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COMMON FIXED POINTS ITERATION PROCESSES FOR A
FINITE FAMILY OF ASYMPTOTICALLY NONEXPANSIVE
MAPPINGS

JUI-CHI HUANG

Abstract. Let F be a uniformly convex Banach space which satisfies Opial’s
condition or its dual E* has the Kadec—Klee property, C a nonempty closed
convex subset of I/, and T : C' — C an asymptotically nonexpansive mapping
for each j =1,2,...,r. Suppose {x,} is generated iteratively by

1
g € C, l’n_;,_l—(l*oén(,w))In#’Ozn(T) ZTU (r—1)Tn, M= 0,1,2,...,

where Un(j) = (]-_an(j))-["'an(j)%_;,_l Zi:o Tj Un(j—l)v j=12,...,r, Un(O) =
I, I is the identity map and {a,;} is a suitable sequence in [0,1]. If the
set N}_; F'(T;) of common fixed points of {T;}7_; is nonempty, then weak
convergence of {z,,} to some p € N}_, F'(T}) is obtained.
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1. INTRODUCTION

Let C be a nonempty closed convex subset of a real Banach space F and
let 7" be a mapping of C into itself. Then, we denote by F(T) the set of fixed
points of T'. A mapping T of C into itself is said to be nonexpansive if

[Te =Tyl < |z -y (1.1)

for all z, y € C' and a mapping 7' of C' into itself is said to be asymptotically
nonexpansive with Lipschitz constants {k,} if lim,,_ ..k, <1 and

[Tz = Ty|| < knllz =yl (1.2)

forall z, ye C and n=20,1,2,....

In 1998, Atsushiba and Takahashi [1] introduced an iteration procedure of
Mann’s type for approximating common fixed points of two nonexpansive map-
pings S and T as follows:

Z STz, n=0,1,2..., (13)

,5=0

29 €C, xp1=1—ap)x, +0p——= (n—|—1

where {a, }>° is a sequence in [0, 1]. More precisely, they proved the following
theorem:
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Theorem A (see [1, Theorem 1]). Let E be a uniformly conver Banach space
which satisfies Opial’s condition or whose norm is Fréchet differentiable. Let C'
be a nonempty closed convex subset of EE. Let S and T be nonexpansive mappings
of C into itself such that ST =TS and F(S)NF(T) # &. Suppose that xo € C
and {x,}2 is given by (1.3). If {a,}22, is chosen so that 0 < a < a,, < 1 for
some constant a, then {x,}>2, converges weakly to a common fized point of S
and T.

Let C be a nonempty convex subset of a Banach space £. Let T; : C — C
be a given mapping for each 57 = 1,2,...,r. In this paper, we consider the
following iteration scheme generated by Ty, Ts, ..., T,

J N
Unqy = (1 = )] + Gy > TiUno),
=0

1 o
Un@) = (1 = an@)] + Gy > LU,
=0

1 o
Uniry = (1= )] + i > TiUn-),
=0

n

1 .
Zo EC, Tpt+1 = (1—an(r))$n+Qn(T)n—_H ZTﬁUn(T,UQTn, n:(), 1, 2, ceey (14)

i=0
where T} = Uy := I, I is the identity map, and {an)}o2, is a sequence
in [0,1] for each 57 = 1,2,...,r. Using this scheme we improve Theorem A

by removing the assumption that ST = T'S and extending the two nonexpan-
siveness mappings to a finite family of asymptotically nonexpansive mappings.
Since the duals of reflexive Banach spaces with a Fréchet differentiable norm
have the Kadec—Klee property (see [4] or [5]), we consider our main theorems
under the assumption that E is a uniformly convex Banach space such that its
dual E* has the Kadec—Klee property.

2. PRELIMINARIES

Throughout this paper, F is a real Banach space and E* is the dual space of
E. We use the notation lim = limsup and lim = liminf, denote by N the set
of all nonnegative integers, denote max{a,0} by (a); for a real number a, and
put By ={x € E: ||z| < d} for d > 0.

A Banach space F is said to be uniformly convex if the modulus of convexity
of £

) 1
() =inf {1 = Sllo+yll el <1, Iyl <1l -yl zef >0 (21)

for all 0 < ¢ < 2. It is well-known that a uniformly convex Banach space is
reflexive. We say that E satisfies Opial’s condition [9] if for each sequence {z,}
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of F converging weakly to z, x # y implies

lim ||z, — 2f < lim [jz, —yl, (2.2)
and E is said to have the Kadec—Klee property (KK-property) [8] if whenever
x, — = weakly with ||z,| — ||z||, it follows that x, — z strongly. The norm
||.|| of E is said to be Fréchet differentiable if for all x € S(E), the limit

ety — )
t—0 t
exists uniformly for all y € S(E) where S(E) = {z € E : ||z|| = 1}. Note
that duals of reflexive Banach spaces with Fréchet differentiable norms have the
KK-property (see [4] or [5]) and there exist uniformly convex Banach spaces
which have neither a Fréchet differentiable norm nor the Opial property but
their duals do have the KK-property (see [6, Example 3.1}).
In the sequel we shall need the following lemmas.

(2.3)

Lemma 2.1 (see [3, Lemma 3]). Let {¢,}22, and {¢,}5°, be sequences of
nonnegative real numbers satisfying the inequality

U1 < (L +op)t0n, n=0,1,2,.... (2.4)

If 370 o on < 00, then lim,,_, ¥, ezists.
Lemma 2.2 (see [10, Lemma 3]). Let C' be a nonempty closed convez subset
of a uniformly convex Banach space E. Let T be an asymptotically nonexpansive

mapping from C into itself such that F(T) is nonempty. Then for each r > 0,
there holds

lim lim sup
M—00 N—00 xeCNBy,

= 0. (2.5)

n+1;Tx_T <n+1;Tx)

Lemma 2.3 (see [6, Lemma 3.2]). Let E be a uniformly convex Banach space
such that its dual E* has the KK-property. Suppose that {x,}% is a bounded
sequence such that im, . ||tz, + (1 —t) fi — fol| exists for all t € [0, 1] and f1,
fo € wy(xy). Then wy(xy,) is a singleton. Here, w,(z,) denotes the set of weak
subsequential limits of {x,}.

Lemma 2.4 (see [2, Lemma 1.1]). Let E be a uniformly convex Banach
space, K be a nonempty bounded closed conver subset of E. Then there exists
a strictly increasing, continuous and convex function g : [0,00) — [0,00) with
g(0) = 0 such that, for any Lipschitzian continuous mapping V : K — E, x,
y € K and t € ]0,1], the following inequality holds

[V (te+(1=t)y) = (tVe+(1-t)Vy)|| < Lg~ ' (lo =yl = L[V = Vyl]), (2.6)
where L > 0 is the Lipschitz constant of V.

Lemma 2.5 (see [13, Theorem 2]). Let E be a uniformly convexr Banach
space and d > 0. Then there exists a continuous, strictly increasing and convex
function g : [0,00) — [0, 00) such that g(0) =0 and

1Az + (1= Nyll* < Ml + (1 = NIy l* = A1 = Ng(llz = yll) (2.7)
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for all x, y € By and X € [0,1].

3. MAIN RESULTS
For our main results, we need the following lemmas.

Lemma 3.1. Let C be a nonempty closed convex subset of a uniformly convex
Banach space E and S,, : C — C be Lipschitzian mapping with the Lipschitz
constant L, > 1 such that >~ 7 (L, — 1) < oo and N F(S,) # . Suppose
that {x,} is given by x,+1 = Spx, for alln € N. Then lim, . ||tz, + (1 —
t)f1 — fol| exists for all f1, fo € N (F(S,) and t € [0,1].

Proof. This is basically the proof of Lemma 2.2 of Tan and Xu [12]. For com-
pleteness and without the assumption that C' is bounded, we sketch the details.
By Lemma 2.1 of Tan and Xu [12], we know that lim,, ., ||z, — f|| exists for each
f €N yF(Sy,). Therefore, there exists d > 0 such that sup, en{||z. — f1l|} < d.
Take K = {z € C : ||z — fi|]| < d}. Then K is a nonempty bounded closed
convex subset of E. Set
Vn,m = Sn+m715n+m72 te Sn
for all n, m > 0. Then V,, ,z,, = 41, and for all z, y € C
[Vamt = Vimyll < My|lz —y]|
where M, = [[}Z, L;. Since > (L, — 1) < oo, we have M, — 1 as n — oo.
Setting
bom = [|[Vam(ten, + (1 —1) f1) — tVom@n + (L = OV f1) ]l

then it follows from Lemma 2.4 that
bn,m < Mng_l(”xn - f1|| - Mn_lHVn,mxn - Vn,mfln)
= Mg (lzn — fill = M, |2zpam — fi])- (3.1)

Since lim,, . ||z, — f1]| exists, fixing m > 0 and letting n — oo in (3.1), we
obtain b, ,, — 0 as n — oo. Set a,(t) = |[tz, + (1 —t)f1 — f2||. Then we have

nim(®) < WVt + (1= )f2) = foll + by
< Mpan(t) + by m. (3.2)
Fixing n and then, letting m — oo in (3.2), we get
i a0 (t) < Mafan(t) + 97 (l2n = fill = Myl (l2nem — fil)] - (3.3)
and letting n — oo in (3.3), we have

lim a,(t) < lim a,(t) + ¢ *(0) = lim a,(t).

n—00 n—00 n—o0o

This completes the proof. 0

Lemma 3.2. Let C' be a nonempty closed convex subset of a uniformly convex
Banach space E. LetT : C' — C be an asymptotically nonexpansive mapping.
Suppose that {x,} is in C such that x,, — = weakly and lim,,,_,lim,, .|| Tz, —
znl| =0. Then x = Tx.
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Proof. Since {z,} converges weakly to x € C, {z,} is a bounded sequence
in C. Therefore, there exists d > 0 such that {z,} € K = C N By. Then
K is a nonempty bounded closed convex subset in C. Since T : C' — (' is
asymptotically nonexpansive and thus 7' : K — (' is also an asymptotically
nonexpansive mapping. Then the rest of the proof follows as in the proof of
Lemma 2.3 of Tan and Xu [11] and is therefore omitted. O

In the sequel, let

1 < 1 =
dn(j) 1= n+1 Z kigy and  eng) = H n+1 ZTjUn(j—Dxn — Tn
i 1=0

foreach j =1,2,...,r

Lemma 3.3. Let E be a Banach space and let C be a nonempty closed convex
subset of . Let T; : C' — C be an asymptotically nonexpansive mapping
with sequence {kyj) } ° o such that Y > O(nJrl Yook — 1)+ < oo for each
J=12,...,r and ", F(T;) # @. Suppose that xo € C' and {z,};2, is given
by (1.4). Then, lim,, .« ||z, — pl| ezists for all p € M;_ F'(T}).

Proof. Let p € N;_; F(T}). Then, we have

[Zns1=pll = [ Uniryzn — pll
= 0= e =)+ o (5 2= T =)
< (1 = an@)lTn = Pl + Q)i | Ungr—1y 0 — 1|

L+ (dnery—1 ++Z<Uan )(Hd ) n(j) — )+] |zn—pll, (3.4)

l=j5+1
for all n € N. Since (d,;y — 1)+ — 0 asn — oo for each j = 1,2,... 7, it
implies that each j, {dn;)}r, is bounded. Thus, there exists D > 0 such that

max {sup{dn(j)}} <D.

I=j=r L nen

So, we have

|41 = pll < |14 (dngry — ++ZDT X »— D+ ] |zn — pll
= (14 ¢n)llzn —pll, (3:5)
for alln € N where ¢, := (dn@y—1)4+>2- 1 D" (dpjy—1) 1. Since Y200 (g
1); <ooforeachj=1,2,...,7, we have ano ©n < 00. Thus, lim, . ||z, — p||

exists by Lemma 2.1. This Completes the proof of Lemma 3.3. 0]
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Lemma 3.4. Let C' be a nonempty closed convexr subset of a uniformly
convex Banach space E and let T; : C — C' be an asymptotically nonexpansive
mapping with sequence {kn(j) }org such that 3" (=5 S0 iy — 1)4 < oo for
each j = 1,2,...,r and "j_ F(T;) # @. Let {an) iy be a sequence in [0, 1]
satisfying the following conditions:

O<a§an(r)§1; 0<b§0én(j)§0<1

forall j =1,2,...,7—1 and some constants a, b, and c.
Suppose that xo € C and {x,}32 is given by (1.4). Then,

lim  lim | T2 — zn|| =0 for each j =1,2,...,7.

m—0o0 N—0o0

Proof. Let p € M;_; F(T;) # @. By Lemma 3.3 and the hypotheses of Lemma
3.4 imply that {x,}22, and {dng) }r2, are bounded for each j = 1,2,...,r
Then, there exists a constant d > 0 such that

[e.o]

JLJ {n +1 ZTn n(-1)¥n = P; Un(j)x"}nzo U {xn B p}n:(] € Bi (3)
By Lemma 2.5, there exists a continuous, strictly increasing and convex function
g :10,00) — [0,00) such that g(0) = 0, and
Az + (1= Nyl < Allz)l* + (1 = X)llyll* = A1 = Ng(llz -yl (3.7)
for all z, y € By and A € [0,1]. Using (3.7), we have

Hanrl_p”z = HUn(T)xn _pH2

1
(1- a/n(r))(xn —p)+ An(r) (n——l—l Z Lo Un(r—1)Tn — p)
=0
—1 Z T;‘Un(r—l)xn - D
=0

I
_ Oén(T)(l - an(T))Q(H n+1 Z TrUn(r—l)xn — Tp )
=0

< (1= ang)llen = pI* + anm day | Une—1@n = pI* = ang (1 = an)g(en)

2

2

< (1= anm)llza —pl* +

< Hajn_pH2

r—1 r
+ Oén(r)(di(r)—l)Jr-i-Z(H an(l))< H d2 ) _1)+] Hiﬂn—pH?
j=1 1=j

I=j+1

- an@(l—an<r>>g<en<r>>+§(ﬁanm)(Hd )= uy)g <en<j>>] (3.8)

i j=1 l=j I=j+1
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for all n = 0,1,2,.... Since each j, (d,;) — 1)+ — 0 as n — oo, it implies that
{dniy }oo is bounded and there exists a positive integer N; such that d2 )2 2
for all n > N,. Now, put

M = f??é{iup{d"(j +1, doy }} < 00
and
D := sup{||z, —pl|} < cc.
neN

Then, by (3.8), we have
r—1

M(dn(r) _1)++Z M (dn(j) - 1)+] D

Jj=1

|ln 1 =pl* < [l — plI* +

- [a(l—an<r>>g<en<r>>+a<1—c>Z(bﬂ')(é)“g(enm)] (3.9)

for all n > N where N := maxi<j<,{N;}. Hence by Lemma 3.3 and (d,,;) —

1)y = 0asn — oo for each j =1,2,...,r, we have
r—1
[a(l — )9 (€nm) +all —c) > (77 ( ) (en(j))]
7j=1
r—1
< ||J]n—p||2—||l‘n+1 _p||2+ M(dn(r) - 1)4— + ZMT_J_H(dn(j) - 1)+] D—0
j=1

as n — 0o. Thus,
(1 —anp))glenry) =0 as n— oo
and
gleny) =0 as n—oo foreachi=1,2,...,r—1.

Since ¢ is a continuous and strictly increasing function with ¢(0) = 0, we
have

lim (1 — ozn(r))

n—oo

= lim (1 - Ozn(r))en(r) =0 (310)

n—oo

1 o
n+1 ZT‘J‘Un(r—l)x
=0

and

lim

n—oo

= lim ey ) =0 (3.11)

n—oo

1 > TUn-1)Tn — T
=0

foreach j =1,2,...,r — 1.
Observe that for allm =1,2,...

1
T wp — T <n—+1 ;T;Un(r—l)xn>

||T;n$n+1 - $n+1|| <
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1 -
™ ( T, ) - TlUn .

1 Z" ;

+ n+1 < TrUn(rfl)xn — Tp+1

< (kpey + 1) ! f T,
m(r T - 1 rYn(r-1)T

> (r) n+1 n+1 -~ (r—1)4n

+ |7 (—1 f T U1y ) —1 y T"U

7' T | — rYn(r— X
r\n 1 — 1) n+ 1 (r=1)

= (km(r) + 1)(1 — Ozn(r))

1 .
n— T Upr—
T n + 1 ; T ( 1)37”

" <n—|—1 ZTTU”(”*l)x”>_n—HZTrUnwfl)% (3.12)
=0 =0
and
O +1ZT1 » 1)%)‘
1 n
" Tﬂm<n+1ZTZU = 1x”> Z Un(i-1)n
=0
Un(j—1)Tn — Tn
n+1 pa jen(=1)
< (km) +1) n+1ZT’ )T
m( L i 1 .
1 <n+1Z@Un(j—l)xn)_n—HZTjUn(j_l)x (3.13)
=0 i=0

for each j =1,2,...,7 — 1. Hence, by (3.10)—(3.13) and Lemma 2.2, we have

lim hm |T5" 2, — | =0 (3.14)
for each 7 = 1,2,...,r. This completes the proof of Lemma 3.4. 0

We will now prove our main theorems.

Theorem 3.5. Let C' be a nonempty closed convex subset of a uniformly
convex Banach space E which satisfies Opial’s condition or its dual E* has
the KK-property and T : C' — C be an asymptotically nonexpansive mapping
with sequence {kn(j)}ozg such that 370" (=5 Yo ki) — 1)y < oo for each
= 1,2,...,7 and "\ F(T;) # @. Let {an(])}n o be a sequence in [0,1]
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satisfying the following conditions:
O<a§an(r)§1; 0<b§an(j)§c<1

forallj=1,2,...,r —1 and some constants a, b, and c.
Suppose that xy € C and {x,}>2, is given by (1.4). Then, {x,}>2, converges
weakly to a common fixed point of Ty, Ts, ..., T;.

Proof. Define a mapping S,, : €' — C by S,z = Uypyz, v € C. Then, x,41 =
Spn and N_ F(T;) C F(S,). Moreover, for all z, y € C, we have

150 = Suyll = Unry® = Uyl
1 - % 0
< (1= ang)llr = yll + ony = Y T U@ = TiUn-1yy|
=0

< (1 - an(r))Hx - yH + Oén(r)dn(r)HUn(rfl)x - Un(rfl)yH

r—1 r r
< 1+ an(du =1+ 3 ([T ewer) ( T1 dn(l))un(j)_m] lz—y]
=1 I=j

l=j+1
< (L+en)llz —yll, (3.15)

where ¢,, is as in the proof of Lemma 3.3 and > >~ ¢, < co. Thus, S, is
Lipschitzian with the Lipschitz constant L, := 1+, such that Y (L,—1) =
Do Pn < 00 and NIZGF(S,) 2 Mi_ F(T)) # 2.

It follows from Lemmas 3.4 and 3.2 that w,(z,) C N_; F(T}). So to show
that {z, } converges weakly to a common fixed point of Ty, T5, ..., T, it suffices
to show that w,,(z,) consists of just one point. In case E* has the KK-property,
it is easy to see from Lemmas 3.1 and 2.3 that the theorem is true. So, we
suppose next that F satisfies Opial’s condition. This follows basically as in the
proof of Theorem 1 of [1] using Lemmas 3.3, 3.4, and 3.2. This completes the
proof of Theorem 3.5. ([l

As a consequence of Theorem 3.5, we obtain the following result.

Theorem 3.6. Let C' be a nonempty closed convexr subset of a uniformly
conver Banach space E which satisfies Opial’s condition or its dual E* has the
KK-property and T; : C — C' be nonexpansive mapping for each j = 1,2,...,r
such that O;_, F(T;) # @. Let {an(j) oo be a sequence in [0, 1] satisfying the
following conditions:

O<a§an(r)§1; 0<b§an(j)§c<1

forall j =1,2,...,7 —1 and some constants a, b, and c.
Suppose that xg € C and {x,}° is given by (1.4). Then, {x,}°>, converges
weakly to a common fized point of Ty, Ts, ..., T;.
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