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EXPLICIT SOLUTIONS OF THE BASIC BOUNDARY VALUE
PROBLEMS OF STATICS OF THE ELASTIC MIXTURE
THEORY FOR AN ANNULUS

M. BASHELEISHVILI

Abstract. Using the complex representation formulae of regular solutions of
equations of statics of the theory of elastic mixtures, we construct the explicit
solutions of the Dirichlet and Neumann type boundary value problems for
an annulus in the form of absolutely and uniformly convergent series.
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1. BASIC EQUATIONS AND SOME AUXILIARY QUESTIONS

The basic homogeneous equations of statics of the elastic mixture theory are
written in terms of displacement components as follows [1]:

a1 Au' + by grad div e’ + cAu” + d grad divu” = 0,

1.1
cAu' + dgrad divu’ + asAu” + by grad divu” = 0; (11)

. . . r ro "o "oon
here A is a two-dimensional Laplace operator, v’ = (u),u)) and v” = (uf,u})

are partial displacements,
ap = p1 — s, G2 = fig — A5, €= uz+ As,
by :u1+A1+A5—%p2, bzzu2+)\2+)\5+%p1,
d:/L3+)\3—>\5—%01EM3+)\4—)\5%1027
ps = p1+p2, Qo= A3 — A4

where p1, fio, i3, A1, A2, A3, A\g, As, p1, p2 are the constants characterizing the
physical properties of a mixture and satisfying certain inequalities [2].
System (1.1) can be rewritten as

a1 Au' + cAu" + by grad 0 + dgrad 0" = 0,

1.2
cAu' + asAu” + dgrad 0 + by grad u” = 0, (12)
where
0,:8_1/1 8_u’2 ”:% 8_u’2’ (13)
81'1 81'2’ 6131 afl? ‘ .
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Introducing the variables z = x1+ixy, Z = x1—1x9, where 1 = Z+Z , Ty = Z;f,
we have
9 _9.9 ﬁﬁ4§_2>
dry 0z 0z Oxy \dz 0z)’ (1.4)
2_1<i_»i) ﬁ_l(iﬂ-i) '
0z n al‘l 81’2 ’ 0z N 2 85(]1 8x2 .
By elementary calculations we obtain
0 ou,  oU, U, — 9U,
— 4 / — 277 -t /" —_ __“ = .
Al YT T P e T (1.5)
where
Ui = ui +iug, Us = ug + iuy,
(1.6)

up = Uy, Uy = uy, uz =uy, Ug=uj.
Taking into account formulas (1.4), (1.5), and (1.6), we rewrite system (1.2)
in the complex form

0*U, 0*U, e 06"

2, 2 b — +d -0
“orer  Cazoz Moz Yz T
9*U, 9%U, o0’ 00"
2 2 - .
(9282+ 2(‘9282 daz+b2 0z =0
Using (1.5), we find
02U, 92U, 02U, 02U,
(2a1+bl)8z8§+(20+d)8z8§+b1 PEE +d852 =0,
02U, 02U, 02U, 02U,
2 2 p—
(et d) 5oz + Qaat ) 5o +d g + b g =0,
from which we obtain ) -
U . 0%
- 1.
9207 ¢ o7z (1.7)

where U = (Uy, Us) = (ug + iug, ug + iuy), Uy and Us are defined by (1.6),

T [51, 531 :
€2, &4
5051 = 2(&2[)1 — Cd) + b1b2 — d2, 5052 = 2(d(l1 — Cbl),
(5063 = 2(da2 - Cbz), 5084 = 2(@1[)2 - Cd) + b1b2 — d2,

50 = (2@1 + bl)(2a2 + bg) — (20 + d)Q = 4A0d1d2 > 0, (18)
l

Aozmlmg—mg, m1=l1+§4, m2:l2+§5, mg—l3+§6

dlz(a1+b1)(a2+b2)—(c+d)2>O, dgzalag—C >0,

a9 C aq a2+b2
h==2 ly=—— ly= 5 L+l =
1= 4 BTy 1+ 2 a4
c+d CL1+b1

I3+ 1 =
4 3+ lg a4
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The expression for €7 can be rewritten as

1
el = -5 Im™, (1.9)

with

— {mh m?} : (1.10)

ma, Mg

where [; (j = 4,5,6) and m; (j = 1,2,3) are defined by (1.8).

Equation (1.7) is the basic homogeneous equation of statics of the elastic
mixture theory in the complex form.

Applying the results obtained in [1], the vector U can be represented as

l
U=mp.(z)+ B 2@l (2) + ¥u(2),

where m and [ are defined by (1.10); ¢.(z) and 1,(z) are arbitrary analytic
vectors.
For the stress vector T'U we have

(TU)2 —i(TU )y
TV = ((TU)4 _ z’ETU)g,)

0
= A—=2FE)p. Bz ! 2u1.(2)], 1.11
A2+ B + ), ()
where
0 0 0
i S Li:s; /Lz} T 0s(x) " s 0z

n = (ny1,n) is an arbitrary unit vector.

The main goal of this investigation is to construct explicitly, in the form of
absolutely and uniformly convergent series, the solutions of the basic boundary
value problems (BVP) of the linear theory of elastic mixtures for an annulus. In
particular, we will consider the so-called the first (i.e., the Dirichlet type) and
the second (i.e., the Neumann type) BVPs with prescribed displacement and
stress vectors on the boundary of the annulus, respectively. Similar problems
in the classical theory of elasticity have been studied by Muskhelishvili in [4].

2. SOLUTION OF THE FIRST BOUNDARY VALUE PROBLEM FOR AN
ANNULUS

Let (p, ) be the polar coordinates in the plane Oz1x2. Denote by S; (j = 1,2)
the circumference with center at the origin and radius R;, Ry > R;.

We are to find a regular solution of equation (1.7) in an annulus Ry < p < Ry
satisfying on S; and Sy the Dirichlet type conditions:

(U)P:Rl = f((p)u (U)p=R2 - F((p), (21)

where f and F' are known vectors having the definite smoothness.
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We seek for a solution of the first (Dirichlet type) boundary value problem
posed in the following form:

R
U=ho+ 3 (22) (e + ™#h_,)
p
n=1
2 2 o
TP —2R1 (&) (n+2)e,
P 1 P
+90+Z <Rﬁ> (6 ne g _i_emwg_n)
n=1 2
R} —p* PN" i
—¢" 2R§ Z(HJFQ)(E) e "G (n+2)
n=0
P e’ 2ip 37
Xln— — —e%X 2.2
+ nR2 5 € , (2.2)

where hi, gi and X are the sought for constant vectors.

The some of the first three terms in (2.2) is a regular solution of the first
boundary value problem outside the circle of radius R;, the sum of the next
three terms is a regular solution inside the circle of radius Ry, while the last two
terms are helpful in obtaining a solution of the first boundary value problem
inside the annulus Ry < p < Rs.

Introduce the notation

Ry
A= —. 2.3
. (2.3
We have 0 < A < 1,In X < 0.
Passing to the limit in (2.2) when p — Ry and p — R,, we have
ho+ Y (€7"Phy +€™h_y) + go+ Y A" (€7 g, + €"Pg_,)
n=1 n=1
1 —)\2 Z n—i—2 ANe —2n<pg (n+2)
n=1
el
—2eT(1=M)g o+ XIn\ — 762“0)( = f(p), (2.4)
ho + Z A" (€™ hy + € hon) + g0+ ) (€7 gn + €"Pg0)
n=1
2 (n+2) el o
T(1—-) Arelnt2ep e?? X =F 2.5
)>on - () (25)

n=1
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For the sought for coefficients g, hn, g—n,h—n, n = 0,1,2,..., (2.4) and (2.5)
yield the following equations:

ho+go— XIn A —2e"(1 = A)g_y = fo, ho+ g0 = Fo,

T T (2.6)

2 2
h72+)\972—?X:f72, A h72+972—7X=F72,
hoy+Agy=f1, Ag+ga=F, (2.7)
B + A"gn — 7 (1 — A?)(n + 2)AN"G_(n12) = [ns (2.8)
/\nhn+gn:Fn> n =1, .
N+ g —el (1 =X (n—=2)A"2h, o =F_,,

+9g e ( )(n —2) 2 (2.9)

how+XN'g = f_n, n > 3.

Here f, and F,,, n =0,41,4+2,..., are the Fourier coefficients of the vectors f
and F':

2 2w
1 . | |
= — in F, = — | F(t)e™dt.
i o /f(t)e dt, 27r/ (t)e™dt
0 0

Let us first consider system (2.6). By elementary calculations we obtain

T

(1= AYhoy = %(1 —N)X + oy — NP,

T
(1- Mgy = %(1 CADX 4+ Fly— A2f L,
Substituting the value g_, into (2.6), we have
1— )2 F_y— N\F_

T\2 _ T2 2
Eln)\—(g ) 1+)\2i|X_f0_FO+2€ T,

where
1, 0
B {07 1].

,1— 2
1+ A2

Introduce the notation

Dy =EIn )\ — ()
It is easy to show that
1 — \2 1— )2
2 2
detDO = (hl)\— k1m>(lﬂ)\— k2—1 +)\2),

where k? < 1, k3 < 1, k; and ky are defined in [3] (formula (1.15)). Tt obviously
follows that

det Dy > 0.
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From (2.6) we have

— 1 — 9=
Roo =< _A4{f_2 - XN,

s, —e3] 1=\
1 \2 [€T In \ — kiks {_227 5131 I )\2] (fo— Fo)
2 det Do ’
(2.10)
_ I = -
7= ﬁ{F e
€4, —e3] 1—MN°
1 \2 [€T In \ — kiks {_227 5131 T )\2] (fo— Fo)
2 det Do '
Thus system (2.6) is solved.
Further, from (2.7) we obtain
Foy— M. f—AF.
1= M= (211)
From (2.8) we have
(1_)‘2n)hn_5T(1_)‘2)<n+2))‘ng—(n+2) :fn_AnFn n>1 (2 12)
(1=N")gn+e" (1=N) (n+2)A" G_ sy = Fu— A" fs ) '
while (2.9) implies
(1= X" Nh_ o) + € (1= X)X "?h,
= f o )\n+2F, N
S R S O R E

(1 - )\2n+4)g7(n+2) — ET(l — )\2)71)\”%”
=F (o) — A" [ (nio)

By the second equation we define g_,, ) and substitute it into the first equation
in (2.12). We obtain

[(1=X")(1 =X N"HE — (£7)*(1 = X*)*n(n + 2)A*"] hy,
= (1= N (fu = X"F)
+e (1= M) (n+2)(E_ns2) — A" f _(119), n > 1 (2.14)
Denote
Dy = (1 =21 = N"E — (1)*(1 = X*)*n(n + 2)\*".
After some calculations we find
det D, = [(1 = X*")(1 — X" — k(1 — X*)*n(n + 2)A*"]
x [(1=N")(1 = X" — k31— A)Pn(n+2)A*"] >0, n> 1.

Moreover, lim D, = 1.
n—-4o00
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From (2.14) we obtain
1

h, = et D, [(1 — A" (1 = NYHE
_ {_522 _;3] (1—X2)n(n+ 2))\2”] [(1 — NH(f = \"F)

+T(1 = A2 (n+ 2)(F_inra) — An”i(m))} >0, n=1,2....

Substituting the value h,, into (2.13), we uniquely define g_, 5 and h(n12)-
Thus we have uniquely defined all the sought for coefficients. Let us substitute

the values of these coefficients into (2.2). Then we obtain a solution of the first

boundary value problem in the form of a series. For these series together with

their first derivatives to be absolutely and uniformly convergent it is sufficient

that the functions f’(¢) and F’(p) satisfy the Holder condition with an exponent

o> % Solutions obtained under such conditions are regular in an annulus.
Thus we have proved the following

Theorem 1. The Dirichlet type BVP (1.7), (2.1) is uniquely solvable in the
class of regular vectors, and the solution is represented in the form of absolutely
and uniformly convergent series (2.2), where the constant vectors hy and gy
(k=0,%£1,...) solve the system of equations (2.6)—(2.9), if the boundary data
f and F are from the space CH* with o > %

3. SOLUTION OF THE SECOND BOUNDARY VALUE PROBLEM FOR AN
ANNULUS

In this paragraph we will construct an explicit solution of the boundary value
problem for equation (1.7) when stresses are assumed to be given on the con-
centrical circumferences S; and Ss:

(TU)pery = f, (TU)pp, = F, (3.1)

where the vector TU is defined by (1.11).
We seek the stress vector in the annulus R; < p < Ry in the following form:

TU = %ho +3° (%)”+1 (e7%h, + e™h_,)
n=1

1 Hl H2 pQ—R% > Rl n+1 Dot
_ ) ) (_> i(n+ )sohn
A WL OO

s n—1 ) ,
= (5) @ e,

1 Hy, H, R%—p2 G p 1 —ine —
+A_2 {Hs, HJ R} ;n(ﬁ) € T 9-(m+2) (3.2)

where Ay = det(A — 2FE) > 0 and Hy, Ho, Hs, H, are the definite complex
constants [3].
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Here ho, by by Gn, g—n (n = 1,2,...) are the constant vectors to be found.
Using the boundary conditions (3.1), we have

ho+ Y (€7 hy + €™ hoy) + Y X (e g, + € )
n=1 =

1 |:H17 H2:|

+A_2 H37 H4

(]‘ - AQ) Z n)\”—le—inlpg_(n+2) - f(SO)a

n=1

Mg + 3 A MR, + e h_,) + Y (67 g, + e )
n=1 n=1

1 [H, 2\
. ) 1_/\ 2/\n+1 zn+24ph — F
+ AQ |:H37 H4:| ; ne ( )

where f and F are the given vectors.
Using (3.1) and standard approach for the coefficients hg, hy,, h_p, Gn, g—n We
obtain the algebraic equations

ho = fo, Aho = Fo, (3.3)
hoy+go1=f1, Nhoy+ga=F4,
1 |H,, H
h _|_)\n 1 n+_ 15 2 1_)\2 )\n—l—i =f,
A, [Hg, H, ( IR =1 n>1, (3.5)
)\n—th + gn = F,
H,, H —
/\n—Hh—n Jon n 1, 2 )\n—lhn_ — Fn
L™ A, {Hs, H, ' n>2, (3.6)

hon+ X = o

where f,, and F,, (n = 0,£1,+2,...) are the Fourier coefficients of the functions
f and F', respectively.

From (3.3) it follows that Afy = Fo, i.e., Ry fo = RaoFp, which fact coincides
with the stress equilibrium condition (the principal stress vector is equal to
zero). Therefore we can write

Fy

hoZTZfo-

Let us rewrite (3.4) as
hoi+g-1=f, Rihoi+ Ryg=R3F.,.

Since the principal stress moment is to be equal to zero, i.e., R3f | = R5F 4,
we obtain
R2
g-1=0, hoy=f,= 7"2F_

1
Thus we have defined g_; and h_;.
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Using equation (3.6), we obtain

- 1 2 Hl7 H2 2\ 2
ho= [f_g—)\F_2+A—2 {Hg, HJ (1= NN o,

_ 1 3 2 Hla H2 2
g-1= 1_—>\4{F—2 — A fa— A, {Hg, HJ (L=A)Afo]-

From (3.5) and (3.6) we have

n n H7 H n—1— n—
(1 z? >h"+A_2 {H; Hﬂ (1—)\2))\ lg—(n+2):fn_>‘ 'F,
’ n>1, (3.7)
=22 [ | (A= XN" Gy = Fu A1,
AQ H37 H4 —(n+2)
1_)\271 h,n—i H17 H2 1_)\2 )\2n72ﬁn72:f7n_)\nilan
A, |Hs, H
2 3 4
n>3. (3.8
2n n |\Hy, H, 2\yn-1 7, nHl B (38)
(1—)\ )g,n—A— H, H, (1—/\ )>\ hpa1=F_,—=\"f_,
2 )

From the second equation of (3.8) we can write

{(1 N1 = XE - {Z; Zﬂ (1— \2)n(n + 2)>\2”}hn
2 )

1 Hlu H2 2 T n+37r 2n+4 n—1
= _A_Q [H3, H4:| (].—/\ )TL(F_(n+2)—>\ + f—(n+2))+<1_/\ + )(fn_)\ Fn),

where FE is the unit matrix.
Thus we have obtained one vector relation for defining h,,. Denote

1 |H,. H
D. = (1— 2n 1— 2n+4E__ 1 2 1 — 2\2 2 2n'
o= (g - g [ B 1+ 22
After some calculations we find

det D, = [(1 = A¥")(1 = A — (1 — A)n(n + 2)A2"} {(1 — A7) (1 — N

4)\5(&0[) + boA1>(1 — )\2)27L(TL + 2))\271
bl !
where \s < 0, ap = a1 + as + 2¢ = ,U1+H2‘|‘2,U3 > O, bo = by + by + 2d =
bl_)\5+b2_)\5+2(d+)\5) > 0, Al = /,Lll,bg—ﬂg > O, dy = a1a2—02 = A1—>\5(Z0,
d1 = (CLl + b1>(a2 + bg) — (C+d)2 = Al +a+ b, a = ,ul<b2 — )\5) + ,LLQ(bl — )\5) —
ia(d+ As) > 0, b= (b — Ag)(ba — As) — (d+ Ag)? > 0,
We prove
(1 =XM1 = X" — (1= X)n(n+2)A" >0, n>1,

and therefore det D,, > 0, n > 1. Moreover, lim,,_. ., D,, = 1.
Thus

— (1= X)n(n+2)\*" —

1 1 |:H].7 H2

— 1— 2n 1 — 2n+4 E__
fin det D,, ( AT A ) Hj, H,

2
322 2n
x } (1— A2)2n(n +2)A
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n |Hy, Hj N2\n+1 (T n+37F
X [_ A, [H?” HJ (1 =A%)\ (F—(n+2) —A f—(n+2))

+ (1= N (fo = AF,).

Substituting the expression of h,, into (3.8), we can define g_,, and h_, for
any n > 3. Finally, using (3.7) we define g, for n > 1.

Thus we have defined all the unknown coefficients g, by, g_pn, h_p.

To conclude, note that all sought for coefficients are defined uniquely if the
principal vector and the principal moment of stresses are equal to zero.

Substituting the defined coefficients into formula (3.1), we obtain the stress
vector in the form of series for the annulus Ry < p < Ry. Series (3.2) is
absolutely and uniformly convergent if the given vectors f and F satisfy the
Holder condition with an exponent o > %

Thus we have proved the following

Theorem 2. The Neumann type BVP (1.7), (3.1) is solvable and the cor-
responding stress vector is represented in the form of absolutely and uniformly
convergent series (3.2), where the constant vectors hy and gx (k = 0,£1,...)
solve the system of equations (3.3)—~(3.6), if the boundary data f and F belong
to the space C%® with o > % and the corresponding principal (resultant) vector
and moment are equal to zero.
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