 2
be an analytic Jordan curve and the boundary component A be a non-degenerate
continuum. For w, defined as above and w = w(oo, B, ), there are constants C
and p with C' >0 and 0 < p < 1 such that

lw, —w| < Cp".
If A is the unit circle, reduces to the convenient formula

“n = 2n mod log H ‘w

The corresponding approximation result for §(A)/ cap(9€2) can be derived with
the help of Theorem
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Theorem 6. Let the boundary component B of the doubly connected domain 2
be an analytic Jordan curve and the boundary component A be a non-degenerate
continuum. Further, let w, and IS be defined as above. Moreover, define

2
" (A) _ 192(771) 793(771)
" U2(0)95(0) ) 7
where the parameter of the above theta functions is given by
T
T = ZI—TCL.
Then there are constants C' and p with C' >0 and 0 < p < 1 such that
6(A)

W(A) =

in(A) cap(09)

‘ < Cp".

2. Representation of Robin capacity by moduli

We now prove the representation theorems for §(A) in terms of certain conformal
moduli. Let 2 be the outer domain of the Jordan curve I' and p the equilibrium
measure on [".

Proof of Theorem [1. Let A, be the subarc of the unit circle that corresponds
to A C 0f2 by a conformal map ®: A — () fixing co and let a denote the length
of Ag. Duren and Pfaltzgraff [9] have shown that

§(Ap) = sin® <%)

for the Robin capacity of a subarc Aj of the unit circle of length a with respect
to the outer domain A of the unit circle. From u(Ag) = /27, cap(0A) = 1 and
from the invariance of both the equilibrium measure and §(A)/ cap(9€2) under
all conformal mappings of A fixing oo, we conclude

ca(;(é?)ﬁl) - c:;(g&) = sin” (gM(AO)> = sin’ (gM(A)> '

Next, we consider a doubly connected domain €2, one boundary component A of
which is the Dirichlet and the other component B the Neumann boundary.

Proof of Theorem [2l. Let ¥; be a conformal map of {2 onto the annulus
A={zeC: e™< 2] <1}

with M = mod(€2) such that the Dirichlet boundary A corresponds to the unit

circle and such that ¥;(oo) > 0. Due to

1
oz I = e}, 4) =~ log 4
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and the conformal invariance of the harmonic measure, one obtains
—wM
Uy(o0) =e ,

where w = w (00, B, 2). The annulus A can be mapped by a conformal mapping
U, onto the outer domain R = C\E with £ = [-1, f]JU[e, lJand -1 < f < ar < 1
such that ¥;(c0) = e™M is mapped again to infinity and that the image of the

unit circle coincides with [ar, 1]. The construction of Wy, which has been carried
out by N. I. Achieserfl]in 1932 [1], yields

(5) a=2sn*(wM) — 1,

where 7 = i /M is the parameter of the elliptic sine with primitive periods 4M
and 47i. The composition ¥ = ¥, o ¥ is a conformal map from €2 onto R with
U (00) = 0o, where the Dirichlet boundary of €2 corresponds to the interval [, 1].

The symmetry of the Green function G in the complement of [, 1] with pole
at oo enforces 0G/0y(x) = 0 for z € R\ [a, 1]. Thus, G coincides with the Robin
function in R with Dirichlet boundary [« 1]. Consequently, we obtain

l—«
4

0(lev, 1]) = cap([e, 1]) =
(see [19, p. 172]).
The conformal invariance of §(A)/ cap(df2) implies

(6) 5(A) (1)) _1-a 1
cap(0f?)  cap(FE) 1 cap(B)’

Inserting o = 2sn*(wM) — 1 leads to

l—a 1-—so*(wM) 1 ,
- — —cen2(wM).
1 5 an (wM)

On the other hand, Achieser showed?| that

@ cap(E) = (—MO) ) )

2\ 0(3)9s(3)

for the logarithmic capacity of the union E = [—1, f]U [a, 1] (cf. [2] p. 317]).

4 Achieser considers the outer domain of the two intervals [—1,&] and [3,1] with —1 < & <
f < 1. The situation that is considered here can be obtained from Achieser’s setting by an
application of the transformation z — —z.

5Achieser uses Jacobi’s notation, where ©1(wM) = ¥3(w/2) and O(wM) = V4(w/2) [36,
p. 305].
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Inserting in @ yields

and the theorem is proven. [ ]

3. Extremal point methods

In this section the extremal point methods presented in the introduction are
applied to numerically determine the equilibrium measure on an analytic Jordan
curve (Subsection [3.1)), the harmonic measure in a doubly connected domain
of one boundary component and the conformal modulus of a doubly connected
domain (Subsection . For the configurations considered, this, combined with
Theorems [I] and [ finally yields approximations to §(A)/cap(d9), converging
geometrically fast.

3.1. Subarc of a Jordan Domain. The following two lemmas contain some
basic properties of the approximation of holomorphic functions in an annulus
with the help of trigonometric sums. Let f be holomorphic in the annulus
A, ={p<|z| <1/p} with 0 < p < 1. Then, the map f(e*) is holomorphic
for £ € S, =R x i]log p, —log p[. The trigonometric interpolation polynomial

n—1
(8) Tu(&, f)= > ée™ +é,cosng
k=—n+1

with

1 2n
9) Cr = o Z f(em/") e~ imkt/n k=-n,...,n,

n

=1

maps 2n equidistant points 7k/n, k = 1,...,2n, onto f(e™/") (see e.g. [15,
pp. 43-53]). If, in addition, f assumes real values on the unit circle, we have
¢ = é_y, for —n < k < n and thus, we can write

n—1 1

(ay, cos k& + by sin k&) + 50n COS né
k=1

Tn(é-v f) - %GO +

with a, = 2Re ¢, and b, = —21Im ¢;.



486 M. Stiemer CMFT

Lemma 7. For every p with p < p <1 there are constants C' and p with C > 0
and 0 < r <1 such that

[ (¢4) = Tu(e. D] <O, geSs

Proof. As f is holomorphic in A, it possesses a convergent Laurent series

o0
f(z)= Z cr2”, z € A,
k=—o00
Expressing the error ¢ — ¢ of the discrete Fourier coefficients ¢, as defined in
@ for —n < k < n in terms of the coefficients ¢y, k € Z, and applying Cauchy’s
estimate leads to

. RF+ R
(10) e — el < max |f(2)]-

“pon _ 1 —n < k<
|z|le{R,1/R} RQn -1 9 n < <n,

for every 1 < R < 1/p (see [I5, pp. 31]). Now, for given p, define R =1/p and
choose R < R < 1/p. For £ € S;, we obtain

FE) T Dl = |3 ™+ 3 ( - 5) R+ 3 (e — ) €

|k|>n |k|=n |k|<n

~ k
=~ (R
< .12 ke
< i {2 2 (R)

k=n+1
R\" R'+R™-. iRy RF
+ 5 +—R2n—1R+2kZ:0—R2n—1R

R
< e gy /(2] O (E)
with a constant C'r independent of n. To obtain this result, we have considered
et < RF, keZ,
for £ € §;. The statement of the lemma follows now with r = R/R and

C=Cp- max|z|e{R,1/R} \f(z)\ .

Lemma [§ asserts that the statement of Lemma [7] remains true even if the inter-
polation data are slightly distorted: to show this we consider interpolation data
snk € C, 1 <k < 2n, and the trigonometric interpolation polynomial

n—1
(11) Sn(§) = Z &pe™ 4 ¢, cosné

k=—n+1
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with
1 2n
(12) Cp, = % Z 8n7e€7mk£/n, k= —nNn,...,n,
=1
mapping 7k/n, k =1,...,2n, onto s,x, 1 <k < 2n. If again the interpolation

data s, are real numbers, we can write

n—1

I . > 1.
Sn(§) = 500 + ;(ak cos k& + by sin k&) + 50n cos né
with @, = 2Reé, and by, = —21m é&.

Lemma 8. Choose p with 0 < p < 1 such that f is holomorphic in A,. Further,
let s, 1, € C be given such that

|f (™) — s,i| < CF", 1<k <2n,

with constants C' and & with C > 0 and 0 < 7 < 1. If S, (€) is defined as above,
then there exist py with p < py < 1 and constants C' and r with C > 0 and
0 <r <1 independent of n such that

‘f (6i€) — Sn(f)| < Cr", £ES,.

Proof. The hypothesis on the interpolation data s,, ; , 1 < k < 2n, expression @D
of the discrete Fourier coefficients ¢, and of the disturbed coeflicients ¢é
imply immediately

|ék—ék‘ <C~r7:n’ —-n<k<n.
If one chooses py such that max{p, 7} < py < 1, one obtains from and

n—1 N
150(€) = Tu(€. f)] < CF" <1+2 p5k+p5”) <0 (L)
k=1 Po

for £ € S,, with 0 < 7/py < 1 according to our choice of these constants. The
statement of the lemma follows with Lemma [7] and the triangle inequality. ]

We are now ready to prove Theorem

Proof of Theorem [3l. Let ®: A — Q be a conformal mapping normalized by
O(z) =2+ 0(1), z — oo. If v: [0,27[— T is an appropriate parametrization of
the analytic Jordan curve I' = 90 and if g is defined by g(e™) = ~(¢), t € [0, 2],
then there is p with 0 < p < 1 such that g extends to a conformal map of the
annulus A, = {p < |2| < 1/p} mapping the unit circle onto I and preserving
orientation. If 0 < 5,1 < ... < 8,9, < 27 are the preimages of the Menke points
of order n under the parametrization v, there exist a;, € R, a constants C, and 7
with C; > 0 and 0 < 7 < 1 such that

[yt o @ (elentThmY g, | < Gy 1<k < 2n,
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due to Menke’s result on the distribution of the extremal points and the
uniform continuity of the mapping v~! o ® on the unit circle. From a,, = O(7")
(see the explanations to (1)), we deduce the existence of Cy > 0 so that

‘7_1 od (e”k/”) — Sn,k‘ < C’gf", 1<k <2n.

Lemma 8| says that the trigonometric interpolation polynomial S,, mapping the
points 7wk/n onto s, — wk/n for 1 < k < 2n provides a sequence of func-
tions p,(§) = Sn(€) + & which converges uniformly to v~ o ®(e) on the strip
S 5 =R xi]1/2log p, —1/2log p[. Note that, due to the Reflection Principle, ®
possesses a univalent continuation to .A,. Thus, the sequence (f,,) with

fa (€°) =7 0pu(€)
converges uniformly to ®. By Hurwitz’ Theorem, there exists ny € N such
that all mappings f,, with n > ng are univalent in A /5. Moreover, f, maps

the 2nth roots of unity onto the corresponding Menke points. Considering the
-
representation e ) = f~1o~(t), t € [0,2n[, we conclude that

b
pal4) = o \p#(b) —pita)| = — / () (1) dt
1

i [ oy @] ar— 5 [ @] o2

Theorem 4 in [34] says that this expression prov1des a geometrically fast converg-
ing approximation to x(A). On the other hand, the asymptotic representation

assures that 2-1/» R " approaches cap(0f2) geometrically fast. Considering the
representation of 6(A) in terms of cap(9Q) and p(A) provided by Theorem [1]
the statement of the theorem follows now by an elementary estimate. ]

3.2. Jordan curve in a doubly connected domain. The conformal modulus
M = mod(Q2) of a doubly connected domain €2 with boundary components A
and B (and oo € ) can be computed via the solution of the following minimal
energy problem: let G(z, () be the Green function in the external domain Ext(A)
of A with pole at ¢. If M(B) denotes the set of all Borel measures in C with
support in B and total mass 1, then

mod(§2) = I°(p),

where
I‘(w*) = min I°(p) = G(z, Q) du(z)d
(1) éﬁﬂ?) ue%l?g// (2,¢) dp(2)du(C)
(see e.g. [19, p. 175] or [30} pp. 123-137]). We define
1 log 2
n

as approximation to I°(u*) = mod(€2).
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For the proof of Theorem {4} the same method will be applied as in [34] and [35].
Thus, the description below is reduced to the essentials.

Proof of Theorem M. Let (f,) be a sequence of analytic functions that interpo-

] w!) of order n in the 2nth roots of unity and

late the extremal points w,,j, ..., w, 5,
that are univalent in an annulus A, = {p1 < |z| < 1/p1} for some 0 < p; < 1.

Such a sequence exists due to Lemma 3 in [35]. Then,

I WAC D NAC)

(13) e
+ﬁ Z Z log ‘em(zu—n/n N 6i27rl//n| .

p=1 v=1

If ¥ denotes a conformal map from the outer domain of A onto A = {|z| > 1},
fixing oo, then

IR ELIo] P
(14 G0 = { wa—w«ﬁ o7 oo
log |¥(2)] for ( = o0.

For a function f that is univalent in A, and that maps 0D onto B, we define
o VoL =¥ 0 (0

Fy(.) = ¢ erl
log(V o f)(2) for z = ¢,

and
Hy(2,¢) = log(1— Vo f(2) - ¥o [(0))

We assume that p; has been chosen sufficiently large, such that the mapping Fy
is analytic in z and ¢ throughout A, , and H; is analytic for z € A4, and
antiholomorphic for ¢ € A, . Thus, there exist Grunsky-type expansions

Fr(z,0) = > Y bpe(Wo f) 24
k=—00 f=—0

and

Hy(z,¢) = Y Y duo(Wo f) 24"

k=—00 l=—00
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Inserting these representations in yields

— __RGZZFn im(2u—1)/ 2271'1//77,)

,u 1 v= 1
_|_ Re Z Z H emr (2u—1)/ 7eiZm//n)
p=1 v=1
(15) iR - - b i ¢ in(2u—1)k/n ji27lv/n
eSS w3 Y
k=—o00 {=—00 p=1v=1
1 o0 3] non_ '
- in(2u—1)k/n —i2nlv/n
B S S FUIYAD 3y Sy
k=—00 {=—00 p=1 v=1
= Re (do’o(\lf o fn) — b070(\11 o fn)) + En(\:[f O fn)
with

En(\llofn = Re Z Z nknf \I/ofn)_ le,nz<\llofn))‘

k=—00f=—00

As in [34] and [35] we have profited from the fact that the geometric sums over p
and v vanish as soon as n does not divide &k or /.

In the same way, we can compute the discrete energy

rCL,f* — ZZG * 'm (2u—1) /n) 7f* (eizﬂ—y/n)) 4 10g2

n
p=1 v=1

= Re (do,o(‘lf o) f*) - bO,O(\IJ o f*)> + En(\p o f*)

of a conformal map f* mapping {1 < |z| < e/“*)} onto Q such that {|z| = 1}
corresponds to B, which has been continued to A,,. The minimality of /¢ implies

(16) I7 — Re(doo(Wo f*) —boo(Vo f) < E,(¥o fr).

On the other hand, the extremal measure p* can be recovered from its Green
potential

u*(z2) = /BG(Z’,O dp”(¢)
(17) du*(z) = %%ﬁf (2) ldz|

(see [30]). The potential u* solves the boundary value problem Au* = 0 in €,
u* =0 on A and u* = I°(¢*) on B. From ([17)), we conclude

o x 1 ou* ,  ou*
I(M)IR/BB

) S ()5 () ldz e
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Parametrizing B over [ 2m[ by f*(e), where f* is a conformal map from the
annulus {1 < |z| < e/} onto Q, with {|z| = 1} corresponding to B, leads to

(18)
I e ~ 4 Ou*o f* . Outo f* .

Te(u*) = — G *( 18 * (it 18 it ds dt.
W= || erEnren) Fen e as
Now, u* o f* satisfies the boundary value problem A(u*o f*) = 0 in the annulus
{1 < |z] < W} w* =0 on {|z| = ¥} and u* = I°(u*) on {|z| = 1}.
Consequently, u* o f* = I°(u*) —log|z|, z € {1 < |2] < """}, and reduces

to
1 o 27FG * (1S * eit s
- 47r2/o /0 (f (), 71 >) Ao

42/ / log‘e”—”‘dsdt—o
T

and substituting , one obtains

Considering

1 27 2m U o f* s U o f* eit
Ie(p*) = —m i / log (e e>— it (") dsdt
2m 2
+W / logll—\llof*(“)\llof (e)| ds dt

(]_9) o 1 zks zﬁ
__HRGZ Zbkglllo tds dt
2T 2 ) )
—|—— Re Z Z do(Vo f *)/ / e*se " ds dt
0 0

k=—00 f=—00
= Re(d070(\11 o) f*) — b070<\11 o f*)) .
Next, we compare this with 7¢(p,) for the measure p,, € M(B) with

dpn(z) = — ‘
Parametrizing B over |0, 27r[ by fa(e' ) leads to

= / / fa(e™)) ds dt,

and consequently, proceedlng exactly as in the derivation of ,
I(pn) = Re(doo(¥ o fn) —boo(Vo fn)) =1, — En(Vo fn),
where also has been considered. The minimality of 7¢(x*) implies
15— 1) = Eu(Wo f,).
This combined with and yields
Eu(Wo fu) < IS — I(u*) < Eu(¥ o f).
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Finally, consider that U o f* € F, (¥ o B) and Vo f, € F, (¥ o B), where
F,, (¥ o B) denotes the family of all functions that are univalent in A, and
map 0D onto W o B such that orientation is preserved. For all functions g in
this class, |E, (Vo g)| has been estimated uniformly in [35]. In particular, to
estimate Z/ﬁ o (=) *bue(g) for g € F,, (¥oB), a generalization of the
classical Grunsky inequalities to functions univalent in an annulus by R. Kiithnau
has been applied [18]. One obtains for any r with p; <7 < 1 a constant C' that
is independent of n € N such that

|En (Wog)| <Cr

for all g € F,, (¥ o B). An explicit representation of C' = C(r) can be found in
[35]. This completes the proof of the theorem, since I¢(p*) = mod(f2). [

Now we prove Theorem [5]

Proof of Theorem [5. First observe that the harmonic measure w(z, B, ) co-
incides with (mod(Q))~! - u*(2), where

u(z) = /B Gz, ¢) du*(O)

is the Green potential of the equilibrium measure. Considering the symmetry
of GG, one obtains

1

0= 0(o0,B,9) = e /B G(¢, 00) dp* (<),

We claim that

Y = o mod Z Glw

where wL?,L, pw=1,...,2n, are the Menke points for condensers of order n on B,
is an O(r") approximation to w with a suitable r with 0 < r < 1: let the sequence
(f») be defined as in the proof of Theorem [4] Moreover, let ¥ be a conformal
map from the external domain of A onto A fixing co. Then

(20) WZm/Bmgm( Ol dp*(¢) = m/owlogwof;; (e")| dt,

where f7 is a conformal map from {1 < |z| < e!“*")} onto Q such that {|z| = 1}
corresponds to B and f*(1) = f,(1). Again we have used d(u* o f)/On(e") = 1
as in the proof of Theorem[4, We claim that w is geometrically fast approximated
by the quantities

(21) = gy | B0l dia(C)

with

1

dpn(2) = 5= | (£ ()] Izl
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Taking f as parametric representation of B leads to

1

G W/0 log [W o £ (¢9)] - | (57 0 £2)' ()] .

- 27 mod

This, together with , implies

~ 1 o x (1 ! )
(22) |W—Wn|§m/o 10g|\110fn(et)‘Hgn(et)‘—u dt,

where g, = f,' o fr € F, (D). As before, F, (0D) denotes the family of
all functions which are univalent in 4, . Fix 0D, preserving its orientation.
From Theorem 4 in [35], the existence of constants Cy and r; with Cy > 0 and
0 < r; < 1 follows such that

|7 (t) — 2| < Cort™
for a lift h,, of g,, i.e. a map with g,(e") = ¢»® and h,(0) = 0. Considering
hl(t) =e"- gl (e")/gn(e") > 0 and h,, being analytic, we deduce the existence of
a positive constant C; with
! (it
1 it itgn(e ) / n
gn(e) =1 =le . —1‘:hnt)—1 < Ciry

okt 11 = D1l ey -
uniformly for ¢ € R. Applying this estimate on yields the existence of
constants Cy and r9 with C5 > 0 and 0 < r, < 1 such that
(23) |w — @ | < Cary”,

as we have claimed. Next, we show that the deviation of &, from w, tends to 0
geometrically fast, if n tends to infinity: for this purpose, we pull the integral
back to the unit circle by the parametric representation f,, and obtain

T 1 " it

The conformal map ¥ of Ext(A) onto A maps a bounded, simply connected do-
main Dpg containing B onto the simply connected domain W(Dg) C A. By pos-
sibly enlarging p;, we can achieve that f,(A,,) C Dg and Vo f,(A,,) C ¥(Dp).
Consequently log ¥ o f,, can be defined as a holomorphic function throughout
A, . Applying the estimate to its discrete Fourier coefficient

2n
\ 1 Z c
Co = % IOg\I/ (w%) s
=1
€] _

where w, ;= fu(e*™*/™) are the Menke points for condensers of order n, yields
for any ps with p; < pp <1

2,02271

(24) |éO—Co| S Cg'm,
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with C3 = C3(p) > 0 and

21

1 i
co = o ), log W o f, (€") dt.
Obviously, we have
1
n G , 00 Rec¢
“n T on mod Z " : mod(Q) e
and
= mod(Q) Recp.

Combining inequalities and ) leads to the statement of the theorem. m
This article is concluded with a proof of Theorem [6}

Proof of Theorem [6l. Theorem [ implies the existence of constants C' and r
with C' > 0 and 0 < p < 1 such that

1 1
— — | < Cp"
e M| =P
For v € R, we deduce
LT ™
ﬁg(U,zM> U5 (v ZF)‘
_ Z (eszﬂ’z/M _ e#ﬂ/[;) 2Ty
k=—oc0
< Z ok /M ’1 _ kPR /M-1/I)
k=—o00
N
< (N 1)L 3 Ry 3 (e )
k=—N |k|>N
< N27T20/)n . 6N27r20p” . Z e—k27r2/M +7T20pn . Z k,26—k27r2(1/M—Cp")'
k=—o00 |k|>N

With the choice p~2 —1 < N2 < p~™2 and ng such that 1/M — Cp"™ > 1/(2M)
for n > ng, one obtains the existence of positive constants C; and C5 such that

U3 <v, 2%) — 3 (v, 2%)

where p and C5 are independent of v and n. Similarly, we obtain

T T
T s < n/2.
192(11,2 > 7.92(11,2[5)‘ < Csp

< Clpn/Z + 7T2Cpn . Z k2efk2772/(2M) < C2pn/2

|k|>p=m/2
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Together with Theorem [5

lwn, — w| < Cypa,

the estimate stated in the theorem follows now from Theorem [2] after a straight-

forward computation. [ ]
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