
Groups-Complexity-Cryptology

Volume 1 (2009), No. 2, 169–180

Metabelian Product of a

Free Nilpotent Group

with a Free Abelian Group

Margaret H. Dean
Dept. of Mathematics, Borough of Manhattan Community College of CUNY,

199 Chambers Street, New York, NY 10007, USA

mdean@bmcc.cuny.edu

Dedicated to Benjamin Fine on the occasion of his 60th birthday.

Received: April 6, 2009
Revised manuscript received: September 24, 2009
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1. Introduction

1.1. Background

In the variety of all groups, A. I. Mal’cev [5] proved in 1949 that the free prod-
uct of two residually torsion-free nilpotent groups is again residually torsion-free
nilpotent. This paper is motivated by the analogous question in the variety of
metabelian groups: can we determine whether free metabelian products of residu-
ally torsion-free nilpotent metabelian groups are residually torsion-free nilpotent
metabelian.

The first answers to this question came in the 1950’s and 60’s. In 1957, K. W.
Gruenberg [3] showed that every free metabelian group is residually torsion-free
nilpotent, so a free metabelian product of free metabelian groups is residually
torsion-free nilpotent.

There exist a number of different proofs that a free metabelian product of free or
torsion-free abelian groups is residually torsion-free nilpotent. In 1957, R. Ree [7]
showed that every free metabelian product of torsion-free abelian groups is resid-
ually torsion-free nilpotent. In 1963, G. Baumslag [1] proved that every free
metabelian product of free abelian groups is residually torsion-free nilpotent, as
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a by-product of a more general theorem involving product varieties. In 1965, G.
Baumslag and F. Levin [2] found a representation for the free metabelian product
of two torsion-free abelian groups in a graded ring. Baumslag and Levin’s repre-
sentation provides another proof that every free metabelian product of torsion-free
abelian groups is residually torsion-free nilpotent.

In this paper, a further result is obtained:

Theorem 1.1. The free metabelian product of a free nilpotent group of class 2

with a free abelian group of countable rank is residually torsion-free nilpotent.

Much of the material herein comes from the author’s Ph.D. dissertation.

1.2. Notation and definitions

As usual, if x, y are any elements of G, denote the conjugate y−1xy of x by y as
xy, and the commutator x−1y−1xy of x and y as [x, y]. The derived group G′ is
[G,G], the commutator subgroup of G.

Definition 1.2. Let P be a property of groups that is isomorphism invariant
and inherited by subgroups. A group satisfying P is referred to as a P-group.
A group G is said to be residually P if given any non-trivial element g ∈ G
there exists a homomorphism of G to a P-group H such that the image of g is

non-trivial in H.

A group G is said to be fully residually P if given any non-empty finite set X
of non-trivial words in G there exists a homomorphism of G to a P-group H such

that the words in X are mapped distinctly and nontrivially to words in H.

Definition 1.3. A non-empty class V of groups is called a variety of groups if

it is closed under subgroups, epimorphic images and unrestricted direct products.

Throughout this paper, A will represent the variety of abelian groups; A2 will
represent the variety of metabelian groups. Note that any nontrivial commutator
in a metabelian group will be a left-normed commutator.

We will repeatedly take advantage of the following well-known commutator iden-
tities, which are due to P. Hall [4]:

For any group G and any x, y, z ∈ G,

[xy, z] = [x, z]y[y, z]

[x, y−1] = [x, y]−y−1

[x−1, y] = [x, y]−x−1

The following lemmas will prove useful.

Lemma 1.4 (von Dyck). Let G and H be a pair of groups, and let G = 〈X;R〉,
with a presentation map ϕ. Let X ′ = {x′|x ∈ X, x′ ∈ H} be a set of elements
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of H in one to one correspondence with X. Then the map xϕθ 7→ x′ (x ∈ X)
can be extended to a homomorphism from G into H, provided that for every

r(x1, . . . , xn) ∈ R, r(x′
1, . . . , x

′
n) = 1 in H.

Von Dyck’s lemma is well-known and its proof is straightforward.

Lemma 1.5. Let N be a normal subgroup of a group G. Let Q = G/N , and

suppose that conjugation by the elements of Y , a complete set of representatives

of N in G, constitutes an action of Q on N . Suppose also that

1 = N0 < N1 < · · · < Nm = N

is a series of normal subgroups of G such that [N,Ni] ≤ Ni−1. If Q acts trivially

on Ni/Ni−1 for i = 1, . . . ,m and if Q is nilpotent, then so is G.

Proof. Suppose Q is nilpotent of class c. It follows easily that γc+1G ≤ N .

Now, every element g ∈ G can be written uniquely as g = yn (for some y ∈
Y, n ∈ N); hence, [G,Ni] ≤ Ni−1, for

[g, ni] = [yn, ni] = [y, ni]
n[n, ni] ≤ Ni−1,

by hypothesis. Thus, γc+m+2G = 1, and G is nilpotent of class at most c +m +
1.

Lemma 1.6. If A and B are any groups, and P = A ∗ B is their free product,

then P ′ = gp(A′, B′, [A,B]).

Proof. Let H = gp(A′, B′, [A,B]). Clearly, P ′ ≥ H. It suffices now to show that
H is normal:

If [a1, b] ∈ [A,B], then [a1, b]
a = [a1a, b][b, a] ∈ H. If [a1, a2] ∈ [A,A], then

[a1, a2]
b = [a1, a2][a1, a2, b] ∈ H. In the same way, it can be shown that [a, b1]

b,
[b1, b2]

a ∈ H.

1.3. Metabelian groups

Although varieties are not generally closed under free products, H. Neumann [6]
found a way to define an analogue, the verbal product, under which V is closed.
In the case of A2, we use the term free metabelian product:

If A1, A2 ∈ A2 then the free metabelian product of A1 and A2 is:

A1 ∗A2 A2 = (A1 ∗ A2)/(A1 ∗ A2)
′′ .

A useful commutator identity known as the Jacobi Identity for metabelian groups
(derived from a more general identity of the same name for all groups) is:

For any metabelian group G and any x, y, z ∈ G,

[x, y, z][y, z, x][z, x, y] = 1. (1)
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We need the following lemmas about metabelian commutators, which are well-
known (e.g., see [6]).

Lemma 1.7. If M is a metabelian group and w, x, y, z ∈ M , then

[x, y, z, w] = [x, y, w, z].

Lemma 1.8. If M is a metabelian group and x, y, zi ∈ M, (i = 1, . . . , k), then

[y, x, z1, z2, . . . , zk] = [x, y, z1, z2, . . . , zk]
−1.

2. Proof of the theorem

2.1. The free metabelian product of a free 2-nilpotent group with a
free abelian group

We begin by proving Theorem 1.1 for the free metabelian product of a free 2-
nilpotent group of rank 2 with an infinite cyclic group. Then we show that a free
metabelian product of a free nilpotent group of class 2 with a free abelian group
of countable rank is residually a free metabelian product of a free 2-nilpotent
group of rank 2 with an infinite cyclic group.

Lemma 2.1. The free metabelian product of a free nilpotent group of class 2 on

two generators with an infinite cyclic group is residually torsion-free nilpotent.

Proof. Let N = 〈x, y, z ; z = [y, x], [z, x] = [z, y] = 1〉, A = 〈a〉.

Denote the free metabelian product of N and A by

P = (N ∗ A)/(N ∗ A)′′ = 〈x, y, z, a ; z = [y, x], [z, x] = [z, y] = 1〉A2 .

Let M = gp(x, a) = 〈x, a〉A2 , which is a free metabelian group of rank 2. Let
K = gpP (y). Then K = gp(y, [y, a]a

ixj

, za
l

(i, j, l ∈ Z)). We have the following
short exact sequence:

1 −→ K −→ P −→ M −→ 1.

Now, M acts on K by conjugation, and the sequence splits. Thus,

P = K oM.

It is easy to show that [xi, za
n

] = 1, [yi, za
n

] = 1 (i, j, n ∈ Z). To learn more about
K, let

R = (〈ỹ, zl (l ∈ Z), wi,j(i, j ∈ Z); [zi, zj], [wi,j, zk], [wi,j, wk,l], [zi, ỹ]〉o 〈x̃, ã〉)A2
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where the actions of x̃ and ã are defined by:

ỹx̃ = ỹz0

zx̃l = zl

wx̃
ij = wi.j+1

ỹã = ỹw00

zãl = zl+1

wã
ij = wi+1,j .

By von Dyck’s Lemma (1.4), the mapping ϕ defined on the generators of P by

ϕ : x 7→ x̃

ϕ : y 7→ ỹ

ϕ : z 7→ z0

ϕ : a 7→ ã

extends to a homomorphism of P ontoR. Note thatR is generated by {x̃, ỹ, z0, ã};
hence ϕ is an epimorphism.

Now, the image of the subgroup K under ϕ is the subgroup of R generated by
the images of the generators of K:

y 7→ ỹ [y, a]a
ixj

7→ wij za
l

7→ zl (i, j, l ∈ Z).

The set {zl | l ∈ Z} ⊂ R freely generates a free abelian group of infinite rank;
hence, so does its pre-image {za

l

| l ∈ Z} ⊂ K. Denote za
l

by zl. Note that
gp(zl | l ∈ Z) ≤ ζ(K).

Likewise, the set {wi,j | i, j ∈ Z} ⊂ R freely generates a free abelian group of

infinite rank; hence, so does its pre-image {[y, a]a
ixj

| i, j ∈ Z} ⊂ K. Denote
[y, a]a

ixj

by wi,j. Let

A0 = gp(wi,j (i, j ∈ Z)) ≤ K,

Ak = gp(wyk

i,j (i, j ∈ Z)) ≤ K,

A =
∏

k∈Z

Ak.

Then gp(y, A0) is a wreath product, with:

Ay
k = Ak+1

and we have

P = K oM = ((A0 ≀ 〈y〉)× gp(zl (l ∈ Z)))oM.
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Suppose 1 6= w ∈ P . The goal is to find a torsion-free nilpotent group L, and a
homomorphism from P to L such that w has a nontrivial image in L.

We can write w uniquely as

w = mk (m ∈ M,k ∈ K).

Case 1: m 6= 1. Let ϕ : P → P/K ∼= M be the canonical homomorphism,
with ϕ : mk 7→ m̄. Since M is itself residually torsion-free nilpotent, there is a
homomorphism θ : M → L to a torsion-free nilpotent group L which maps m̄
nontrivially. The composite homomorphism ϕθ : P → L maps w nontrivially.

Case 2: m = 1. Then w ∈ K, so w is a nontrivial product whose factors could

include powers of y, a finite number of powers of distinct wyk

i,j ’s, and a finite
number of powers of distinct zl’s. We can assume with no loss of generality
that i, j, k, l ≥ 0, for if a conjugate of w has a nontrivial image under a given
homomorphism, so will w have a nontrivial image. Hence, suppose that:

- the i’s are all integers from the interval 0 to n;

- the j’s are all integers from the interval 0 to p;

- the k’s are all integers from the interval 0 to q;

- the l’s are all integers from the interval 0 to m.

Our first attempt for L is
L1 = H o T

with

T = 〈r, t〉A2

H = gp(s, βijk(i = 0, . . . , n, j = 0, . . . , p, k = 0, . . . , q), cl(l = 0, . . . ,m));

where the βijk’s commute with one another in H, and additionally:

βijq ∈ ζ(H) (i = 0, . . . , n, j = 0, . . . , p)

cl ∈ ζ(H) (l = 0, . . . ,m)

βs
ijk = βijkβij,k+1 (i = 0, . . . , n, j = 0, . . . , p, k = 0, . . . , q − 1)

and T acts on H as follows:

st = sβ000

βt
ijk = βijkβi+1,jk (i = 0, . . . , n− 1, j = 0, . . . , p, k = 0, . . . , q)

βt
njk = βnjk (j = 0, . . . , p, k = 0, . . . , q)

ctl = clcl+1 (l = 0, . . . ,m− 1)

ctm = cm

sr = sc0

βr
ijk = βijkβi,j+1,k (i = 0, . . . , n, j = 0, . . . , p− 1, k = 0, . . . , q)

βr
ipk = βipk (i = 0, . . . , n, k = 0, . . . , q)

crl = cl (l = 0, . . . ,m).
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All of the βijk can be written as words in {r, s, t}:

β000 = [s, t] (2)

βi+1,jk = [βijk, t] (i = 0, . . . , n− 1, j = 0, . . . , p, k = 0, . . . , q) (3)

βi,j+1,k = [βijk, r] (i = 0, . . . , n, j = 0, . . . , p− 1, k = 0, . . . , q) (4)

βij,k+1 = [βijk, s] (i = 0, . . . , n, j = 0, . . . , p, k = 0, . . . , q − 1) (5)

c0 = [s, r] (6)

cl+1 = [cl, t] (l = 0, . . . ,m− 1). (7)

Hence, L1 = gp(r, s, t).

Lemma 2.2. H is (q + 1)-nilpotent.

Proof. H can be written as a semi-direct product of an abelian group by an
infinite cyclic group:

H = 〈βijk(i = 0, . . . , n, j = 0, . . . , p, k = 0, . . . , q), cl(l = 0, . . . ,m)〉A o 〈s〉

where s acts trivially on the cl’s but not on the βijk’s, unless k = q. Thus, by (5)

γ2(H) = gp(βijk|i = 0, . . . , n, j = 0, . . . , p, k = 1, . . . , q)

γ3(H) = gp(βijk|i = 0, . . . , n, j = 0, . . . , p, k = 2, . . . , q)

...

γq(H) = gp(βij,q−1, βijq|i = 0, . . . , n, j = 0, . . . , p)

γq+1(H) = gp(βijq|i = 0, . . . , n, j = 0, . . . , p) ≤ ζ(H)

γq+2(H) = 1.

Lemma 2.3. w has a nontrivial image under the homomorphism θ : P → L1

which maps the generators as follows:

θ : a 7→ t

θ : x 7→ r

θ : y 7→ s

Proof. Lemma 1.6 along with von Dyck’s Lemma and straightforward applica-
tions of the commutator identities confirm that θ is a homomorphism.

We start by examining the images of the factors of w.

y 7→ s

wyk

i,j = [y, a]a
ixkyk 7→ [s, t]t

irjsk = βtirjsk

000 (2)

zl = [y, x]a
l

7→ [s, r]t
l

= ct
l

0 (6)
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If w contains a power of y as a factor, then wθ contains the same power of s, and
the image is nontrivial.

If w contains no power of y as a factor, then w is a finite number of powers of

distinct wyk

i,j ’s, and a finite number of powers of distinct zl’s. If there is at least

one wyk

ij factor in w, let

K = max
{

k | βtirjsk

000 appears in wθ
}

J = max
{

j | βtirjsK

000 appears in wθ
}

I = max
{

i | βtirJsK

000 appears in wθ
}

.

Denote the power of βrI tJsK

000 by α, a nonzero integer. Although there is likely to be
some cancelling of βijk’s after all the actions have been consummated, calculations

show that the actions on the factor (βrI tJsK

000 )α generate a βα
IJK , which can appear

nowhere else in the image; hence, will not cancel, and the image is nontrivial.

If there are only zl’s in w, the image can be seen to be nontrivial by considering

L = max
{

l | ct
l

0 appears in wθ
}

.

ct
L

0 generates a cL which can appear nowhere else in the image; hence will not
cancel, and the image is nontrivial.

L1 is promising, but it has a serious problem: L1 contains T as a subgroup, a
free metabelian group of rank 2; hence, it is not nilpotent. We need to modify T
in such a way that it still acts in the same way on H, that the image of w under
θ is still nontrivial, but that our target group is nilpotent.

We begin by examining some commutators of L1.

Let ν = max{m,n+ 1}+ 1.

Lemma 2.4. [r,

ν
︷ ︸︸ ︷

t, . . . , t, s] = 1.

Proof. The Jacobi Identity for metabelian groups (1) is useful here: in our group
L1,

[r, t, s][t, s, r][s, r, t] = 1

or, [r, t, s] = [t, [s, r] ] [r, [t, s] ]

= [t, c0] [r, β
−1
000]

= [c0, t]
−1[r, β000]

−1

= c−1
1 β010 (4), (7)

= β010c
−1
1
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Hence, [r, t, t, s] = [r, t, s, t] (Lemma 1.7)

= [β010c
−1
1 , t]

= [β010, t] [c1, t]
−1

= β110c
−1
2 (3), (7).

Inductively, for i < min{m,n+ 1}, we get

[r,

i
︷ ︸︸ ︷

t, . . . , t, s] = [βi−2,10, t][ci−1, t]
−1 = βi−1,10c

−1
i .

Recall that t acts trivially on both cm and βn10. Suppose, for definiteness, that
m ≤ n+ 1, so ν = n+ 2.

[r,

m+1
︷ ︸︸ ︷

t, . . . , t, s] = [βm−1,10, t] [cm, t]
−1

= βm10

...

[r,

n+1
︷ ︸︸ ︷

t, . . . , t, s] = βn10

[r,

ν
︷ ︸︸ ︷

t, . . . , t, s] = 1.

The case where m > n+ 1 follows similarly.

Lemma 2.5. [r, t,

p
︷ ︸︸ ︷
r, . . . , r, s] = 1.

Proof. Starting again from the Jacobi Identity for metabelian groups, and re-
calling that s acts trivially on β0p0, we get:

[r, t, s] = β010c
−1
1

[r, t, s, r] = [β010, r][c1, r]
−1

= β020 (4)

...

[r, t,

p−1
︷ ︸︸ ︷
r, . . . , r, s] = β0p0

[r, t,

p
︷ ︸︸ ︷
r, . . . , r, s] = 1.

Lemma 2.6. γν+p+1(T ) acts trivially on H.
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Proof. By Lemmas 1.7 and 1.8, any nontrivial commutator in T of weight ν+p+1
can be written either in the form

[r,

d
︷ ︸︸ ︷

t, . . . , t,

ν+p−d
︷ ︸︸ ︷
r, . . . , r]±1 (1 ≤ d ≤ ν + p)

or

[r, t,

ν+p−d
︷ ︸︸ ︷
r, . . . , r,

d−1
︷ ︸︸ ︷

t, . . . , t]±1.

Now, either d ≥ ν or d < ν; i.e., d ≥ ν or (ν+p−d) > p. Suppose for definiteness
that d ≥ ν. Then

s[r,t,...,t,r,...,r]
±1

= s[r,

d
︷ ︸︸ ︷

t, . . . , t,

ν+p−d
︷ ︸︸ ︷
r, . . . , r, s]±1

= s[r,

ν
︷ ︸︸ ︷

t, . . . , t, s,

d−ν
︷ ︸︸ ︷

t, . . . , t,

ν+p−d
︷ ︸︸ ︷
r, . . . , r]±1

= s (Lemma 2.4).

If d < ν, we switch the order of the last (d− 1) t’s with the (ν + p− d) r’s, and
proceed similarly to the same result, this time using Lemma 2.5.

Thus, the action of T on H factors through T/γν+p+1(T ), and we define our target
group

L = H o T/γν+p+1(T ).

We abuse notation and again use θ to describe the homomorphism θ : P → L
which is defined by the same generator maps as before. The image of w is still
nontrivial under this mapping. It remains to show that L is torsion-free nilpotent.

Let µ = max{m,n+ p+ q}. Define a sequence

1 = B0 ≤ B1 ≤ . . . ≤ Bµ+2 = H,

where

B1 = gp(βijk, cl | l, (i+ j + k) ≥ µ)

B2 = gp(βijk, cl | l, (i+ j + k) ≥ µ− 1)

...

Bµ = gp(βijk, cl | l, (i+ j + k) ≥ 1)

Bµ+1 = gp(βijk, cl | l, (i+ j + k) ≥ 0)

Bµ+2 = H.

From the actions of r, s and t on βijk and on cl, we see that B1, . . . , Bµ+1 are all
normal in L; also H is normal in L.
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Further,

[H,Bι] = gp([h, b] |h ∈ H, b ∈ Bι)

= gp([s, βijk], [s
−1, βijk] | i+ j + k ≥ µ− ι+ 1)

= gp(β−1
ij,k+1, βij,k+1 · · ·β

±1
ijq | i+ j + k ≥ µ− ι+ 1)

≤ Bι−1 .

Recalling the action of T on H, it is easy to see that T , and hence T/γν+p+1(T ),
acts trivially on each Bi modulo Bi−1. Hence, by Lemma 1.5, L is nilpotent.

Proof of Theorem 1.1. Suppose now that P is a free metabelian product of a
free nilpotent group of class 2 with a free abelian group of countable rank. We
will show that P is residually a free metabelian product of a free nilpotent group
of class 2 and rank 2 with an infinite cyclic group. It follows from Lemma 2.1,
then, that P is residually torsion-free nilpotent.

A nontrivial word w in P is a product made up from a finite set S of non-trivial
words in N , a free nilpotent group of class 2, and a finite set R of non-trivial
words in A, a free abelian group of countable rank; with the words from S strictly
alternating with the words in R. At least one of R and S must be nonempty.

It is known that a free abelian group is fully residually an infinite cyclic group
and that a free 2-nilpotent group is fully residually a free 2-nilpotent group of
rank 2 (see, for example, [6]).

Now, (Ñ ∗ Ã)′′ ∼= (N ∗ A)′′ ker θ; thus, care must be taken to avoid “losing� w
to the metabelian relator. We expand both R and S to include every distinct
segment of any word in the original R and S respectively. Observe that both sets
are still finite.

Hence, there is a map (say θ1 : A → Ã) taking the elements of R distinctly and
nontrivially to words in Ã, an infinite cyclic group, and a map (say θ2 : N → Ñ)
taking the elements of S distinctly and nontrivially to words in Ñ .

Since every segment of every word in the original sets R and S is included,
then we can map w nontrivially to the free metabelian product Ñ ∗A2 Ã via the
homomorphism θ that combines θ1 and θ2.

Acknowledgements. I would like to thank Gilbert Baumslag, whose suggestions
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