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Topics on Hyperbolic Function Theory
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Abstract. In this paper we study geometric algebra valued null solutions of
the equation

k
Dyf — I*OQof =0

on the upper half R"™* N {zy > 0}, where Dy is the Dirac operator and Qg
is a projection-type mapping. Null solutions are called hypergenic functions.
We will also study their local properties and integral representations.
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1. Preliminaries

Let {eq,...,e,} be the standard basis in R"*!. The Clifford (geometric) algebra
Cl,.1 is a free associative algebra with a unit generated by the standard basis
vectors together with the defining relations

€i€j + €j€i = 2(51
for each 72,7 =0,...,n.

The Clifford algebra C¢, 1 has dimension 2" and the canonical basis is given
by ea = €4, + -+ €4, where A = {ay,...,a} C N ={0,...,n} and a1 < ... < a.
Especially eg = 1 and ey = e;.

A space of k-vectors is defined by C¢* = span{es: |A| = k}. Any a € Cl,y
admits the multivector decomposition:

a=lalo + [ali + -+ + [a]ns1

with [a]y € Cl5.,. The space of 0O-vectors is identified with the set of real
numbers R and the set of 1-vectors is identified with the Euclidean space R+,
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The main involution is the algebra automorphism

" Clpyr — Clyyq
defined by the relations
e, =—e; and  (ab)' =d't’
for a,b € Cl,44.

Assume that  is an open subset of R™"!. In the canonical basis every function
f:Q — Cl,,1 admits the representation

[ = ZeAfA

ACN

where each f4 is a real valued function on €. A function f is called differentiable
in € if each f, is differentiable in €2. If f is differentiable we define the left Dirac
operator by

D,f = —
o f ;0 €k Oz
and the right Dirac operator by
D.f = —
f Z O, €k
k=0
It is easy to see that the square of the Dirac operator is the Laplacian:
A:=D,D,=D,D, = .
(e ];O a[EJQ

The upper half space is the Riemannian manifold R = R"*' N {z, > 0} with

the metric
B dro® + -+ + dx,?
U 22K/ (1)

In the upper half space the coordinate xy has a special role. Thus we generate the
Clifford algebra C¢,, by {e,...,e,}. Using the Clifford algebra C¢, the Clifford
algebra Cl, 1 admits the following decomposition
Clpi1 =Cl, & egCly,.
Thus, if a € Cl,1 there exist b, c € Cl, such that
a=b+ eye.

Let us denote Pya := b and Qpa := ¢ and use the abbreviations (FPya) = Pja and
(Qoa) = Qfa for each a € Cl,41. Hence if a € Cl, 1 we obtain the “projector”
decomposition

a = Pya + egQoa.
Using the above decomposition we may define the algebra automorphism

/\: C€n+1 - Cén—‘rl
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by

a = Pya — egQoa.
This automorphism is called the hat involution. If a,b € Cl,,4 it is straightfor-
ward to deduce that ab = ab. Also e; = (=1)%v¢; for j =0,...,n.

Let 2 be an open subset of the upper half-space R’fl. The left modified Dirac
operator on §Q is defined by

k
Hyf = Dof ——Qof,
Zo
and similarly the right modified Dirac operator is defined by
, k
Hif=D.f - —Qf
Zo

(cf. [B, 6, [7]) where k is an arbitrary real number.

Null solutions of the left (resp. right) modified Dirac operator are called left
(resp. right) k-hypergenic functions.

We shall also use the abbreviated notations H* := H. fn_l) and H" .= H (Tn_l) for
the index £ = n— 1. Null solutions of the previous operators are called left (resp.
right) hypergenic functions.

As a technical tool we will need the Py- and Qq-parts of the operators Hj and
H;.

Lemma 1. Let f: Q — Cl,.q be a differentiable function. Then

0 k
(a) Po(Hif) = D1Pof + ;ioof — x_OQOf’
(b) Qu(HLf) = 3812)]“ — D1Qof,
0

B k OPyf
(© B () = any - L0

B k 0Qof k
(d) Qo ((H@Qf) = AQof — I_o D20 + x—ngf,

where

0 0
Dy =e—— n .
1 618$1+ +e 8];”

Proof. We will prove only @ and (]ED since the proofs for and @ are avail-
able in the proof of [5, Thm. 1.8]. Assume a function f = Pyf + eyQof is
differentiable. Since
D = i + .o+ i
1=a ox 1 cn 8In

253
8ZEO

we obtain

Dy(Pof) = eq + DRy f
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and

Qo f
8:60

Dy(eoQof) =
Previous observations implies that
Hyf = Hy(Pof + eoQof)

= Di(Ruf) + Dilea@of) — - Qof

= {D1P0f + aaQOf - ﬁQof} + eo {88130]“ - DlQOf} :
X0 Zo o

The proof is complete. [ ]

—eoD1Qof.

2. Local properties of hypergenic functions

In this section we consider local properties of hypergenic functions. If {2 is an
open subset in R’ the operator

Amh = .CEOZ (Ah — ﬁ%>

Lo 3:150

is called the Modified Laplace-Beltrami operator for a twice continuously differ-
entiable function h : Q — C/l,,+1. In [5] we obtained the following theorem.

Theorem 2. Let Q) C RTl be an open subset and f: Q) — Cl,y1 be a twice
continuously differentiable k-hypergenic function. The function Pyf is a solution
of the equation A, Pof = 0 and Qof is a solution of the eigenvalue problem

ApQof = —kQof.

The Euclidean ball with the radius » > 0 and with the center a is denoted by
B,(a).

Theorem 3. Let Q C R be open. A differentiable function f: Q — Clyyq is
hypergenic if and only if for any a € Q there exists v > 0 satisfying B,(a) C Q
and a map g: B.(a) — Cl,o satisfying

f=Dyg and Ag = 0.

Proof. Assume first that the radius » > 0 and the function ¢ exists. Since
f = Dyg we get in the neighborhood of a

k ) 1
Hif =Ag— x—OQo(Dg) —Ag——L = = Appg=o.

Zo 61'0 1'02

Let f: Q — Cl,41 be a hypergenic function. Let us denote x = (z,%) € R x R”
and A; := D;D;. Assume that s, is a solution of the Poisson problem

A154(T) = (Pof)alao, 7)
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.....

obviously exists (cf. [1]). Then we define

o(z) = / Qof(t, &)s dt + Dys(3)
and obtain
Dyg(z) = eoQof(x) + /m DiQof(t,T) dt + Ays(T).

Using Lemma [T we obtain
oRf
8x0

DlQof =

and

Dug() = esQof () + / CORS G Byar v Pofan ®) = fa).

ao 8.170
Similarly we see that
k k 0
0=Def = -Qf =8g— o=

Zo 8[E07

which completes the proof. [ |

3. On the Euler operator in the class of hypergenic
functions

An operator

= 0

is called an Euler operator. It is a scalar operator and measures the degree of
homogenicity of a function. In this section we shall deduce that the class of
hypergenic functions is invariant under the Euler operator. First we recall the
following well known result.

Lemma 4. If D, is the Dirac operator and E is the Fuler operator we have

DE — ED, = [D,, E] = D,

The similar result holds in the class of hypergenic functions.

Theorem 5. If Hf is the modified Dirac operator and E is the Euler operator
we have

H'E — EH; = [H},E] = H;.



254 S.-L. Eriksson and H. Oremla CMFT

Proof. Let
k
Dyf — —Qof =0.
Lo
Applying E to
k
—Qof
Lo
we obtain
k k k
—QoEf=—Qof+E (—Qof> :
Zo Zo Zo
Using the previous lemma we obtain

HUESf = DES — %QoEf
k k
=Dyf+EDf — x—OQof - K <:c_0QOf)

k k
=Dif = —Qof + E (Df - —Qof) =0.
o Lo
The proof is complete. u

Corollary 6. Let f: Q — Cl,11 be a differentiable function. If the function f
is k-hypergenic then Ef is k-hypergenic.

If f is a hypergenic function then the previous theorem gives us a method how

to construct more hypergenic functions.

For every k-hypergenic function f: ) — C/l,41 there exists the sequence of
hypergenic functions defined by

E"f.=FE---Ef
m copies

for each m € N and E°f = f. This sequence {E™f: m = 0,1,...} is called the
homogenized sequence of f.

As an example we consider the monomials
n
_ E 3ij
X@' = (—1) ]$j€j
Jj=0

wherei = 1,...,n. Since H*X; = 0 the monomials X; are hypergenic. Moreover,
since

for each i = 1,...,n, the homogenized sequence of X is just {X;}.
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4. Further representation results

In this section we will consider the improved version of Cauchy’s formula. The
“original” Cauchy’s formula is represented in [5]. The second aim is to prove the
Borel-Pompeiu formula using the language of the modified Dirac operators.

First we recall briefly some preliminaries from integration theory. Let M be a
k-dimensional manifold-with-boundary in R"*! see e.g. [14]. The boundary of
M is denoted by OM. If moreover

n+1
AM =AM
p=0
is the exterior algebra over R"*! with the basis {dxo, dz1,...,dr,} we then con-

struct the bundle Cl,,,; @rAFM. If w(z) is a section of the previous bundle over
x € M it is of the form

w(z) = ZWA’B(SC)eAdZCB,
AB

where B = {by,...,b} € N = {1,...,n} and dzp = dxy, A --- Adxy,. The
meaning of the symbol eqdxp is clear. Furthermore let M be an oriented k-
dimensional manifold-with-boundary in R"*!, then we define

/MW(Z‘) = ;eA/MWA,B(x) dzp.

In this paper M will be (n + 1) dimensional or n-dimensional (i.e. the boundary
of M). The (n+ 1)-form

dV =dxo Ndxy N --- Ndx,

on M is called the (Riemannian) volume element. In surface integrals we shall
often use the n-form

i=0
where
d[i‘lzdl'o/\dl'l/\/\dl‘z_l/\d{f,_f_l/\/\dl‘n
for each ¢ = 0,1,...,n. The exterior derivative d for Clifford algebra valued
differential forms is defined componentwise, i.e. if

w = E waep
AB

is a k-form then
dw = Z dwaep.
AB

Applying the classical Stokes Theorem (see [14]) it is easy to prove the following
theorem.
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Theorem 7 (Stokes). Letw be a Cl,,11-valued k-form on an oriented k-dimensional
manifold-with-boundary M. Then

/dw:/ w.
M aM

We recall the following versior[]] of Cauchy’s formula given in [5].

Theorem 8. Let () be an open subset of RTFI and f: € — Cl,1 be hypergenic.
Let M C Q be an oriented (n + 1)-dimensional manifold-with-boundary. Then

WImni/ (x — y)"'do(2) f(z) — (F — ) 'do(2) f(2)
oM

o=y — g1

fly) =

Wn41

where y 1s an interior point of the manifold M.

If we decompose
do(z) f(z) = Po(do(x) f(z)) + eoQo(do(x) f(z))
we obtain
(1) (v —y) " do(x)f(z) — (@ —y)do(x) f(x)
= (@ -y =@ —y)") P(do(z)f(z))
+(@ =y + (@ —y) ") eoQoldo(x) f(x)).
If we define the kernel by

-y ' —@ -y
A =
A PR P

-1

we obtain the following lemma.

Lemma 9.
(z—y) '+ @ -y
o=y Tz = g1

eoro = Az, y)(y — Px).

Using the identity and the above lemma we obtain
(z — y)"'do(2) f(x) — (& — y)"'do(x) f(2)

o = yl"Tz = g1

= A,) P do(@) () + A, ) " Qufdor (o) ().

Hence we obtain the improved version of Cauchy’s formula:

'In this paper we use the Cauchy’s formula with the “manifold assumptions”. It is easy to
see that the proof for it in [5] is exactly the same since, e.g. the outer unit vector field on the
boundary of the oriented manifold-with-boundary always exists (cf. [10]).
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Theorem 10. Assume that €2 is an open subset of RT’I and f: Q — Cl,yq
be hypergenic. Let M C Q be an oriented (n + 1)-dimensional manifold-with-
boundary. Then

2n71y0n71
fly) = —"—
wn+1

y— Px

/W Az, y) <P0<d0<w)f (z)) + Qo(do(x) f(a;))) ,

where y is an interior point of the manifold M .

Zo

Theorem 11 (Borel-Pompeiu). Let Q@ C R be open and f: Q — Cly.q be a
differentiable function. Let M C Q be an oriented (n+ 1)-dimensional manifold-
with-boundary. Then

$) =20 [ R o ) ) + ol o) )}

Wn41

+2"‘1yon_1 /M Z'oTlLl {Po(p(a,y) H f(x)) + e0Qo(q(z,y)H f(2))} dV

Wn+1

where y is an interior point of the manifold M. The kernels
(@ —y) — (Y
o=yl e =g

(z—y) '+ (xz—-7"
|z —y[ e — gt

-1 -1

p(z,y) == 2o

q(z,y) =

are hypergenic with respect to x on R™\ {y,y} for each y € R* 1.

Remark 1. In the Borel-Pompeiu’s formula hypergenicity has no role. Assuming
that f is hypergenic we obtain the original version of Cauchy’s formula.

In order to prove the Borel-Pompeiu’s theorem, let us first state a few basic
lemmata. For the proofs we refer to [5].

Lemma 12. The function x — p(x,y) is right (n—1)-hypergenic and the function
x — q(z,y) is right —(n — 1)-hypergenic on R" ™\ {y,y} for each y € R"!.

Lemma 13. Let Q be an open subset of R and f,g: Q — Cl,41 be differen-
tiable functions. Let M C Q be an oriented (n + 1)-dimensional manifold-with-
boundary. If g is right —(n — 1)-hypergenic then

1 1
Py(gdo f) = / Py(gH'f) dV
/(W o o(gdo f) = o(gH" f)

and if g is right hypergenic then

Qulodof) = [ Qulam'f) av.

oM

Proof. This is a corollary of Lemma 2.6 and Lemma 2.9 in [5]. [
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Lemma 14. If f: Q — Cl, 1 is continuous and B,(y) C Q C R then

Wn+1

n—1, n—1
i/@my) xoi_lPo(p(a:,y) do(z)f(z)) — Pof(y),

2n—1y n—1
W Qulalep)dota) f(@) — Qof ()
Wn+1 0B\ (y)
as T — 0.
Proof. See the proofs of Theorem 2.4 and 2.7 in [5]. ]

Proof of Theorem [I1l. For each interior point y € M there exists r > 0 such
that B,(y) C M. We denote M,(y) := M \ B,(y). Then

) | =R o) @)
veo [ Qolale, p)do(o)f(x)

oM

_ / L B (ol y)do(@) f(2)
OM;(y)

n—1
y) L0

e / @ o))

Using Lemma [14] we obtain

/ 111_1 Po(p(z, y)do(z) f(x))
OBr(y)

y) Lo

Wn
v [ Qe )i (@)1 (@) — 5555 10)
0B+ (v) 2
as r — 0. Using Lemma [12] and [13] we obtain

| R @ @) = [ Pp(e ) H () do
OM:(y) 0 M (y) 0

[ @uada@re) = [ Qulaten)as@) do
M (y) Mr(y)

Since er(y) — [,y as v — 0, we obtain the result just taking r — 0in (2). m
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5. Multivector calculus

In [5] we also studied some connections between Qy-operator, Hf-operators and
the left- and right contraction -operators. In this section we will continue our
study. First we recall some notions and properties.

Let x € Cl,., be a vector and u € Cl,11 be an arbitrary Clifford number. The
left contraction is defined by

1
(3) Tou = i(a:u —u'z),

and the right contraction by
ur = §(ua: —zu').
Marcel Riesz has introduced in 1958 the exterior product in Clifford algebras by
1
(4) TAu= §(xu+u'a:).
Adding and together we obtain the Clifford product
TU = TIu+ T Au.
Moreover, if u is a k-vector we have «/ = (—1)*u. In this case we obtain
rou= (=1 tua
and
cAu=(—1)*unz
for each vector x. Historical remarks and more comprehensive introduction to
the contraction products and the exterior product, see [13].

Remark 2. If 7,y € C/},,,, then

roy =yx = (z,9y)
where (+,-) is the usual Euclidean inner product.
Next we recall a few handy formulae.

Lemma 15. If x and y are vectors and u is a k-vector. Then

(a) za(y Au) = (2, y)u —y A (zu),
(b) zu(you) = —ys(xu).

Proof. See [7, 13]. ]

In the case of k-vectors it is convenient to represent Py- and QQp-operators using
the Riesz’s products as follows.
Proposition 16. If u € Cl, 1 then

(a) Pou = egu(eg Au) and Qou = egu,
(b) Piu = (eg ANu)Ley and Quu = uLey.
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Proof. (&) See the proof of Qu = eyu in [5]. Using
eou + u'eg = egPu + Qu + Pluey — egQ'ueq = 2eqPu
we obtain
Pyu = 605(607«0 +u'eg) = egleg A u) = egueg Au),
since eg A eg A u = 0.
() Recall Pju = (Pyu) and Qyu = (Qou)’. Since

1 1
(o) = 5(601) —v'eg) = §(U60 —egv’) = vLeg

for each v € Cl,, 11 we obtain

Pju = (ega(eo Au)) = (eg A u)Leg
and Quu = uLey. [
Let £¥(Q2) be the set of k-vector valued functions on Q. If f € £¥(Q) is differen-

tiable then the modified Dirac operators are represented in the form

n—1
H'f =D,f -

6Oqu

—1
H'f=Df-"

freo,

on €.

We interpret the Dirac operator D := D, as a vector derivative. As in [9] we also
interpret D f as a product of a vector and a Clifford number, i.e.,

Dyf =Dif+DAf,
D.f=f.D+ fAD.

Thus if f € E¥(Q) we define
HLf =[H fliss =D A f,

HHZU#MAZDJ—n%%wﬁ

HLf = [H flps1 = fAD,

H f = [Hflies = oD — "L fieo.
Zo

Hence
H'=H{+H' and H = H + H".
Mapping properties of the operator H¢ are illustrated in the following picture:



10 (2010), No. 1 Topics on Hyperbolic Function Theory 261

gk+1 (Q)

14
H/’

EFQ) ®

T

- 6k—1<Q)

Theorem 17. Let f € E¥(Q) be a differentiable function on open Q C R’
Then

H'f =0,

H{f=0
if and only if

H'f =0.
Proof. Assume

—1

H'f = (D— n eo)JerD/\f:o.
Since .
(H flor = (D _ho eo)Jf =0
Zo

and

[H flrs1 =D A f=0
we obtain the result. ]

Proposition 18. Let f € E¥(Q) be a differentiable function. Then
(a) (HL)? = (HL)? =0,

n—10df n-1
+

Zo 8370 o

n—1 n—1

(c) HLHY = D A (Daf) + —5—eo A(eoaf) —
Xy Zo

(b) HYH. = Af — DA (DSf) — D A (eguf),

DA (eoJf).

Proof. Let f € £F(Q2) be a twice continuously differentiable function.
@ First we compute

n

n 82]0 82f an
N2 p ) L ; ; - =
(HOPf =) eine; A G, ;emey A (8;@-83:]- axjax) 0.

1,j=0

Since DiDJf =0 and eguegaf = 0 we have

(Hfff::—DJ(n;Jemj)——nglapU1j)

0 0
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Using Lemma |15 we obtain

D (” — 1604) - —”; Lo (DLf).

Zo 0

Then (H%)? = 0.
@ Using Lemma |15] we have
D_I(D A f) =Af—-DA (D_If)

and of
BO_I(D VAN f) = 8_;130 — DA (EOJf).
Thus

= Leos(DAF)

H'H f = DDA f)— "

CAf-DAD) - T o).

Zo aZL‘O Zo

We compute

H H' f = DA(Duf) — DA (”_160Jf>
Lo

n—1 n—1
oo eo A (eoaf) —

= DA (DJf)+ D A (eguf).

Zo

Corollary 19. Let f € E¥(Q) be a differentiable function. Then
(HY? =H.H' + H' HY
and especially

(H*f =Af - n=l9/ + n_zleo/\ (eoaf).

Zo 8.270 Zo

Above results are formulated and proved only for the left hypergenic functions.
In the next theorem we shall see that this is not a shortcoming of the theory.

Theorem 20. Let f € E¥(Q) be a differentiable function. The function f is left
hypergenic if and only if it is right hypergenic.

Proof. Let f be a differentiable k-vector-valued function. Then
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Similarly

= —L ne; = (=1 H" f.
axj al_j/\e] ( ) +f

HLf= anej N oL (-1)"
j=0 j

=0

The proof is complete. u
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