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It is an open problem whether the shifted conjugacy (decision) problem in B∞ is solvable. We
settle this problem by reduction to an instance of the simultaneous conjugacy problem in Bn

for some n ∈ N.

Recall Artin’s presentation of the braid group Bn with n ≥ 2 strands [1]:

Bn = 〈σ1, . . . , σn−1 | σiσj = σjσi for |i− j| ≥ 2, σiσjσi = σjσiσj for |i− j| = 1〉.

The groups Bn (n ≥ 2) build an inductive system of groups, which has a direct
limit: the braid group on infinitely many strands B∞ is generated by {σ1, σ2, . . .}
subject to the same relations.
The shifted conjugacy operation ∗ : B∞ ×B∞ → B∞ defined by [2]

x ∗ y = x · ∂y · σ1 · ∂x
−1,

where ∂ : σi 7→ σi+1 denotes the shift operator, is an example for a left-selfdistribu-
tive operation other than classical conjugacy. The shifted conjugacy (decision)
problem (ShCP) inB∞, i.e., given (x, y) ∈ B2

∞
, decide whether there exists c ∈ B∞

such that y = c ∗ x was introduced in [3] and its search version had been been
proposed as a base problem for an authentication scheme. According to [3, 9]
it is an open problem whether the (decision version of the) ShCP is solvable.
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Immediately after Dehornoy’s introduction of the shifted conjugacy problem in
the Bochum conference1, Tsaban pointed out that the memory-length attack [5]
should be applicable, heuristically, to this problem. Later, a heuristic centralizer
attack on the shifted conjugacy search problem has been performed in [9]. While
these attacks are very efficient, none of them solves all instances of the problem.
We present a complete algorithm for the ShCP.

Definition 1. For b ∈ B∞, we define N(b) to be the minimal number n such
that b lies in Bn, i.e., such that b can be expressed in terms of {σ1, . . . , σn−1} and
their inverses.

Proposition 2 reduces the ShCP to an instance of the subgroup conjugacy problem
for Bn−1 ≤ Bn, i.e., given (x, y) ∈ B2

n, decide whether there exists a c ∈ Bn−1

such that y = cxc−1. This was first noticed in [9]. Indeed, Proposition 2(ii) is a
restatement of Proposition 2.1 in [9].

Proposition 2. Let x, y be two braids in B∞ and let n be max{N(x)+1, N(y)}.

(i) The braids x, y are shift-conjugated if and only if they are shift-conjugated
by some braid c of Bn−1.

(ii) Denote δn = σn−1 · · ·σ2σ1. For each c in Bn−1, the braids x, y are shift-
conjugated by c of Bn−1 if and only if ∂(x)σ1δ

−1
n and yδ−1

n are conjugated
by c in Bn.

Proof. (i) Suppose there exists such a shifted conjugator c ∈ B∞. Recall
Definition 1. We want to find an upper bound for N(∂(c)).
Now, we focus on the case of N(c) > N(x). Otherwise N(∂(x)) is an upper bound
for N(∂(c)). Since y = c ∗ x = c∂(x)σ1∂(c

−1) ⇔ ∂(c−1) = σ−1

1 ∂(x−1)c−1y, we get
the inequality

N(∂(c−1)) = N(σ−1

1 ∂(x−1)c−1y) ≤ max{N(∂(x−1)), N(c−1), N(y)} = N(y).

Therefore we have N(y) ≥ N(∂(c)) in this case. And in all cases we have

N(∂(c)) ≤ max{N(∂(x)), N(y)} = n.

This implies c ∈ Bn−1. The opposite implication is an obvious embedding.

(ii) Since ∂(b)δ−1
n = δ−1

n b for all b ∈ Bn−1, we get

y = c ∗ x ⇔ y = c∂(x)σ1∂(c
−1) | ·δ−1

n

⇔ yδ−1

n = c∂(x)σ1∂(c
−1)δ−1

n = c∂(x)σ1δ
−1

n c−1.

In the proof to Proposition 2(i) we proved even a stronger statement:

1Workshop "Algebraic Methods in Cryptography", Ruhr-Universität Bochum, 17.–18.11.2005.
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Proposition 3. If x, y in B∞ are shift-conjugated by c ∈ B∞, then N(c) ≤ n−1
with n = max{N(x) + 1, N(y)}.

In this respect shifted conjugacy exhibits a different behaviour than usual conju-
gacy in braid groups. Obviously, there exists no bound for N(c) that holds for
all conjugators c ∈ B∞ of a given conjugated pair (x, y) ∈ B2

∞
.

The subgroup conjugacy problem for Bn−1 ≤ Bn can be reduced to some special
instances of simultaneous conjugacy problems (SCP) in Bn:

Proposition 4. For k ∈ N, put ∆k = σ1(σ2σ1) · · · (σk−1 · · ·σ2σ1) and bk =
σk−1 · · ·σ2σ

2
1σ2 · · ·σk−1. Then, for all x, y ∈ B∞ the following are equivalent:

(1) There exists c ∈ Bn−1 satisfying y = cxc−1.

(2) There exists z ∈ Bn satisfying y = zxz−1 and z∆2
n−1z

−1 = ∆2
n−1.

(3) There exists z ∈ Bn satisfying y = zxz−1 and zbnz
−1 = bn.

Proof. Since ∆2
k generates the center of Bk the implication (1) ⇒ (2) is obvious.

Further, every c ∈ Bn−1 commutes with bn. This proves (1) ⇒ (3). Now, assume
(2) or (3), respectively. z∆2

n−1z
−1 = ∆2

n−1 (zbnz
−1 = bn) implies that z lies in

the centralizer CBn
(∆2

n−1) (CBn
(bn)). According to Theorem 3 and 2 in [8]2 these

centralizers are

CBn
(∆2

n−1) = CBn
(bn) =< σ1, . . . , σn−2, bn >=< Bn−1, bn,∆

2

n > .

But, since ∆2
n = bn∆

2
n−1, we have < Bn−1, bn,∆

2
n >=< Bn−1,∆

2
n >. Therefore

there exist c ∈ Bn−1, l ∈ Z such that z = c∆2l
n . This implies y = zxz−1 =

c∆2l
n x(c∆

2l
n )

−1 = cxc−1, i.e. we proved (2) ⇒ (1) and (3) ⇒ (1).

Theorem 5. ShCP is solvable.

Proof. The SCP can be solved by straightforward generalizations of Garside’s
solution to the conjugacy problem [4]. An improved solution using minimal simple
elements is given in [6]. So an algorithm that decides whether there exists a
simultaneous conjugator for the instance pairs (∂(x)σ1δ

−1
n ,yδ−1

n ) and (∆2
n−1,∆

2
n−1)

in Bn with n = max{N(x)+1, N(y)} provides a solution to the shifted conjugacy
instance (x, y) in B∞.

Note that as a special case Theorem 5 also settles Question 2.6 in [3].
As a natural generalization it is interesting to consider the subgroup conjugacy
problem for Bm ≤ Bn with m < n. Also it would be nice to settle this problem
without making a detour via the SCP. We deal with such subjects in a subsequent
paper.
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2In [8] Gurzo computes the centralizers for some certain braids. A complete description of the
structure of the centralizer of an arbitrary braid is given in [7].
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