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Abstract. Let E be a regular compact subset of the real line, let 9\ p(z,00)
be the Green function of the complement of E with respect to the extended
complex plane C with pole at co. We construct two examples of sets E of the
minimum Hausdorff dimension with 9o\E satisfying the Holder condition with
p = 1/2 either uniformly or locally.
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1. Introduction and main results

Let £ C R be a compact set of the real line R with positive (logarithmic)
capacity cap £ > 0. For simplicity we assume that £ C [—1,1] and £1 € E. We
consider E as a set in the complex plane C and use notions of potential theory
in the plane (see [14] [15]).

Let @ = C\ E, where C = {oo} UC is the extended complex plane. Denote
g9a(2) = ga(z,00), z € €, the Green function of Q with pole at co. In what
follows we assume that FE is a regular set, i.e. go extends continuously to E
where it takes the value 0.

The connection between the metric properties of F and the smoothness properties
of gq was studied by many authors. We refer the reader to [11] [5 [10, 18| 6, 2]
and the many references therein for a comprehensive survey of this subject. It is
of special interest to study the metric properties of E such that gq satisfies the
Hoélder condition with p = 1/2

(1.1) |90 (22) — ga(21)| < clzs — 21|'/2, 21,29 € Q\ {00},
where ¢ > (0 is some constant.
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Since the monotonicity of the Green function yields

NG

go(1+7) > ga\(1 (L +7) > bR 0<r<l,

the choice of the right-hand side of ([1.1)) appears to be the best suited for this
theory. In this regard, we discuss the properties of E whose Green’s function has
the “highest smoothness” (i.e. of F' conforming to the condition (I.1)).

Recently Totik [17, [I8] constructed two examples of a set E whose Green’s func-
tion satisfies (|1.1)) and whose linear measure vanishes.

In this paper we analyze how sparse F can be such that it satisfies (|1.1)) in terms
of its Hausdorff dimension dim E [13, p. 224].

First, we note that if £ satisfies (1.1 then

1
(1.2) dimE > o .

Indeed, from (1.1)) it follows immediately (for details, see [6], proof of Proposi-
tion 1.4) that for any interval I C R,
pe(lINE|) < al1]'?,

where pp is the equilibrium measure of E, ¢; is a positive constant, and |S|
denotes the linear measure of a Borel set S C C.

Hence, for any covering of E by intervals {I;} C R we have
1 1

LIY? > = I.NE|) > —,
2]:|]| _Clgj:/‘EﬂJ D—Cl

which proves (1.2)).

Theorem 1. There exists a reqular set Ey C R with the following properties:

(i) go\E, Satisfies (L.1);
(i) dim Ep = 1/2.

It is natural to consider the problem of how sparse the set £ can be such that
the following local version of (|1.1)) is valid:

(1.3) 9a(2) = ga(z) — ga(—1) < co|z + 172, z € Q\ {oo},

where ¢y > 0 is a constant. The structural properties of compact sets satisfy-
ing (1.3)) are discussed in [, 2], where density of F near —1 is measured in terms
of logarithmic capacity.

Theorem 2. There exists a reqular set Fy C R with the following properties:

(i) 9o\, satisfies (1.3);
(i) dim B, = 0.
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We conclude this section with the following remark. One of the natural ways
to construct sparse sets with Holder continuous Green function is to consider
(nowhere dense) Cantor-type sets (see [12), 5] [10] [16] [17], [I8, Chapter 5]).

Let {¢;} be a sequence with 0 < ¢; < 1. Starting from [—1, 1] we first remove
the middle e; part of this interval. Then, in the second step, we remove the
middle 5 part of both remaining intervals, etc. Denote the so obtained Cantor
set by C = C({e;}). According to [18, Theorem 5.1] and the reasoning in the
same monograph [I8] p. 48, after Corollary 5.2] the following three conditions
are equivalent:

(i) ge\c satisfies (L.1);
(i) gg\c satisfies (1.3);
(i) 32, ;2 < oo
At the same time, by [13] Theorem 10.5] each Cantor type set C({¢,}) with the

property
lim e i = 0

Jj—oo
has Hausdorff dimension 1. Therefore, Cantor type sets cannot be used in the
proof of either Theorem [I] or Theorem [2]

2. Construction of Ej

For —1 < a < b <1 we consider two sequences of real numbers

< T o<r 1 <xg<TI<T3< ..., T — To=1Tg— T}
and
Yo > Y+1 > Y+2 > ..oy Y = Yk
such that
a-+b
To = 5
b—a 2
Yo=— eXP(—b_a),
1
yk—(b—xk)exp(— —ﬂfk)’ ke N={1,2,...},
L:l< L — log ! ), k € N.
T — Tho1 T \b—xy b—xp
We have
lim z_; = a, lim z, =b lim y, = 0.

k—o00 k—o00 k—o0
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Let zx = xp + dyg. For k € Z = {0,4+1,£2,...} consider vertical intervals
Jx =[xk, zx] and horizontal intervals I, = [xy_1, xy]. For multiple indices we use
the notation

k(m) = k(1),k(2),...,k(m),
k(m)—1=k(1),k(2),...,k(m —1),k(m) — 1,
where m € N and k(m) € Z. We inductively define two sets of intervals

{Jcm) hemyezm - and {Li(m) ie(myezm
in the following way. Denote by

{Jk(1)}k(1)ez and {Ik(l)}k(l)ez

the sequences of vertical and horizontal intervals, which we obtain by the above
procedure for [a,b] = [—1,1].

Next, for m > 1 denote by
{Jk(m)}k(m)EZm and {fk(m)}k(m)ezm

the sequences of vertical and horizontal intervals, which we obtain by the above
procedure for [a,b] = Ix(m-1)- The endpoints of Jy(,) we denote by zy@,) € R
and 2k(y) € C respectively, so that Li(m) = [Tx(m)—1, Tk(m)]. Since

Dy={z=a+iy: |z|] <1,y >0}\ U U Ji(m

meN k(m)ezZ™

is a simply connected domain, by the Riemann Mapping Theorem there exists a
conformal mapping ¢q of Dy onto the upper half plane H = {w € C : Imw > 0}.

We interpret the boundary of Dy in terms of Carathéodory’s theory of prime
ends (see [13]). Let P(Dy) denote the set of all prime ends of Dy. For a prime
end Z € P(Dy) denote its impression by |Z|. By our construction, all prime ends
of Dy are of the first kind, i.e. |Z] is a singleton for any Z € P(D,). For the
homeomorphism between Dy U P(D,) and H we preserve the same notation ¢.
We denote by 15 = ¢ the inverse homeomorphism. We identify the prime end
o(w), w € R with its impression when no confusion can arise. If z € 9Dy is the
impression of only one prime end it will also cause no confusion if we use the
same letter z to designate the prime end and its impression. For example, we
write 00, —1, 2zk(m), 1 for prime ends with impressions at those points.

To define ¢y uniquely we normalize it by the boundary conditions
¢o(00) =00, Po(—1)=—-1, (1) =1

Each point of Ji(m) \ {2k(m)} is the impression of two prime ends and zi(y) is the
impression of exactly one prime end. Moreover,

$o({Z € P(Dy) : |Z| € Juim) \ {2xm) }})
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is an open subinterval of (—1,1) which we denote by J; ) = (££(m), flf(m)). Let
Ex(m) = Po(2k(m))-

In Section [5 we show that the compact set

Ey=[-1,1]\ U U Jk

meN k(m)ezZm™

satisfies the conditions of Theorem . The crucial fact is that for w € H N €,
T
(21) goulw) = & T (),

where QO = @\ E(].
In order to prove ([2.1)), consider the function

gll’n@bo(’UJ) ifweﬁﬂ@o,

h(w) =
glmwo(@) if weC\H

It is continuous in €y \ {oo} and, according to the distortion properties of 1)y,
the difference

h(w) — log |w]
is bounded in the neighborhood of cc.

The function k is harmonic in C\ R. In order to prove that h coincides with gq,
it is sufficient to show that h is harmonic in some neighborhood of each

ce®\VEN U U &

meN k(m)ezm

Let e = €(£) > 0 be such that

E—et+eac®\E)\[J U &om

meN k(m)eZm

Since all derivatives of 1y can be extended continuously to [§ —e,& + €], it is
enough to show that for k =1,2, 7 =0,1,2, 7 < k and w = u + iv we have
OFh &
AL C) BT IO
w—te Qi Quk—i w—¢  Qul Quk—I
Imw>0 Im w<0

which can be easily done.
The boundary behavior of ¥y and (2.1)) imply the regularity of Ej.
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3. Construction of E;

We start with two sequences of real numbers
l=xg>r1>22>...>—1 and d=yo>y1>y2>...>0
such that

yp = (z1, +1)% ke N,

li = -1
Jim = 1
lim y, = 0,

k—o0

% L2
Tp—1 — Tk ™
1
2

A%

Tp—1 — T <

Starting with the set of intervals
Iy = [z)-1, 1], e = [g, 2 + Y] =[5, 2], k=k(1) €N,
we construct the sets of intervals {/x(m)} and {Jxm)} in the following manner.

Let for m > 2, intervals {Ix(m—1)} and {Jk@m—1)} be constructed, and let

m—1
||
(Aggm-1)* =exp[m* + 7y —2|.
; |

We define dy(;,—1) > 0 such that

Jr(m— 4 Ay (m—
|Ji( 1)!>_m10g k(m-1)

3.1
(3:1) Ok(m—1) ™ Ok(m—1)

Next, we select a finite number of points

Tk(m—1)—1 = Tk(m-1),0 = Tk(m—1),1 = -+ > Tk(m—1),K(m) = Lk(m-1)
such that for any 1 < k(m) < K(m),

1
(3.2) §5k(m—1) < Tr(m—1),k(m)=1 = Tk(m—1),k(m) < Ok(m—1)-
Let

1
Yk(m) = §yk(m—1)7

Zk(m) Lx(m) + Z.yk(m)a 0< k(m < K(m)a
Jxim) = [$k(m)7zk(m)]> k(m) < K(m),
Titm) = [Tx(m)s Ti(m)—1); 1 < k(m) < K(m).
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Denote by ¢, a conformal mapping of the simply connected domain

Di={z=x+iy: |z| <1,y >0}\ U U Jiem) |

meN 1<k(F) <K (5)
1<js<m

where K(1) = oo, onto H.

Let P(D;) be the set of all prime ends of D;. The reasoning about the structure
of P(Dy) from Section [2 applies to P(Dy).

We extend ¢y to the homeomorphism ¢; : D{UP(D;) — H and denote the inverse
mapping by 11 = ¢;*. Sometimes, for simplicity, we identify ¥ (w),w € R, with
the impression of ¥ (w).

We normalize ¢; by the boundary conditions
¢1(00) = o0, ¢ (=1) = -1, ¢1(1) = 1.
For 1 <k(j) < K(j),1<j<m-—1and 1<k(m)<K(m)—1 define intervals

Jli(m) - (51:(m)7€l—:(m)) = ¢01({Z € P(D1) : |Z] € Jigm) \ {@k(m) }})

and points Exmy = O1(2k(m))-
In Section [6] we show that a compact set

By =[-1,1]\ U U Tie(m)

meN  1<k(§)<K(5)
1<j<m—1
1<k(m)<K(m)—1

satisfies the conditions of Theorem [2] The basic idea is to apply formula
T —
(3.3) 9o, (w) = B Im ¢ (w), w e HNQ,

where ; = C\ E;, whose proof is the same as the proof of ([2.1]).
The boundary behavior of ¥ and (3.3) imply the regularity of Fj.

4. Moduli of some families of curves

Our analysis of the behavior of the Green function involves auxiliary conformal
mappings and it is based on the application of the notion of the module m(I") of
a family of curves I'. We briefly recall the L-definition of the module of families
of curves. A non-negative Borel measurable function p(z), z € C (metric for
short) is called admissible (in the L-definition of m(I")) for the family I if for all
locally rectifiable v € T’

(4.1 [ ozl =1

~

holds.
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Then, the quantity

(4.2) m(I') = inf /(C p*(2) dm(z),

p

where dm/(z) is the two-dimensional Lebesgue measure on C and infimum is taken
over all admissible metrics p, is called the module of the family I'.

In the sequel we refer to [I, O] for the basic properties of the module (such as
conformal invariance, comparison principle, composition laws, etc.). We will use
these properties without further citation.

Special families of separating curves play an extremely useful role. Let D C C be
a simply connected domain and let P(D) be the set of all prime ends of D. We say
that a crosscut y of D (i.e. locally rectifiable Jordan arc v € D with endpoints on
0D) separates Z1,...,Z, € P(D) and a4,...,a, € D from Z,..., 2, € P(D)
and by,...,b, € D if it divides D into two domains D’ and D” such that
ay,...,a, € D', by,...,bpb € D", Z1,..., 7, are adjacent for D" and Z4,..., 2
are adjacent for D”. The term adjacent means that in the domain and sub-
domain the prime end can be defined by the same null chain of crosscuts. We
denote by
I‘(Zl,...,Zm,al,...,an;Zl,...,Zl,bl,...,bk;D)

the family of all crosscuts separating Zi,...,%7,, € P(D) and a4,...,a, € D
from Zy,...,2, € P(D) and by,...,b; € D.

Next, we discuss some auxiliary estimates for the module of families of crosscuts
which we need in Sections [5 and [6l
Let wp,w; € R and w, € H be distinct points and let T' = [ (wo, wy; we, 0o; H).
Then

1

(4.3) m(I") > — log

Wo — Wy

w1 — Wy

Indeed, if |w; — wo| > |wy — wp|, then (4.3)) follows from the non-negativity of
the module. If |w; — wy| < |wa — wy|, we compare I' with the family I'y of all
crosscuts of the annular sector
G={weH: |w —w < |w—wy| < |wy —wpl|}
which join the radial parts of 0G. We obtain
1

m([) > m(T) = ;log

Wo — Wo

w1 — Wo

Let S = {(1,(, ...} be an at most countable set of points (; € C, and let the
family of curves I' be such that

yN S #0D, verl.
Then
(4.4) m([') = 0.
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Indeed, for any 7 € N and 0 < £ < 1 consider metrics

1 —1
—Cillog ————— if lc = ¢
<|< CJ| Og |<-_<-]|) 1 |€ €J|<67

0 otherwise,

p=(¢) = St;p{Q‘jpj,a(C)}, (eC.

pj,e(C) =

Since

/p5<<>\d<r —co>1,  qel

Y

by (4.2)) we obtain
. 0\ !
m(T") < /p52 dm < 22*2] / pisdm < <log —) :
C § C 9

Letting ¢ — 0 gives (4.4)).
Next, we cite a result of Jenkins and Oikawa [7] concerning Ahlfors’ fundamental
inequalities.
Lemma 1 ([7]). For 0 <ry <ry < oo, let
Q= Q(r,r) :={re . ri <r <ry, —01(r) <0 < (r)},

where the functions 0;, j = 1,2, have finite total variation V; on [ri,rs] and
satisfy

0<90§9j(7") Sﬂ'.

Then, for the module of the family T' = T'(Q) of all arcs separating in Q its
boundary circular components, we have

49) < [ ey a0

Let us mention two consequences of Lemma [1| which prove to be useful in Sec-
tions [l and [6l

In what follows we use the convention that c, ¢y, ... denote positive constants,
different in different cases.

For z > 0 we consider the functions
re V7 if j =0,

file) =4 | o
x if j =1.

For j =0,1, zp € R and 0 < r < R < 2 consider the quadrilateral
(4.6) Qj(xo,m,R)={z=x+1iy: r<|z—zo| <R, x>z, y> fj(x—x0)}
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Applying (4.5)) to a suitable rotation of Q;(zo,r, R), for the module of the fam-
ily I" of all crosscuts of Q);(xo, 7, R) separating its boundary circular components

we have

R dp

m(F)ﬁ/ —+Cl

» 9i(p)

2 (Fdp 2 [BZp—y;
(4.7) ™) p  mJ)  gi(pp

2 2

§—10g§+02 fj(gp)d/”rfh
T r o P

2 R
S —10g—+63,
m T

where g;(p) = |{z € Q;(zo,1, R) : |2 — x| = p}|.
Further, for xg,z; € R such that 2o <2y <29+ 1,0<r <xz; —2x9and 7 =0,1
consider the quadrilateral
(4.8) Q5 (wo,z1,m) ={z =z +iy: v < |z — (v1 +ifj(v1 — 20))| < 21— T0,

y > fi(x —x0)}.
According to (4.5) the module of the family I' of all crosscuts of Q(wo,z1,7)
separating its boundary circular components satisfies the inequality

1 _
(4.9) m(I) < —log 21— 4 ¢,.
m
Further, let § < & < &3 < &4, and let I' = I'(&2, €35 &1, €45 H). Then
1 _
(4.10) m(I) < —lo g§4 3 + 5.
& — &

Indeed, define the metric

_53‘1‘52
2

S 67T(£4 - §1)7

) - 53 52 ’ §3+ &
w —_—
26 - 2

0 otherwise.

Standard calculation yields (4.1)) (for details, see [3, p. 349]). Hence, according
to (4.2]) we have

m(T) S/Cp2dm— 10g2€ —& + 2,

£ — &
which is the desired estimate (4.10)).

We complete this section by recalling the Lavrentiev Distortion Theorem. Let
Z,Z € P(D;), where j = 0,1 is fixed and let zy = 2i, ¢;(Z) = w, ¢;(Z) = 7.
We say that a crosscut v € D; joins Z to Z if ¢;(7y) joins w to 7.
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Consider the relative distance between Z and Z, i.e.
p(ZazaDj) = kmillgpk(Z7Z>D])a

where
pk(ZWZ)D]) = inf |7|7
and infimum is taken over all crosscuts v of D; joining Z to Z for k = 1, and all
crosscuts v of D; separating 2o from Z and Z for k = 2.
According to [§]
(4.11) jw — 7| < cop(Z, Z,D))"V?

for any w, T € [—1, 1].

5. Proof of Theorem [1]

We have divided the proof into a sequence of lemmas and remarks.

We begin with some technical facts concerning inequalities from above for some
special families of crosscuts of Dy. In what follows we use the convention that
['T'y,... denote families of curves, different in different circumstances.

Lemma 2. Let Z € P(Dy),|Z| = z = x + iy be such that y > 0 if v = —1 and
y=(r+1exp(—1/(x+1)) ifx > —1. Let |2+ 1| < 2, 29 = 2i. Then, for the
module of I' = T'(—1, Z; 2o, 00; Dy) we have
2 1
N < =log —— .

m( )_ﬂ' Ong—i-l’_'—Cl
Proof. Consider the quadrilateral Qo = Qo(—1, |z + 1],2) defined by (4.6)). De-
note by I'; the family of all crosscuts of )y which separate the circular arcs of
0Q. Let p; be an admissible metric for I'y which is also extremal in the sense
that

(5.1) m(I'y) :/Cp12dm.

We claim that the metric

(5:2) pC) = max p;(¢),  CE€C,
where
(@ = ATrT IC+1] <2z + 1],

0 otherwise,

1 if |[Re¢| <1,0<Im( < 3,
p3(C) =

0 otherwise,

is admissible for I'. The proof of this fact separates naturally into three parts.
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IfyeTandyN{¢: [(+1|=|z+1]} #0, then

+1
pnicIcri <2z sy 2 LU

Therefore,

(5.3) / pldc| > / paldC| > 1.

IfyelandyN{¢: [(+ 1] > 2} # 0, then
WNn{{=z+iy:|z] <1,0<y <3} >1,

1.e.

(5.4) [olact= [ miac =1
Y Y

IfyeTandy C{¢: |[z+ 1] < |¢+ 1] <2}, then

(5.5) [oidci= [ priac =1,
Y Y

Comparing (5.3)-(5.5) we have (4.1)).
Hence, by (4.7)) and (5.1)) we obtain

3
2 1
m(F) S Z/(ij2dm S ;10g|z—_'_1’+01.
=1

The proof of Lemma [2] demonstrates a typical approach to deriving estimates
from above for the module of families of crosscuts that we frequently use below.
Informally the proof can be described as follows.

First, we extract the “main subfamily”
M={yel:yc{(: |z+1|<|¢(+1| <2}}
of I'. According to the comparison principle m(I';) < m(I';).

The module m(T';), in its turn, can be estimated from above by applying the
Ahlfors” fundamental inequality (see Lemma [1)). We do this implicitly by con-
structing the metric p > p;.

The family I\ I'f can be represented in the form
C\I7=TUTls;,
where
Py ={yel:yn{¢: [(+1]=|z+1]} #0},
Iy ={yel:yn{¢: |[C+1]=2}#0},
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and m(I'y) as well as m(I's) are bounded by absolute constants. Since we are
not interested in sharp values of these constants we relatively simply construct
metrics po and ps which are admissible for I'y and I's respectively, and such that

m(Ty) < /pk2 dm < ¢, k=23.
o

At last, defining p as in ([5.2)) we implicitly have
m(L') <m(L'7) +m(T2) +m(I's),
which is a composition law for families of curves.
Let Xf(t(j) = zpo(gf(j)), that is |Xf(j)| = 2y(j). For convenience, let
le(o)—l = Tk0)-1 = —1, Xk_(O) = T) = 1.

From two prime ends Xl—:(j—l)—l and Xl:(j_l) we choose the closest to the interval

Ii(j) (in the sense of distance between Iy(;) and impressions of these two prime
ends) and denote it by Zf{( 7). We denote by Zl’{’( j) the other prime end. Let

dx(j) = |zx() = [Zxp)ll-

Remark 1. The following result may be proved in much the same way as
Lemma 2| Let Z € P(D,) satisty one of the following conditions:

(a) ¢o(Z) =¢, flz(j) <& < &),
(b) Z = Zk(5),k(j+1) for some k)(] + 1) €.

Let z = |Z], ]z = axj)| < [Lk(pl and I' =T(Xy ), Z; le(j)—p 00; Dy). Then
2 Iy

(5.6) m(I') < —log Ml + ¢
™ |Z - :L’k(j)|

Lemma 3. For the module of I' = I'(X,, z; k/|k|, 00; Dy), where k = k(1) € Z,
0/]0| =1, we have

Proof. There is no loss of generality in assuming that —k € {0} UN, i.e. z; < 0.
Consider the quadrilateral Qf = Q§(—1, z, |2 — 2zx—1|) defined by (4.8). Denote
by I'y the family of all crosscuts of ) which separate the circular arcs of Q).

Let p; be an admissible metric for I'; which is also extremal in the sense that
1 1
(5.7) m(I'y) = /p12 dm < — log£ + ¢y
C ™ I

(cf. (£.9)). The same reasoning as in the proof of Lemma [2] shows that the metric
p(C) = max p;(¢),  CeC,

j=1,23
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where
2 if1¢ -l < 2]

7 1 — Zk 2k — Rk—1|,
p2(C) = 4 [kl

0 otherwise,

2

—— if [ — 2| <2(zp + 1),
p3(¢) = ¢ (zr+1)

0 otherwise,

is admissible for I'. Therefore, by (4.2]) and . we obtain

L,
Z/Pfdm< log 22—
1|

Remark 2. The same reasoning as above can be used to prove the following as-
sertion. Let j > 1. For the module of the family I' = I'(Xy_ ), 2k(j); Zi ;) 003 Do)

we have

1 dy (i
m(I') < — 10gﬂ+cﬁ-
)|

Lemma 4. For the module of the family I' = F(X‘F() ,Xlz(j);zk(j),oo;Do),
Jj € N, we have

J .
(5.8) m(T") < i) +cr
| L) |

Proof. Since the metric

T ife{l(=2+1iy: zyj-1 <o < k), 0 <y <y}
J

p(Q) = U{C: 1€ = 2] < 2lzg—1 — 2|}
0 otherwise,

is admissible for I', by (4.2)) we obtain

m(F)g/ dm <|k|—|—C7
C | Iic(5)]

[
Remark 3. The estimate ([5.8) is sharp in the following sense. Comparing
the family I' = F(X K(j)— XI:(].); 2k(j)s 2x(j)—1; Do), J € N, with the family of line
intervals
Iy = {7 = o)1+ iry 2wy + i) = [ <7 < Il = i |3

we have

| J()|
i)

m(T) > m(T) = —2.



5 (2005), No. 2 On Sparse Sets with the Green Function of the Highest Smoothness 315

Lemma 5. For T’ = F(le(m) Xl:( )3 20,003 Do), m € N, we have

m(T) < log

+Cg.
|Jk(m |

Proof. Our proof starts with the observation that
I'c U < Xty 2x(i)» 003 Do) UT (X )0 20y iy 093 Do)

UT (21(5), Zxs)s 2y 00 D0)> UT'(—1,1; 20, 00; Dg) UTY,
where
Ty = {y € T 7NUL {(X )10 Xayyi 2660 2y 2y} 7 0%

and m(I'y) = 0 by (4.4] .

Clearly, for I'y = I'(—1, 1; 29, 00; Dy) the inequality
(5.9) m(Ty) < 2
holds.

Indeed, since the metric

if [Re¢| < 1,0 < Im( < 4,

N | —

p(C) =

0 otherwise,

is admissible for I'y, according to (4.2)) we have
m(Ty) < /p2 dm = 2.
C

Due to subadditivity of the module of a family of curves and Lemma[2| Remarks[I|
and 2] as well as Lemma [4] and m we obtain

Ji( dy(; 2 Iy

pu Uk(j)\ [ die(j)

/2 Ji( Jeipl 2 L
_ (_1 | ;J ol |]k<])| 2 g |Jk<y bl

~ Aol el T [ k-]

1 Jx(j 1 Jx(j
+—logm+ —logM +09> +2
kgl om T dig

IN
2N
<)
o2
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where uk(O)‘ = |Jk(0)‘ = 2.
From the definition of Ey we conclude that for j € N

T 1/ 1 1
| k)| :_( g )
iyl ™ \dig) du(j)

; 1
= exp (— > .
dx(j) dx(j)
Hence

ey 1 Jx(i /11 1 1 11
Z<| k(J)|+_10g| k(J)|>:Z< ~log 4 )
— \ |l 7 7 dig) — \Tdi) T T di) T di)

Jj=1 J

1
< _log dk(m)v
T
and finally
2.2 1 || 2. 2
m(I") < log + - log i (m) + C10 < log -+ c1p.
[Tiom)| T [icom|

Having disposed of these preliminary steps, we can now return to the proof of
Theorem [l

Proof of Theorem . Note that Fy is symmetric with respect to 0 and

by the set

meN k(m)ezZ™

is dense in Ey. According to [I7, Lemma 1.3] and ({2.1)) it is enough to establish
the following two inequalities:

(5.10) y < alg+ 12
for any 0 <y < 1 and £ = ¢o(—1 + iy), and
(5.11) y < oal€ = &

for any & € (§g(m), Si(m)) satisfying £ _5:(m)‘ < |km) —é’f(m)\ and 0 < ¥ < Yx(m)
such that () + iy is the impression of the prime end vy (§).

First, we prove (5.10). Let zo = 2i,wy = ¢o(20), ' = I'(—=1, —1 + iy; 29, 00; Dy).
By Lemma 2]

2 1
A2 I' < —log - .
(512) mir) < Zlog -+ ¢

Also, for the family of crosscuts

= ¢o(T") = T'(—1,&; wp, oo; H)
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by virtue of (4.3]) we have

5.13 m(I") > ~lo :

(5.13) (I") = —log 1]

Comparing (5.12) and ((5.13]) we obtain (5.10).

Our next concern is the verification of (5.11). We prove it for the point flz(m)

(for f:(m) the proof follows the same line of reasoning). Due to the symmetry
of Ey we can assume that k(1) < 0.

Let

' = F(Xk_(m),Z;zo,oo;Do),
I = ¢o(T) = F(f;:(myf;wo, oo; HI).
According to (4.3)

wo = &eim 1 1
w Z _].Og—_C4.

g € — flz(m)| Q € — gi(m)l

Our next objective is to estimate m(I") from above. We begin with the following

observation. Let T'y = I'(Xy .. Z; le(m)—l’ o0; Dy). We claim that

(5.14) m(T") > % lo

2 Litm
(5.15) m(ly) < = log* Hiom| cs.
m y

Indeed, if y < |Ix(m)| then (5.15) follows from (5.6). If y > [Ix(m)| we note that
the metric

2

p(¢) = q Hitm)|
0 otherwise,

is admissible for I'y. Therefore, by (4.2))
m(ly) < /p2 dm = 8,
C

which proves ([5.15]) in this case.

Since

if |C — mk(m)| S 2|]k(m)|, Img Z 0,

I' C Fl U F(Xl:r(m)—ﬁ Xl:(m)’ 20, OQ; D0> U FQ,
where m(I'y) = 0 (see (4.4])), by Lemma 5| and (5.15]) we have
m(L) < m(T1) + m(D(X, 0 1s Xigmys 20, 003 Do)

2. w2
5.16 < Zlogt L + Zlog
(516) y o7 )l

+ ¢cs

[N

1
< —log — + cs.
Y

3
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Comparing (5.14) and (5.16]) we have (5.11]). This completes the proof of ({). m

Proof of Theorem . We begin with the following observation. Let for
m € N,

Ui(m) = [&dm) -1+ i) )

Vim) = (Exim)—1, Ekim))

I'= F(le(m)fp Xim) 2e(m)—15 Zk(m); Dy),

I = ¢o(T) = T (& m) -1+ Exctrmy Exlm)—15 Exc(rmys H).
By (4.10) and Remark |3{ we have

|Jic(m) | 1o [Vigm)|
—2<m(l) =m(l") < =log + ¢,
[ Tie(my)| T [ Ukm)|
that is,
Uk(m Jr(m 1 1
[Usm)| < czexp<—7r‘ K )‘) :c2exp(— + log >
|Vicm) | [ Ticgm)| ie(m) ic(m)
(5:17) |Jie(m) | Ly
= g < 3| Jiemy] (10?; ) :
di(m) o [Jic(m)|
Note that
(5.18) | Tictmy | < € Uk |72
Indeed, consider the families of curves
I' = F(le(m)—NXl:(m); 20, 00; D),
I = ¢o(T") = F({;(m)fl,flz(m);wo, oo; H).
By ({.3) and Lemma
1 1 1 |§1—:(m)71 — wp
—log cs < —log —— < m(T")
T | Ukmyl T |§1_:(m)_1 - fk(m)|
1
=m(l') < —log + cg,
T [kgm)l

from which ([5.18) follows immediately.
According to (5.17)) and (5.18) we obtain

(5.19) Uiy |2 (log

-2
< er [Vim) |-

IUk(m>\) o)

Let m € N be fixed. We consider the covering of F; defined by intervals and

points

{Ukem hemezn, — {£1h {&g higismr.

k(j)ezi
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By (1)

sup  |Uk@my| — 0 as m — 00.
k(m)ezm™

Note that {Vi(m) }i(m)ezn are disjoint subsets of (—1,1). By (5.19)) for any € with
0<e<1/2

> Wl <) 30 Vil < 2¢(e),
k(m)ez™ k(m)eZm
which shows that dim Ey < 1/2.

By the first part (il) of this theorem and (1.2)) dim Ey > 1/2. Hence, dim Ey = 1/2.
This completes the proof of part . [ |

6. Proof of Theorem 2|

The proof of Theorem [2]is similar in spirit to the proof of Theorem [I We briefly
sketch the major features of this case and leave the details to the reader.
Proof of Theorem [2] (). It is known (cf. [4, p. 142]) that is the same as
go, (=1 —71) < ei/r, 0<r<l,
which, by , is equivalent to the estimate
(6.1) y < ofe+1]'?
for any 0 <y < 1 and £ = ¢1(—1 + iy).
In order to prove we consider the families of crosscuts
['=T(-1, z; 20, 00; D) and P/:¢1(F> = I'(—1, & wo, 00; H),

where z = —1 + 1y, z0 = 2i, wo = ¢1(20), & = ¢1(z). For the module of I' we
have

2 1
(6.2) m(I') < —log — + ¢3
T Y
(cf. Lemma [2)).

Hence, by (4.3]) and (6.2), we get

2. 1 wo + 1] 1

—log — 4+ ¢c3 > m(l > = lg 1 — C4,
7% = mi) R

from which (6.1]) follows. [
Proof of Theorem |2 l . This part of the proof needs some preparatory work.
Let Xk(j = (& 3)) j€E N that is \Xk ] Tk(j)- For convenience, let

Si-.k0) = G- Sk-no = Skgen-1 S0 = 1
Ek(i-1),K() = Ek(i—1) fk(jq 30 = &k(G-1-1, &0 = 2,
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where 7 > 1. Let
Uki) = iy Sy and Vi) = (&) ei—1),

and let, for convenience, X1:(0)71 =1, le(o) = —1. From two prime ends Xl?(jfl)fl
and le(jfl) we choose the closest to the interval ;) (in the sense of distance
between Iy ;) and impressions of these two prime ends) and denote it by Z{(( i)

Denote the other prime end by Zl’{’(j). Let

dw(y = 7y — [ 2l + [Tl

The analysis similar to that in the the proof of Theorem (1| shows that for j € N
the following three inequalities hold:
- 2. |y
(63)  m(I(X,), 2y k1) X103 D) < ~ log ﬁ
J

+c5
(cf. Remark [1));

1 dye(;
(6.4) mUT (21 205 Ziggy 00 D1)) < = log L 4 ¢
™ Lk

(cf. Remark [2));

B ||
(6.5) m(F(le(j), Xk(j)_15 2(3), 003 D1)) < |[k(j')| e

(cf. Lemma (4)).
Next, for m € N and 2 < k(j) < K(j) — 1, 1 < j < m, consider the families of
crosscuts

I' = T'(2k(m)—1, 2k(m); 20, 00; D1),

I = (bl(F) = F(fk(m)—lu gk(m); Wy, OO H)
By (4.3),

1 ) — 1 1
(6.6) m(I") = —log [Skom = ol

> —log — — cg.
|&k(m) = Ekmy—1] — T [Vimy|

Our next objective is to estimate m(I") from above. Note that
I'c U (F(Zk(j)—la 21()5 2y 00 D1) UT (2x(5)s Ziy5 2y 003 D1)
j=1

UF(XI:_(j_l), Xk_(j—l)—l; Rk(j—1)5 s Dl)) U Fb
where z0) = 20,

m(T1) =0 and m(T(—1, 1; z9,00; D1)) < co.
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Therefore, by 7@ we have

eG-nl kG- >
6.7 < + 10 + +c ,
(6.7) Z( \fkn! ®d) oyl "

where, for convenience, we let |Ix)| = |Jk@)| = 2. Comparing and (/6.7))
we obtain

[T |* < 11| Tiim) [ diemy < c12(Axm—1)) [ Vicgm) |-
Furthermore, for the families of crosscuts

I' = F(le(m), Xk_(m)—l; Zx(m)s Zk(m)—1} Dl),
F/ = ¢1 (F) - F(gl—:(m)a 51:(m)71’ gk(m)a Sk(m)fl; H)
we have | |
1 Jk(m)
m(T) > =
2 [T

(cf. Remark [3) and

Lo Vil
M <=1
m(I") < p 0og [ + c13,

the last inequality being a consequence of (4.10] -
Thus, by (3.1) and (3.2) we obtain

m J) J(m—
|Ux(m \<2| al |<c ep( ™ [im |>§cl4exp(—z—| al 1)|>

Vi)l — H 2|1y m)| 4 Ok(m—1)
Ok(m— m
< cu ( m 1) ) < C15m|Vk(m)|m/2-
k(m—1)

Note that above inequality
Uty | < c15™ [Vieemy | ™

is proved for the case 2 < k(j) < K(j) — 1, 1 < j < m. Reasoning in the same
manner, we can extend this inequality also to the case of all values k(m) under
consideration.

Now, for any fixed m € N consider the covering of F;\{—1} by intervals {Uk(n) }-

By (17

sup |Uk(m)| — 0 as m — 00.
k(m)

Note that Vig,) are disjoint subsets of (=1,2). Let 0 < ¢ < 1 be arbitrary.
Taking m > 2/e we obtain

D Ukoml* < e(e) D Vi | < 3e(e),
k(m) k(m)
which shows that dim F; = 0. ]
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