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ON HIGHER ORDER FUNCTIONAL DIFFERENTIAL
EQUATIONS WITH PROPERTY A

R. KOPLATADZE

Abstract. We study oscillatory properties of solutions of a functional dif-
ferential equation of the form

u(n)(t) + F (u)(t) = 0,

where n ≥ 2 and F : C(R+; R) → Lloc(R+; R) is a continuous mapping.
Sufficient conditions for this equation to have the so-called Property A are
established. In the case of ordinary differential equation the obtained results
lead to an integral generalization of the well-known theorem by Kondrat’ev.
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1. Introduction

Let τ ∈ C(R+; R+), limt→+∞ τ(t) = +∞. Denote by V (τ) the set of continu-
ous mappings F : C(R+; R) → Lloc(R+, R) satisfying the condition: F (x)(t) =
F (y)(t) holds for any t ∈ R+ and x, y ∈ C(R+; R) provided that x(s) = y(s)
for s ≥ τ(t).

This work is dedicated to the study of oscillatory properties of solutions of a
functional differential equation of the form

u(n)(t) + F (u)(t) = 0, (1.1)

where n ≥ 2 and F ∈ V (τ).
For any t0 ∈ R+ we denote by Ht0,τ the set of all functions u ∈ C(R+; R)

satisfying u(t) 6= 0 for t ≥ t∗, where t∗=min{t0, τ∗(t0)}, τ∗(t)=inf{τ(s) : s ≥ t}.
Throughout the work whenever the notation V (τ) and Ht0,τ occurs, it will

be understood, unless specified otherwise, that the function τ satisfies the con-
ditions stated above.

It will always be assumed that the condition

F (u)(t)u(t) ≥ 0 for t ≥ t0, u ∈ Ht0,τ , (1.2)

is fulfilled.
Let t0 ∈ R+. A function u : [t0, +∞) → R is said to be a proper solution of

equation (1.1) if it is locally absolutely continuous together with its derivatives
up to order n − 1 inclusive, sup{|u(s)| : s ∈ [t, +∞)} > 0 for t ≥ t0 and there
exists a function u ∈ C(R+; R) such that u(t) ≡ u(t) on [t0, +∞) and the
equality u(n)(t) + F (u)(t) = 0 holds almost everywhere on [t0, +∞). A proper
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solution u : [t0, +∞) → R of equation (1.1) is said to be oscillatory if it has
a sequence of zeros tending to +∞. Otherwise the solution u is said to be
nonosillatory.

Definition 1.1 ([1]). We say that equation (1.1) has Property A if any of its
proper solutions is oscillatory when n is even and either is oscillatory or satisfies

|u(i)(t)| ↓ 0 as t ↑ +∞ (i = 0, . . . , n− 1) (1.3)

when n is odd.

Oscillatory properties of ordinary differential equations have been studied for
a long time. As early as 1893, A. Kneser [2] obtained sufficient conditions for
the equation

u(n)(t) + p(t)u(t) = 0 (1.4)

with p ∈ Lloc(R+; R+) to have Property A. Noteworthy results in this direction
were obtained by A. Kondrat’ev [1], I. Kiguradze and T. Chanturia [3]. For a
differential equation with deviating arguments, which is a special case of (1.1),
similar problems were considered in [4]–[6] (see also the references therein). As
to functional differential equations, they are studied well enough in [7]–[9] both
in linear and nonlinear cases. In the present paper we give sufficient conditions
for equation (1.1) to have Property A. The results obtained in this work improve
to a certain extent the results obtained in § 7 of Chapter 2 [9].

2. Some Auxiliary Lemmas

In this section we give auxiliary statements concerning some properties of

monotone functions. In the sequel we denote by C̃n−1
loc ([t0, +∞)) the set of

those functions u : [t0, +∞) → R which are absolutely continuous on any finite
subsegment of [t0, +∞) along with their derivatives up to order n− 1 inclusive.

Lemma 2.1 ([3]). Let u ∈ C̃n−1
loc ([t0, +∞)), u(t) > 0, u(n)(t) ≤ 0 for t ≥ t0,

and u(n)(t) 6≡ 0 in any neighborhood of +∞. Then there exist t1 ≥ t0 and
l ∈ {0, . . . , n− 1} such that l + n is odd and

u(i)(t) > 0 for t ≥ t1 (i = 0, . . . , l − 1),

(−1)i+lu(i)(t) > 0 for t ≥ t1 (i = l, . . . , n− 1),

u(n)(t) ≤ 0 for t ≥ t1.

(2.1l)

Remark 2.1. If n is odd and l = 0, then in (2.1l) it is meant that only the
second and the third inequality are fulfilled.

Now we prove the following lemmas describing the behavior of non-oscillatory
functions.

Lemma 2.2. Let t0 ∈ (0, +∞), u ∈ C̃loc([t0, +∞)) and (2.1l) be fulfilled for
some l ∈ {1, . . . , n− 1} with l + n odd. Then

+∞∫

t0

tn−l−1|u(n)(t)|dt < +∞, (2.2)
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+∞∫

t0

s−2

s∫

t0

ξn−l|u(n)(ξ)|dξds < +∞, (2.3)

lim
t→+∞

1

t

t∫

t0

sn−l|u(n)(s)|ds = 0, (2.4)

u(i)(t) ≥ u(i)(t0) +
1

(l − i− 1)!(n− l − 1)!

t∫

t0

(t− s)l−i−1

×
+∞∫

s

(ξ − s)n−l−1|u(n)(ξ)|dξds for t ≥ t0 (i = 0, . . . , l − 1). (2.5)

If, moreover,

+∞∫

t0

tn−l|u(n)(t)|dt = +∞, (2.6)

then there exists t∗ ≥ t0 such that

u(t) ≥ tl−1

l!
u(l−1)(t) for t ≥ t∗, (2.7)

lim
t→+∞

(u(l−1)(t)− tu(l)(t)) = +∞, (2.8)

u(i)(t)

tl−i
↓, u(i)(t)

tl−i−1
↑ (i = 0, . . . , l − 1). (2.9i)

Proof. Taking into account (2.1l), we deduce (2.2) from the identity

k−1∑
j=i

(−1)jtj−iu(j)(t)

(j − i)!
=

k−1∑
j=i

(−1)jtj−i
0 u(j)(t0)

(j − i)!

+
(−1)k−1

(k − i− 1)!

t∫

t0

sk−i−1u(k)(s)ds (2.10ik)

with i = l and k = n.
Let ε > 0 be any positive number. According to (2.2), choose T > t0 such

that

+∞∫

T

sn−l−1|u(n)(s)|ds < ε.
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Therefore we obtain

lim sup
t→+∞

1

t

t∫

t0

sn−l|u(n)(s)|ds

= lim sup
t→+∞

(
1

t

T∫

t0

sn−l|u(n)(s)|ds +
1

t

t∫

T

sn−l|u(n)(s)|ds

)

≤
+∞∫

T

sn−l−1|u(n)(s)|ds < ε.

Taking into account that ε is arbitrary, from the latter inequality we deduce
the validity of condition (2.4).

On account of (2.1l) and (2.2), from the identity

u(i)(t) =
k−1∑
j=i

u(j)(s)

(j − i)!
(t− s)j−i +

1

(k − i− 1)!

t∫

s

(t− ξ)k−i−1u(k)(ξ)dξ (2.11ik)

as s → +∞ we obtain

|u(i)(t)| ≥ 1

(n− i− 1)!

+∞∫

t

(s− t)n−i−1|u(n)(s)|ds

for t ≥ t0 (i = l, . . . , n− 1). (2.12i)

Analogously, from (2.11il) as s = t0 we have

u(i)(t) ≥ u(i)(t0) +
1

(l − i− 1)!

t∫

t0

(t− ξ)l−i−1u(l)(ξ)dξ

for t ≥ t0 (i = 0, . . . , l − 1).

Hence by (2.12l) we obtain (2.5).
Now assume that (2.6) holds. Then using (2.1l), from (2.10l−1n) we obtain

u(l−1)(t)−tu(l)(t)=
n−1∑

j=l−1

tj−l+1

(j − l + 1)!
|u(j)(t)|+

n−1∑

j=l−1

(−1)j+l−1tj−l+1
0 u(j)(t0)

(j − l + 1)!

+
1

(n− l)!

t∫

t0

sn−l|u(n)(s)|ds.

Hence by (2.6) we have (2.8). For any t ≥ t0 and i ∈ {1, . . . , l} denote

γi(t) = iu(l−i)(t)− tu(l−i+1)(t) = −ti+1(t−iu(l−i)(t))′, (2.13)

ri(t) = tu(l−i+1)(t)− (i− 1)u(l−i)(t) = ti(t1−iu(l−i)(t))′. (2.14)
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According to (2.8), by L’Hôpital’s rule we obtain

lim
t→+∞

t1−iu(l−i)(t) = +∞ (i = 1, . . . , l).

Therefore, in view of (2.14), there exist αl ≥ · · · ≥ α1 such that ri(αi) > 0
(i = 1, . . . , l). Since r1(t) = tu(l)(t) > 0 and r′i+1(t) = ri(t) for t ≥ t0 (i =
1, . . . , l − 1), we see that ri(t) > 0 for t ≥ αi. Analogously, by (2.8) we have
γ1(t) → +∞ for t → +∞ and γ′i+1(t) = γi(t). Therefore γi(t) → +∞ as
t → +∞ (i = 1, . . . , l). So, by (2.13) and (2.14), we obtain (2.9i). On the other
hand, by (2.13) we have

iu(l−i)(t) ≥ tul−i+1(t) for sufficiently large t (i = 1, . . . , l).

Whence (2.7) follows. Now we will show that (2.3) is true. Indeed, if condition
(2.6) is not fulfilled, then the validity of (2.3) is obvious. Therefore below we
will assume that (2.6) is fulfilled. If we take into account (2.1l) and (2.6), from
the equality (2.10l−1n) we see that there exits t1 > t0 such that

1

(n− l)!

t∫

t1

sn−l|u(n)(s)|ds ≤ u(l−1)(t)− tu(l)(t) for t ≥ t1.

Therefore, according to (2.9l−1), we have

1

(n− l)!

+∞∫

t1

s−2

s∫

t1

ξn−2|u(n)(ξ)|dξds ≤ −
+∞∫

t1

(ul−1(s)

s

)′
ds < +∞.

Hence (2.3) is fulfilled. The proof of the lemma is complete. ¤

Lemma 2.3. Let n ≥ 2, l ∈ {1, . . . , n − 1}, u0 ∈ C̃n−1
loc ([t0, +∞)). Then we

have the equalities

u
(l)
i (t) = (−1)itiu

(l+i)
0 (t) (i = 1, . . . , n− l), (2.15)

where

ui(t) = (l + i− 1)ui−1(t)− tu′i−1(t) (i = 1, . . . , n− l). (2.16)

Proof. In the case i = 1 the validity of (2.15) is obvious. Assume now that
(2.15) is valid for some i (1 ≤ i < n − l) and show that it is valid for i + 1 as
well. Indeed, by (2.16), we have

u
(l)
i+1(t) = ((l + i)ui(t)− tu′i(t))

(l) = iu
(l)
i (t)− tu

(l+1)
i (t)

= (−1)iitiu
(l+i)
0 (t)− (−1)it(tiu

(l+i)
0 (t))′ = (−1)iitiu

(l+i)
0 (t)

− (−1)it(iti−1u
(l+i)
0 (t) + tiu

(l+i+1)
0 (t)) = (−1)i+1ti+1u

(l+i+1)
0 (t).

Hence, equalities (2.15) are valid for any i ∈ {1, . . . , n− l}. ¤
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Lemma 2.4. Let t0 ∈ (0, +∞), u ∈ C̃loc([t0, +∞)) and, for any l ∈
{1, . . . , n− 1}, where l + n is odd, conditions (2.1l) and (2.6) be fulfilled. Then
there exists t∗ > t0 such that

u(t) ≥ tl

(l − 1)!(n− l − 1)!

+∞∫

t

s−n(s− t)n−l−1

×
s∫

t∗

(s− ξ)l−1ξn−l|u(n)(ξ)|dξds for t ≥ t∗. (2.17)

Proof. According to (2.1l) and (2.5), we have

u(t) ≥ 1

(l − 1)!(n− l − 1)!

t∫

t0

(t− s)l−1

×
+∞∫

s

(ξ − s)n−l−1|u(n)(ξ)|dξds for t ≥ t0. (2.18)

Denote

u0(t) =
tl

(l − 1)!(n− l − 1)!

+∞∫

t

s−n(s− t)n−l−1

×
s∫

t0

(s− ξ)l−1ξn−l|u(n)(ξ)|dξds. (2.19)

According to (2.3), it is obvious that the integral on the right side of (2.19)
exists and equalities (2.16) are fulfilled, where

ui(t) =
tl+i

(l − 1)!(n− l − i− 1)!

+∞∫

t

s−n(s− t)n−l−i−1

×
s∫

t0

(s− ξ)l−1ξn−l|u(n)(ξ)|dξds (i = 0, . . . , n− l − 1),

un−l(t) =
1

(l − 1)!

t∫

t0

(t− s)l−1sn−l|u(n)(s)|ds.

(2.20)

Therefore by virtue of Lemma 2.3 we have

(−1)n+lu
(n)
0 (t) = |u(n)(t)| for t ≥ t0, (2.21)
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where n + l is odd. According to (2.19), (2.21) and Lemma 2.1, there exists
l′ ∈ {0, . . . , n− 1} such that l + l′ is even and the conditions

u
(i)
0 (t) > 0 (i=0, . . . , l′),

(−1)i+l′u
(i)
0 (t) > 0 (i = l′, . . . , n− 1) for t ≥ t0

(2.22l′)

are fulfilled. Now show that there exists t∗ > t0 such that the inequality

tl−1 ≤ u0(t) ≤ tl for t ≥ t∗ (2.23)

is fulfilled. According to (2.3) and (2.19), the validity of the right inequality in
(2.23) is obvious. By virtue of (2.6), there exists t1 > t0 such that

t1∫

t0

sn−l|u(n)(s)|ds = c > (l − 1)!(n− l − 1)!2n−1.

Therefore from (2.19) we obtain

u0(t) ≥ tl

(l − 1)!(n− l − 1)!

+∞∫

2t

(s− t)n−l−1s−n−1+l

t1∫

t0

(1− ξ)l−1ξn−l|u(n)(ξ)|dξds

≥ tl

2l−1(l − 1)!(n− l − 1)!

t1∫

t0

ξn−l|u(n)(ξ)|dξ

+∞∫

2t

(s− t)n−l−1s−n−1+lds

≥ ctl

(l − 1)!(n− l − 1)!2l−1

+∞∫

2t

(1− t

s
)n−l−1s−2ds

≥ ctl

(l − 1)!(n− l − 1)!2n−2

+∞∫

2t

s−2ds > tl−1 for t ≥ 2t1.

The latter inequality implies the existence of t∗ such that inequality (2.23) is
fulfilled. Therefore, according to (2.1l) and (2.22l′), since l+ l′ is even, it follows
that l = l′.

Now show that

lim
t→+∞

tiu
(l+i)
0 (t) = 0 (i = 0, . . . , n− l − 1). (2.24)

Indeed, using (2.20) we have

u
(l)
i (t) =

1

(l − 1)!(n− l − i− 1)!

l∑
j=0

Cj
l (t

l+i)(l−j)

×
( +∞∫

t

s−n(s− t)n−l−i−1

s∫

t0

(s− ξ)l−1ξn−l|u(n)(ξ)|dξds

)(j)

. (2.25)
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Let j ≤ n− l − i− 1. Then according to (2.3) we obtain

ρji(t) = (tl+i)(l−j)

∣∣∣∣
( +∞∫

t

s−n(s− t)n−l−i−1

s∫

t0

(s−ξ)l−1ξn−l|u(n)(ξ)|dξds

)(j)∣∣∣∣

≤ (l + i)!(n− l − i− 1)!ti+j

×
+∞∫

t

s−n(s− t)n−l−i−j−1

s∫

t0

(s− ξ)l−1ξn−l|u(n)(ξ)|dξds

≤ (l + i)!(n− l − i− 1)!ti+j

+∞∫

t

s−i−j−2

s∫

t0

ξn−l|u(n)(ξ)|dξds

≤ (l + i)!(n− l − i− 1)!

+∞∫

t

s−2

s∫

t0

ξn−l|u(n)(ξ)|dξds → 0

for t → +∞ (j = 0, . . . , n− l − i− 1). (2.26)

Let j ≥ n− l − i. Then we have

ρji(t) ≤ (l + i)!(n− l − i− 1)!ti+j

×
(

t−n

t∫

t0

(t− ξ)l−1ξn−l|u(n)(ξ)|dξ

)(j+i+l−n)

= (l + i)!(n− l − i− 1)!ti+j

j+i+l−n∑

k=0

Ck
j+i+l−n(t−n)(j+i+l−k)

×
( t∫

t0

(t− ξ)l−1ξn−l|u(n)(ξ)|dξ

)(k)

. (2.27)

On the other hand, by virtue of (2.4) we have

ti+j

∣∣∣∣(t−n)(j+i+l−k)

( t∫

t0

(t− s)l−1ξn−l|u(n)(ξ)|dξ

)(k)∣∣∣∣

≤ n!ti+jt−j−i−l+k

t∫

t0

(t− ξ)(l−k−1)ξn−l|u(n)(ξ)|dξ

≤ n!(l − 1)!t−1

t∫

t0

ξn−l|u(n)(ξ)|dξ → 0

for t → +∞ (j = n− l − i, . . . , l). (2.28)
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According to (2.25)–(2.28) and (2.15), it is obvious that conditions (2.24) are
fulfilled. Therefore, by (2.21) we have

u
(l)
0 (t) =

1

(n− l − 1)!

+∞∫

t

(s− t)n−l−1|u(n)(s)|ds for t ≥ t0.

From the latter equality we obtain

u0(t) =
l−1∑
i=0

(t− t0)
i

i!
u

(i)
0 (t0)

+
1

(l − 1)!(n− l − 1)!

t∫

t0

(t− s)l−1

+∞∫

s

(ξ − s)n−l−1|u(n)(ξ)|dξds

for t ≥ t0.

Hence, if we take into account (2.18) and (2.19), we obtain

u(t) ≥ tl

(l − 1)!(n− l − 1)!

+∞∫

t

s−n(s− t)n−l−1

×
s∫

t0

(s− ξ)l−1ξn−l|u(n)(ξ)|dξds− ctl−1 for t ≥ t0, (2.29)

where c =
∑l−1

i=0
u
(i)
0 (t0)

i!
.

By virtue of (2.6) there exists t1 > t0 such that

t1∫

t0

sn−l|u(n)(s)|ds > 2n−1(l − 1)!(n− l − 1)!c.

Hence from (2.29) we obtain

u(t) ≥ tl

(l − 1)!(n− l − 1)!

+∞∫

t

s−n(s− t)n−l−1

×
( t1∫

t0

(s− ξ)l−1ξn−l|u(n)|(ξ)dξ +

s∫

t1

(s− ξ)l−1ξn−l|u(n)(ξ)|dξ

)
ds− ctl−1

≥ tl

(l − 1)!(n− l − 1)!

+∞∫

t

s−n(s− t)n−l−1

s∫

t1

(s− ξ)l−1ξn−l|u(n)(ξ)|dξds

+
tl

(l − 1)!(n− l − 1)!

+∞∫

2t

s−n+l−1(s− t)n−l−1
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×
t1∫

t0

(
1− ξ

s

)l−1

ξn−l|u(n)(ξ)|dξds− ctl−1

≥ tl

(l − 1)!(n− l − 1)!

+∞∫

t

s−n(s− t)n−l−1

s∫

t1

(s− ξ)l−1ξn−l|u(n)(ξ)|dξds

+
tl

2n−2(l − 1)!(n− l − 1)!

t1∫

t0

ξn−l|u(n)(ξ)|dξ

+∞∫

2t

s−2ds− ctl−1

>
tl

(l − 1)!(n− l − 1)!

+∞∫

t

s−n(s− t)n−l−1

s∫

t1

(s− ξ)l−1ξn−l|u(n)(ξ)|dξds

for t ≥ 2t1,

which proves the validity of inequality (2.17) with t∗ = 2t1. ¤
Lemma 2.5. Let t0 ∈ R+, η, ψ ∈ C([t0, +∞), (0, +∞)),

lim inf
t→+∞

η(t) = 0, ψ(t) ↑ +∞ for t ↑ +∞, (2.30)

lim
t→+∞

ψ(t)η̃(t) = +∞, (2.31)

where η̃(t) = min{η(s) : s ∈ [t0, t]}. Then there exists a sequence of points {tk}
such that tk ↑ +∞ as k ↑ +∞,

η̃(tk)ψ(tk) ≤ η̃(s)ψ(s) for s ≥ tk,

η̃(tk) = η(tk) (k = 1, 2, . . . ).

Proof. Denote by Ei (i = 1, 2) the sets

t ∈ E1 ⇔ η̃(t)ψ(t) ≤ η̃(s)ψ(s) for s ≥ t,

t ∈ E2 ⇔ η̃(t) = η(t).

According to (2.30) and (2.31), it is obvious that

sup Ei = +∞ (i = 1, 2). (2.32)

Let m ∈ N . According to (2.32), there exist tim ∈ Ei (i = 1, 2) such that
m ≤ t2m ≤ t1m. Assume t1m 6∈ E2. Then there exists t∗m ∈ [t2m, t1m) such that
η̃(t) = η̃(t1m) when t ∈ [t∗m, t1m] and η̃(t∗m) = η(t∗m). On the other hand, since
t1m ∈ E1, according to the second condition of (2.30) we have

η̃(t∗m)ψ(t∗m) ≤ η̃(s)ψ(s) when s ≥ t∗m.

Therefore t∗m ∈ E1∩E2. From the above reasoning it follows that sup E1∩E2 =
+∞. This proves the validity of the lemma. ¤

Remark 2.2. Lemma 2.5 concerns some properties of nonmonotone positive
functions. A lemma of different type likewise concerning some properties of
nonmonotone functions can be found in [9, Lemma 7.7].
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Remark 2.3. Some estimations of Lemma 2.2, as well as of Lemmas 2.4 and
2.5, are given for the first time in the present paper.

3. On Solutions of Type (2.1l)

In this section sufficient conditions will be given for equation (1.1) to have
no solution of type (2.1l), where l ∈ {1, . . . , n− 1} and l + n is odd.

Let σ, σ ∈ C(R+; R+), σ(t) ≤ σ(t) for t ∈ R+ and limt→+∞ σ(t) = +∞. De-
note by M(σ, σ) the set of continuous mappings ϕ : C(R+; R+) → Lloc(R+; R+)
satisfying the conditions:

ϕ(x)(t) ≥ ϕ(y)(t) for t ∈ R+ and x(s) ≥ y(s) for s ≥ σ(t), (3.1)

ϕ(xy)(t) ≥ x(σ(t))ϕ(y)(t) for t ∈ R+ if x(t) ↓ 0 as t ↑ +∞
and x(s) > 0, y(s) > 0 for s ≥ σ(t). (3.2)

Theorem 3.1. Let condition (1.2) be fulfilled, l ∈ {1, . . . , n− 1}, where l +n
is odd, and for sufficiently large t1 ∈ [t0, +∞) there exist ϕ ∈ M(σ, σ) such that

|F (u)(t)| ≥ ϕ(|u|)(t) for u ∈ Ht1,τ , t ≥ t1. (3.3)

Moreover, let

lim inf
t→+∞

t

σ(t)
> 0, (3.4)

+∞∫
tn−l−1ϕ(cΘl)(t)dt = +∞ for any c > 0, (3.5l)

with Θl(t) = tl, and for some γ > 1 and any λ ∈ (l − 1, l]

lim inf
t→+∞

tl−1−λ

t∫

0

sn−lϕ(Θλ)(s)ds > γ

n−1∏

i=0, i 6=l−1

|λ− i|, (3.6l)

where Θλ(t) = tλ. Then equation (1.1) has no solution satisfying condition
(2.1l).

Remark 3.1. For operators F from a quite a large class, (3.5l) is a necessary
condition for equation (1.1) to have a solution of type (2.1l) (see [9, Lemma
5.1]).

Proof of Theorem 3.1. Assume the contrary, i.e., that equation (1.1) has a proper
solution satisfying (2.1l). First of all show that (2.6) is fulfilled. Indeed, by (2.1l)
there exist c > 0 and t∗ ≥ t1 such that u(t) ≥ ctl−1 for t ≥ t∗. Therefore (1.1)
and (3.1)–(3.5l) imply that

+∞∫

t∗

sn−l|u(n)(s)|ds ≥
+∞∫

t∗

sn−lϕ(cΘl−1)(s)ds ≥
+∞∫

t∗

sn−l−1ϕ(cΘl)(s)ds = +∞,
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where t∗ > t∗ is a sufficiently large number. Therefore below we will assume
that condition (2.6) is fulfilled. According to (2.6) the conditions of Lemmas 2.2
and 2.4 are fulfilled. Therefore the first condition of (2.90) leads to the relation

lim
t→+∞

u(t)

tl
= c0 ≥ 0. (3.7)

Show that c0 = 0. Assume the contrary. Let c0 > 0. Then by (3.7) there
exists t2 > t1 such that

u(t) ≥ c0

2
tl for t ≥ t2.

Therefore, according to (2.1l), (2.12l), (3.1) and (3.3), we have

+∞∫

t2

sn−l−1ϕ
(c0

2
Θl

)
(s)ds < +∞,

where Θl(t) = tl. This contradicts condition (3.5l). The obtained contradiction
proves that

u(t)

tl
↓ 0 for t ↑ +∞. (3.8)

By to (1.1), (3.3) and Lemma 2.4, there exists t∗ > t1 such that the inequality

u(t) ≥ tl

(l − 1)!(n− l − 1)!

+∞∫

t

s−n(s− t)n−l−1

×
s∫

t∗

(s− ξ)l−1ϕ(u)(ξ)dξds for t ≥ t∗ (3.9l)

is fulfilled.
On the other hand, according to (2.7)–(2.91) and (3.8) we have

lim
t→+∞

u(t)

tl−1
= +∞, lim

t→+∞
u(t)

tl
= 0. (3.10)

Denote by ∆ the set of λ ∈ (l − 1, l] such that the condition

lim inf
t→+∞

u(t)

tλ
= 0 (3.11)

is fulfilled. Assume λ0 = inf ∆. By virtue of (3.10) it is obvious that ∆ 6= ∅
and λ0 ∈ [l − 1, l]. Taking into account (3.6l) choose γ1 ∈ (1, γ], t∗ > t∗,
λ∗ ∈ [λ0, l] ∩ (l − 1, l] and ε0 > 0 such that

lim inf
t→+∞

u(t)

tλ∗
= 0, lim

t→+∞
u(t)

tλ∗−ε0
= +∞, (3.12)

tl−1−λ∗
t∫

t∗

sn−lϕ(Θλ∗)(s)ds > γ1

n−1∏

i=0,i6=l−1

|λ− i| for t ≥ t∗, (3.13l)
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γ1 >

∏l−2
i=0 |λ∗ − i|∏n−1

i=l |λ∗ − i− ε0|(
c
2

)ε0 ∏n−1
i=0;i6=l−1 |λ∗ − i|

, (3.14)

where

θλ∗(t) = tλ
∗
, lim inf

t→+∞
t

σ̃(t)
= c > 0,

σ̃(t) = max{max(s, σ(s)) : t∗ ≤ s ≤ t}
(3.15)

(in the case l = 1, in (3.14) we mean
∏l−2

i=0 |λ∗ − i| = 1).
Denote

ũ(t) = min
{u(s)

sλ∗ : t∗ ≤ s ≤ t
}

. (3.16)

By (3.12) it is obvious that

ũ(t) ↓ 0 for t ↑ +∞, lim
t→+∞

tε0ũ(t) = +∞. (3.17)

Therefore, if we take into account Lemma 2.5 with η(t) = u(t)

tλ
∗ , ψ(t) = tε0 , we

will see that there exists a sequence {tk}+∞
k=3 such that tk ↑ +∞ for k ↑ +∞ and

ũ(σ̃(tk))(σ̃(tk))
ε0 ≤ ũ(σ̃(s))(σ̃(s))ε0 for s ≥ σ̃(tk), (3.18)

ũ(σ̃(tk)) =
u(σ̃(tk))

(σ̃(tk))λ∗ (k = 3, 4, . . . ). (3.19)

Consider the case where l = 1 and n is even. Then, if we take into account that
ϕ ∈ M(σ, σ), from (3.91), according to (3.2), (3.16) and (3.17) we obtain for
sufficiently large k

u(σ̃(tk)) ≥ σ̃(tk)

(n− 2)!

+∞∫

eσ(tk)

(s− σ̃(tk))
n−2s−n

s∫

t∗

ξn−1ϕ(u)(ξ)dξds

≥ σ̃(tk)

(n− 2)!

+∞∫

eσ(tk)

(s− σ̃(tk))
n−2s−n

s∫

t∗

ξn−1ϕ(ũΘλ∗)(ξ)dξds

≥ σ̃(tk)

(n− 2)!

+∞∫

eσ(tk)

(s− σ̃(tk))
n−2s−n

s∫

t∗

ξn−1ũ(σ(ξ))ϕ(θλ∗)(ξ)dξds

≥ σ̃(tk)

(n− 2)!

+∞∫

eσ(tk)

(s− σ̃(tk))
n−2s−n

s∫

t∗

ξn−1ũ(σ̃(ξ))ϕ(θλ∗)(ξ)dξds

≥ σ̃(tk)

(n− 2)!

+∞∫

eσ(tk)

(s− σ̃(tk))
n−2s−nũ(σ̃(s))

s∫

t∗

ξn−1ϕ(θλ∗)(ξ)dξds,
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where Θλ∗(t) = tλ
∗
. From the latter inequality, for sufficiently large k, Taking

into account (3.131), (3.15) and (3.18) we obtain

u(σ̃(tk)) ≥ γ1(σ̃(tk))
1+ε0

∏n−1
i=1 |λ∗ − i|ũ(σ̃(tk))

(n− 2)!

×
+∞∫

eσ(tk)

(s− σ̃(tk))
n−2s−n−ε0+λ∗

( s

σ̃(s)

)ε0

ds

≥ ( c
2
)ε0γ1(σ̃(tk))

1+ε0
∏n−1

i=1 |λ∗ − i|ũ(σ̃(tk))

(n− 2)!

×
+∞∫

eσ(tk)

(s− σ̃(tk))
n−2s−n+λ∗−ε0ds

=
( c

2
)ε0γ1(σ̃(tk))

1+ε0
∏n−1

i=1 |λ∗ − i|ũ(σ̃(tk))(σ̃(tk))
λ∗−ε0−1

∏n−1
i=1 |λ∗ − i− ε0|

.

According to (3.14) and (3.19), we finally obtain

u(σ̃(tk)) ≥
γ1(

c
2
)ε0

∏n−1
i=1 |λ∗ − i|∏n−1

i=1 |λ∗ − i− ε0|
u(σ̃(tk)) > u(σ̃(tk)),

where k is sufficiently large. The obtained contradiction proves that l 6= 1.
Now assume l > 1. From (3.9l), if we take into account (3.2), that the

function ũ is non-increasing and the fact that ϕ ∈ M(σ, σ), we obtain

u(σ̃(tk)) ≥ (σ̃(tk))
l

(l − 1)!(n− l − 1)!

+∞∫

eσ(tk)

(s− σ̃(tk))
n−l−1s−nũ(σ̃(s))

×
s∫

t∗

(s− ξ)l−1ξn−lϕ(Θλ∗)(ξ)dξds, (3.20)

where the function σ̃(t) is defined by the third equality of (3.15). If we carry
out integration by parts on the right hand side of the inequality, we obtain

u(σ̃(tk)) ≥ (σ̃(tk))
l

(l − 1)!(n− l − 1)!

+∞∫

eσ(tk)

(s− σ̃(tk))
n−l−1s−nũ(σ̃(s))

×
s∫

t∗

(s− ξ)l−1d

ξ∫

t∗

ξn−l
1 ϕ(Θλ∗)(ξ1)dξ1ds

=
(σ̃(tk))

l

(l − 1)!(n− l − 1)!

+∞∫

eσ(tk)

(s− σ̃(tk))
n−l−1s−nũ(σ̃(s))
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×
s∫

t∗

(s− ξ)l−2

ξ∫

t∗

ξn−l
1 ϕ(Θλ∗)(ξ1)dξ1dξds.

Hence, if we take into account (1.13l), (3.18) and (3.19), for sufficiently large k
we obtain

u(σ̃(tk)) ≥
γ1(

c
2
)ε0

∏n−1
i=0;i6=l−1 |λ∗ − i|u(σ̃(tk))(σ̃(tk))

ε0+l−λ∗

(l − 2)!(n− l − 1)!

×
+∞∫

eσ(tk)

sε0−n(s− σ̃(tk))
n−l−1

s∫

t∗

(s− ξ)l−2ξλ∗+1−ldξds.

On the other hand, since

s∫

t∗

(s− ξ)l−2ξλ∗+1−ldξ =
(l − 2)!∏l−2
i=0 |λ∗ − i|s

λ∗(1 + o(1)),

from the latter inequality we obtain

1 ≥ γ1(
c
2
)ε0

∏n−1
i=0;i6=l−1 |λ∗ − i|(σ̃(tk))

ε0+l−λ∗(1 + o(1))

(n− l − 1)!
∏l−2

i=0 |λ∗ − i|

×
+∞∫

eσ(tk)

s−n−ε0+λ∗(s− σ̃(tk))
n−l−1ds

=
γ1(

c
2
)ε0

∏n−1
i=0;i6=l−1 |λ∗ − i|(σ̃(tk))

ε0+l−λ∗(σ̃(tk))
λ∗−l−ε0(1 + o(1))

∏l−2
i=0 |λ∗ − i|∏n−1

i=l |λ∗ − i− ε0|
.

Hence for sufficiently large k, according to (3.14), we obtain 1 > (1+o(1)). The
obtained contradiction proves that l 6∈ {1, . . . , n− 1}, where l + n is odd. This
proves the validity of the theorem.

Theorem 3.1′. Let condition (1.2) be fulfilled, l ∈ {1, . . . , n− 1} with l + n
odd and there exist ϕ ∈ M(σ, σ) such that conditions (3.3)–(3.5l) are fulfilled.
Let, moreover, there exist γ1 > 1 such that for any λ ∈ (l − 1, l]

lim inf
t→+∞

t−1

t∫

0

sn−λϕ(Θλ)(s)ds > γ1

n−1∏
i=0

|λ− i|, (3.21l)

where Θλ(t) = tλ. Then equation (1.1) has no proper solution satisfying condi-
tion (2.1l).

Proof. To prove Theorem 3.1′, it is sufficient to show the that condition (3.6l)
follows from condition (3.21l). Indeed, by (3.21l) there exist t∗ ∈ [1, +∞) and
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γ ∈ (1, γ1] such that

t−1

t∫

0

sn−λϕ(Θλ)(s)ds > γ

n−1∏
i=0

|λ− i| for t ≥ t∗.

Therefore for any λ ∈ (l − 1, l] we have

tl−1−λ

t∫

0

sn−lϕ(Θλ)(s)ds = tl−1−λ

t∫

0

sλ−ld

s∫

0

ξn−λϕ(Θλ)(ξ)dξ

= t−1

t∫

0

sn−lϕ(Θλ)(s)ds + (l − λ)tl−1−λ

t∫

t∗

sλ−l−1

s∫

0

ξn−λϕ(Θλ)(ξ)dξds

≥ γ

n−1∏
i=0

|λ− i|
(

1 + (l − λ)tl−1−λ

t∫

t∗

sλ−lds

)

= γ

n−1∏
i=0

|λ− i|
(
1 +

l − λ

λ + 1− l
+ o(1)

)

= γ

n−1∏

i=0,i6=l−1

|λ− i|+ o(1) for t ≥ t∗.

Hence condition (3.6l) is fulfilled, which proves the validity of the theo-
rem. ¤

4. Functional Differential Equations with a Non-Linear
Minorant

Using the results of in Section 3, for differential equations of sufficiently gen-
eral type (1.1) it is possible to obtain sufficient conditions for a given equation
to have Property A. Moreover, the obtained results are optimal.

Theorem 4.1. Let F ∈ V (τ), and conditions (1.2), (3.3), (3.4) and
(3.5n−1) be fulfilled with ϕ ∈ M(σ, σ). If, moreover, conditions (3.6l) are fulfilled
for any l ∈ {1, . . . , n− 1} with l + n odd, then equation (1.1) has Property A.

Proof. First of all show that according to (3.1), (3.4) and (3.5n−1) condition
(3.5l) is fulfilled for any l ∈ {0, . . . , n−1}. Indeed, by virtue of (3.4) there exist
c0 > 0 and t1 ∈ R+ such that (σ(t))1+l−n ≥ c0t

1+l−n for t ≥ t1 and for any
l ∈ {0, . . . , n − 1}. Therefore for sufficiently large t, by virtue of (3.1), for any
c > 0 we have

ϕ(cΘl)(t) ≥ (σ(t))1+l−nϕ(cΘn−1)(t) ≥ c0t
1+l−nϕ(cΘn−1)(t),

where Θi(t) = ti (i = l, n− 1). Therefore, (3.5n−1) implies that
∞∫

tn−l−1ϕ(cΘl)(t)dt ≥ c0

+∞∫
ϕ(cΘn−1)(t)dt = +∞.
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Hence (3.5l) is fulfilled for any l ∈ {0, . . . , n− 1} and any c > 0.
Now assume that u : [t0, +∞) → R is a non-oscillatory solution of equation

(1.1). Without loss of generality, we assume that u(t) > 0 for t ≥ t0. Then using
Lemma 2.1 there exists l ∈ {0, . . . , n−1}, where l+n is odd, such that conditions
(2.1l) are fulfilled. According to (3.6l) and Theorem 3.1, l 6∈ {1, . . . , n − 1}.
Hence n is odd and l = 0. Then by (3.50) we can easily show that the solution
u satisfies conditions (1.3). This proves the validity of the theorem. ¤

Theorem 4.1′. Let F ∈ V (τ), and conditions (1, 2), (3.3), (3.4) and (3.5n−1)
be fulfilled with ϕ ∈ M(σ, σ). If, moreover, conditions (3.21l) are fulfilled for
any l ∈ {0, . . . , n− 1}, where l + n is odd, then equation (1.1) has Property A.

To prove the theorem it is sufficient to note that the validity of conditions
(3.6l) follows from conditions (3.21l), where l ∈ {0, . . . , n− 1} and l + n is odd.

Remark 4.1. We cannot ignore any of the conditions in Theorems 4.1 and
4.1′ the theorems will not be valid in general.

5. Equations with a Linear Minorant

Theorem 5.1. Let F ∈ V (τ), condition (1.2) be fulfilled and let for any
t0 ∈ R+

|F (u)(t)| ≥
m∑

i=1

σi(t)∫

τi(t)

|u(s)|dsri(s, t) for t ≥ t0, u ∈ Ht0,τ , (5.1)

where τi, σi ∈ C(R+; R+), τi(t) ≤ σi(t) for t ∈ R+, limt→+∞ τi(t) = +∞, while
the functions ri : R+ × R+ → R are nondecreasing in the first argument and
Lebesgue integrable in the second argument on any finite subsegment of [0, +∞)
(i = 1, . . . , m), and

lim inf
t→+∞

t

σi(t)
> 0 (i = 1, . . . ,m). (5.2)

If, moreover, for any l ∈ {1, . . . , n − 1} and λ ∈ (l − 1, l], where l + n is odd,
there exists γ > 1 such that

lim inf
t→+∞

tl−1−λ

t∫

0

ξn−l

m∑
i=1

σi(ξ)∫

τi(ξ)

sλdsri(s, ξ)dξ > γ

n−1∏

i=0;i 6=l−1

|λ− i| , (5.3l)

then equation (1.1) has Property A.

Proof. First of all show that from (5.3l) it follows that

+∞∫ m∑
i=1

σi(ξ)∫

τi(ξ)

sn−1dsri(s, ξ)dξ = +∞. (5.4)
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Indeed, when λ = n− 1 from (5.3n−1) we have

lim inf
t→+∞

t−1

t∫

0

ξ

m∑
i=1

σi(ξ)∫

τi(ξ)

sn−1dsri(s, ξ)dξ > 0. (5.5)

Now assume that condition (5.4) is not fulfilled. Then for any ε > 0 there
exists t0 ∈ R+, such that

+∞∫

t0

m∑
i=1

σi(ξ)∫

τi(ξ)

sn−1dsri(s, ξ)dξ < ε.

Therefore

lim sup
t→+∞

t−1

t∫

0

ξ

m∑
i=1

σi(ξ)∫

τi(ξ)

sn−1dsri(s, ξ)dξ =

= lim sup
t→+∞

{
t−1

t0∫

0

ξ

m∑
i=1

σi(ξ)∫

τi(ξ)

sn−1dsri(s, ξ)dξ+t−1

t∫

t0

ξ

m∑
i=1

σi(ξ)∫

τi(ξ)

sn−1dsri(s, ξ)dξ

}

≤ lim sup
t→+∞

t∫

t0

m∑
i=1

σi(ξ)∫

τi(ξ)

sn−1dsri(s, ξ)dξ<ε.

Since ε > 0 is arbitrary, this contradicts condition (5.5), i.e., (5.4) is fulfilled.
Therefore according to (5.1)–(5.4) it is obvious that the conditions of Theorem
4.1 are fulfilled, where

ϕ(x)(t) =
m∑

i=1

σi(t)∫

τi(t)

x(s)dsri(s, t),

σ(t) = max{σi(t) : i = 1, . . . , m},

(5.6)

which proves the validity of Theorem 5.1. ¤

Theorem 5.1′. Let F ∈ V (τ), and conditions (1.2), (5.1), (5.2) be fulfilled.
Besides, let for any l ∈ {1, . . . , n− 1} with l + n is odd and λ ∈ (l − 1, l]

lim inf
t→+∞

t−1

t∫

0

ξn−λ

m∑
i=1

σi(ξ)∫

τi(ξ)

sλdsri(s, ξ)dξ > γ

n−1∏
i=01

|λ− i|. (5.7l)

Then equation (1.1) has Property A.

Proof. It suffices to note that the conditions of Theorem 5.1 are fulfilled with
ϕ and σ defined by (5.6). ¤
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Theorem 5.2. Let F ∈ V (τ), condition (1.2) be fulfilled and for any t0 ∈ R+

|F (u)(t)| ≥
m∑

i=1

pi(t)|u(δi(t))| for t ≥ t0, u ∈ Ht0,τ , (5.8)

pi ∈ Lloc(R+; R+), δi ∈ C(R+; R+), lim
t→+∞

δi(t) = +∞,

lim inf
t→+∞

t

δi(t)
> 0 (i = 1, . . . , m).

(5.9)

Besides, let for any l ∈ {1, . . . , n− 1} with l + n odd and λ ∈ (l − 1, l], there
exist γ > 1 such that

lim inf
t→+∞

tl−1−λ

t∫

0

ξn−λ ×
m∑

i=1

pi(ξ)δ
λ
i (ξ)dξ > γ

n−1∏

i=0;i6=l−1

|λ− i|. (5.10l)

Then equation (1.1) has Property A.

Proof. According to (5.8) and (5.10l), conditions (5.1) and (5.3l) are fulfilled
with

τi(t) = δi(t)− 1, σi(t) = δi(t),

ri(s, t) = pi(t)e(s− δi(t)) (i = 1, . . . , n),
(5.11)

where the function e(t) is defined by the equality

e(t) =

{
0 for t ∈ (−∞, 0),

1 for t ∈ [0, +∞).
(5.12)

The theorem is proved. ¤
Theorem 5.2′. Let F ∈ V (τ), and conditions (1.2), (5.8) and (5.9) be

fulfilled. Besides, if for any l ∈ {1, . . . , n− 1} with l + n odd and λ ∈ (l − 1, l]
there exists γ > 1 such that

lim inf
t→+∞

t−1

t∫

0

ξn−λ

m∑
i=1

pi(ξ)δ
λ
i (ξ)dξ > γ

n−1∏
i=0

|λ− i|, (5.13l)

then equation (1.1) has Property A.

Proof. To prove the theorem it suffices to note that from inequality (5.13l)
follows inequality (5.10l) (see the proof of Theorem 3.1′). ¤

Corollary 5.1. Let F ∈ V (τ), conditions (1.2) and (5.8) be fulfilled, and

αi ∈ (0, +∞), δi(t) ≥ αit for t ∈ R+ (i = 1, . . . , m). (5.14)

Besides, let there exist p̃ ∈ Lloc(R+; R+) such that

lim inf
t→+∞

t−1

t∫

0

ξn

m∑
i=1

(pi(ξ)− p̃(ξ))αλ
i dξ ≥ 0 for any l ∈ {1, . . . , n− 1}

where l + n odd and λ ∈ (l − 1, l]. (5.15l)
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Then the condition

lim inf
t→+∞

t−1

t∫

0

ξnp̃(ξ)dξ

> max

{
− λ(λ− 1) · · · (λ− n + 1)

( m∑
i=1

αλ
i

)−1

: λ ∈ [0, n− 1]

}
(5.16)

is sufficient for equation (1.1) to have Property A.

Proof. To prove the corollary it suffices to note that by (5.14), (5.15l) and (5.16)
conditions (5.13l) are fulfilled for any l ∈ {1, . . . , n− 1} with l + n odd. ¤

Corollary 5.1′. Let F ∈ V (τ), and conditions (1.2), (5.8) and (5.14) be
fulfilled. Besides, let there exist p̃ ∈ Lloc(R+; R+) such that

p̃(t) = pi(t) + o(tn) (i = 1, . . . , m). (5.17)

Then condition (5.16) is sufficient for equation (1.1) to have Property A.

Proof. To prove the corollary, it suffices to note that (5.17) imply the validity of
conditions (5.15l) for any l ∈ {1, . . . , n−1} with n+ l odd and λ ∈ (l−1, l]. ¤

Corollary 5.2. Let F ∈ V (τ), condition (1.2) be fulfilled and for any t0 ≥ 1

|F (u)(t)| ≥ c

tn+1

αt∫

αt

u(s)ds for t ≥ t0, u ∈ Ht0,τ , (5.18)

where 0 < α < α and

c>max{−(λ + 1)λ . . . (λ− n + 1)(α λ+1−αλ+1)−1 : λ ∈ [0, n− 1]}. (5.19)

Then equation (1.1) has Property A.

Proof. By (5.18) and (5.19) the conditions of Theorem 4.1′ are fulfilled, where

ϕ(x)(t) =
c

tn+1

αt∫

αt

x(s)ds, σ(t) = αt.

The corollary is proved. ¤

Corollary 5.3. Let c > 0, 0 < α < α. Then for the equation

u(n)(t) +
c

tn+1

αt∫

αt

u(s)ds = 0, t ≥ 1, (5.20)

to have Property A it is necessary and sufficient that (5.19) be fulfilled.

Proof. The necessity is obvious. The sufficiency follows from Corollary 5.2. ¤
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Corollary 5.4. Let F ∈ V (τ), condition (1.2) be fulfilled and for any t0 ≥ 1

|F (x)(t)| ≥
m∑

i=1

ci

tn
|u(αit)| for t ≥ t0, u ∈ Ht0,τ . (5.21)

If, moreover, the inequality

max{−λ(λ− 1) . . . (λ− n + 1)

( m∑
i=1

ciα
λ
i

)−1

: λ ∈ [0, n− 1]} < 1 (5.22)

holds, then equation (1.1) has Property A.

Proof. According to (5.21) and (5.22), it is obvious that conditions (5.13l) are
fulfilled for any l ∈ {1, . . . , n − 1} with l + n odd, δi(t) = αit, pi(t) = ci

tn
(i =

1, . . . , m). Therefore the validity of the corollary follows from Theorem 5.2′. ¤

Corollary 5.5. Let ci, αi ∈ (0, +∞) (i = 1, . . . , m). Then for the equation

u(n)(t) +
m∑

i=1

ci

tn
u(αit) = 0, t ≥ 1, (5.23)

to have Property A, it is necessary and sufficient that (5.22) be fulfilled.

Proof. The necessity is obvious. The sufficiency follows from Corollary 5.4. ¤

6. Some Auxiliary Lemmas for Volterra Type Differential
Inequalities

As was mentioned at the beginning of Section 3, we denote by M(σ, σ) the
set of continuous mappings ϕ satisfying conditions (3.1) and (3.2). Moreover,
we assume below that one of the conditions

σ(t) ≤ t for t ∈ R+ (6.1)

and

σ(t) ≥ t for t ∈ R+ (6.2)

is fulfilled.
Consider a differential inequality of the type

u(n)(t)signu(t) + p(t)|u(δ(t))| ≤ 0, (6.3)

with n ≥ 2, p ∈ Lloc(R+; R+), δ ∈ C(R+; R+), limt→+∞ δ(t) = +∞,

+∞∫
δn−1
0 (t)p(t)dt = +∞, (6.4)

where δ0(t) = min{t, δ(t)}.
Lemma 6.1. Let δ(t) ≤ t for t ∈ R+. For the differential inequality (6.3) to

have Property A it is necessary and sufficient that it have no solution satisfying
(2.1n−1).
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Lemma 6.2. Let δ(t) ≥ t for t ∈ R+ and n be even (n be odd). Then for
the differential inequality (6.3) to have Property A it is necessary and sufficient
that it have no solution satisfying (2.11) ((2.12) and (2.1n−1)).

The proof of Lemmas 6.1 and 6.2 see in [9, Lemmas 5.2 5.4].

Lemma 6.3. Let ϕ ∈ M(σ, σ), condition (6.1) be fulfilled and for sufficiently
large t

ϕ(xy)(t) ≤ y(σ(t))ϕ(x)(t) when x(t) ↑ +∞ and y(t) ↑ +∞. (6.5)

Then for the differential inequality

u(n)(t)signu(t) + ϕ(|u|)(t) ≤ 0 (6.6)

to have Property A it is necessary and sufficient that the differential inequality
(6.6) have no solution of type (2.1n−1).

Proof. The necessity is obvious. Show the sufficiency. Let the inequality have
no solution of type (2.1n−1) and show that it has Property A. First of all note
that since inequality (6.6) has no solution of type (2.1n−1), according to Lemma
4.1 in [9] we have

+∞∫
ϕ(cΘn−1)(t)dt = +∞ for any c > 0, (6.7)

where Θn−1(t) = tn−1. On the other hand, if we take into account (3.2), (6.1)
and (6.7), we obtain

+∞∫
tn−i−1ϕ(cΘi)(t)dt = +∞ for any c > 0, (6.8i)

where Θi(t) = ti (i = 0, . . . , n− 1). ¤
Now suppose that the differential inequality (6.6) has no Property A and

u : [t0, +∞) → R is a proper nonoscillatory solution of the differential inequality
(6.6). Then if we take into account Lemma 2.1 and (6.6), without loss of
generality we can assume that the function u satisfies conditions (2.1l), where
l ∈ {0, . . . , n−3}, l+n is odd. Show that if n is odd and l = 0, then conditions
(1.3) are fulfilled. Indeed, otherwise there exist c0 > 0 and t∗ ≥ t0 such that
u(t) ≥ c0 for t ≥ t∗. Therefore, if we take into account (2.10) and (3.1), from
inequality (6.6) we obtain

+∞∫

t∗

tn−1ϕ(c0)(t)dt ≤ (n− 1)!
n∑

i=1

|u(i−1)(t∗)|,

where t∗ > t∗ is a sufficiently large number. The latter inequality contradicts
condition (5.80). The obtained contradiction proves that condition (1.3) is ful-
filled. Therefore, since by the assumption the differential inequality has no Prop-
erty A, inequality (6.6) has a solution of type (2.1l), where l ∈ {1, . . . , n − 3},
l + n is odd. By (2.1l), there exists c0 > 0 such that u(t) ≥ c0t

l−1 for t ≥ t1,
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where t1 is a sufficiently large number. Therefore taking into account (3.1),
(3.2) and (6.1), from (6.6) for sufficiently large t we have

|u(n)(t)| ≥ ϕ(|u|)(t) ≥ ϕ(c0Θl−1)(t) ≥ (σ(t))−1ϕ(c0Θl)(t) ≥ c1

2
t−1ϕ(c0Θl)(t),

where Θi(t) = ti (i = l − 1, l), c1 = lim inft→+∞ t
σ(t)

. From the latter inequality

by (6.8l) it is obvious that condition (2.6) is fulfilled. Hence the conditions of
Lemma 2.2 are fulfilled. Therefore, by the first condition of (3.2) and (2.90),
the function u for sufficiently large t satisfies the differential inequality

u(n)(t) + ϕ(Θl)(t)
u(σ(t))

(σ(t))l
≤ 0, (6.9)

where Θl(t) = tl. On the other hand, according to (6.1), (6.5) and (6.7) condi-
tion (6.4) is fulfilled, where δ0(t) = σ(t) and p(t) = ϕ(Θl)(t) (σ(t))−l. Therefore
by Lemma 6.1 inequality (6.9) has a solution u1 of type (2.1n−1). Since l ≤ n−3,

it is obvious that u1(t)
tl

↑ +∞ as t ↑ +∞. Therefore (6.5) gives that for suffi-
ciently large t u1 is a solution of type (2.1n−1) of the differential inequality (6.6).
This contradicts the condition of the lemma. The obtained contradiction proves
the validity of the lemma.

Lemma 6.4. Let ϕ ∈ M(σ, σ), condition (6.2) be fulfilled,

lim inf
t→+∞

t

σ(t)
> 0, (6.10)

ϕ(xy)(t) ≥ x(σ(t))ϕ(y)(t)

for x(t) ↑ +∞ and y(t) ↑ +∞ for t ↑+∞, (6.11)

and
+∞∫

tn−1ϕ(c)(t)dt = +∞ for any c > 0. (6.12)

Then for the differential inequality (6.6) to have Property A, it is necessary and
sufficient in the case of even n (odd n) that the differential inequality (6.6) have
no solutions of type (2.11) ((2.12) and (2.1n−1)).

Proof. The necessity is obvious. Show the sufficiency. Consider the case where
n is even and show that the differential inequality (6.6) has Property A. First of
all note that since inequality (6.6) has no solution of type (2.11), due to Lemma
4.1 in [9] we have

+∞∫
tn−2ϕ(cΘ1)(t)dt = +∞ for any c > 0,

where Θ1(t) = t. Therefore, if we take into account (5.2) and (5.11), we obtain

+∞∫
tn−i−1ϕ(cΘi)(t)dt = +∞ for any c > 0 (i = 1, . . . , n− 1), (6.13i)

where Θi(t) = ti.
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Now suppose that the differential inequality (6.6) has no Property A and
u : [t0, +∞) → R is a proper nonoscillatory solution of the differential inequality
(6.6). Then using to (6.6) and Lemma 2.1, without loss of generality we can
assume that conditions (2.1l) are fulfilled, where l ∈ {3, . . . , n − 1} and l + n
is odd. According to (2.1l), (6.13l−1), (6.2), (3.1) and (6.6) it is obvious that
condition (2.6) is fulfilled. Therefore according to the second condition of (2.90)
and (6.11) from (6.6) it follows that for sufficiently large t u is a proper solution
of type (2.1l) of the differential inequality

u(n)(t) + ϕ(Θl−1)(t)
u(σ(t))

(σ(t))l−1
≤ 0. (6.14)

On the other hand, by (6.10) and (6.13l−1) condition (6.4) is fulfilled with
δ0(t) = t, p(t) = (σ(t))1−lϕ(Θl−1)(t). Therefore, by Lemma 6.2 the differential
inequality (6.14) has a proper solution u1 of type (2.11). Since for the function

u1 the conditions of Lemma 2.2 are fulfilled, we have u1(t)
tl−1 ↓ 0 for t ↑ +∞.

Therefore, due to (6.11), for sufficiently large t we have

ϕ(Θl−1)(t) ≥ (σ(t))l−1

u1(σ(t))
ϕ(u1)(t).

If we take into account the latter inequality, from (6.14) we obtain that for
sufficiently large t the function u1 is a proper solution of type (2.11) of the
differential inequality (6.6), which contradicts the condition of the lemma. In
case of even n the obtained contradiction proves that the differential inequality
(6.6) has Property A. As for the case of odd n, by a reasoning analogous to the
above we will show that the differential inequality (6.6) has no proper solution
of type (2.1l), where l ∈ {1, . . . , n− 1} and l +n odd. On the other hand, if the
differential inequality (6.6) has a proper nonoscillatory solution of type (2.10),
then using (6.12) we easily show that the function u satisfies conditions (1.3).
Hence, in the case of odd n too inequality (6.6) has Property A, which proves
the validity of the lemma. ¤

Remark 6.1. It is obvious that if the operator ϕ satisfies the conditions of
any of the theorems given in Section 3, then the differential inequality (6.6) has
no solution of type (2.1l), where l ∈ {1, . . . , n− 1} and l + n is odd.

7. Functional Differential Equations with a Volterra Type
Minorant

In the theorems given in Sections 4 and 5, in the case of existence of a Volterra
type minorant [n

2
] the conditions (which are essential in the theorem) can be

replaced by one or two conditions.

Theorem 7.1. Let F ∈ V (τ), and conditions (1.2), (3.3), (6.1), (6.5) be
fulfilled with ϕ ∈ M(σ, σ). Then condition (3.6n−1) is sufficient for equation
(1.1) to have Property A.
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Proof. Let u : [t0, +∞) → R be a proper nonoscillatory solution of equation
(1.1). Then according to Lemma 1.1 and (1.2), without loss of generality we
can assume that u satisfies conditions (2.1l) where l + n is odd. According to
(3.3) the function u for sufficiently large t satisfies the differential inequality
(6.6). Let l ∈ {1, . . . , n−1}, where l+n is odd. Since the differential inequality
(6.6) has no Property A, according to Lemma 6.3 it has a proper solution of
type (2.1n−1). On the other hand, if we take into account Remark 6.1, since
the operator ϕ satisfies the conditions of Theorem 3.1, by virtue of (3.6n−1)
the differential inequality (6.6) has no solution of type (2.1n−1). The obtained
contradiction proves that l 6∈ {1, . . . , n − 1}. Let n be odd and l = 0. Taking
into account (6.80), (2.10) and (3.3), since ϕ ∈ M(σ, σ), from (1.1) we can easily
show that conditions (1.3) are fulfilled. Hence equation (1.1) has Property A.
The theorem is proved. ¤

Analogously, we can prove the following statement, taing into account The-
orem 3.1’.

Theorem 7.1′. Let F ∈ V (τ), and conditions (1.2), (3.3), (6.1) and (6.5) be
fulfilled with ϕ ∈ M(σ, σ). Then condition (3.21n−1) is sufficient for equation
(1.1) to have Property A.

If we use Lemma 6.4 instead of Lemma 6.3, Theorems 7.2 and 7.2′ below can
be proved analogously to Theorems 7.1 and 7.1′.

Theorem 7.2. Let F ∈ V (τ), and conditions (1.2), (3.3), (3.4), (6.2), (6.11)
and (6.12) be fulfilled, where ϕ ∈ M(σ, σ). Then for equation (1.1) to have
Property A it is sufficient in the case of an even n that condition (3.61) be
fulfilled and in the case of an odd n conditions (3.62) and (3.6n−1) be fulfilled.

Theorem 7.2′. Let F ∈ V (τ), and conditions (1.2), (3.3), (3.4), (6.2),
(6.11) and (6.12) be fulfilled, where ϕ ∈ M(σ, σ). Then for equation (1.1) to
have Property A, it is sufficient in the case of an even n that condition (3.211) be
fulfilled and in the case of an odd n conditions (3.212) and (3.21n−1) be fulfilled.

Remark 7.1. In the case of an odd n in Theorem 7.2 (in Theorem 7.2′) if at
least one of conditions (3.62) and (3.6n−1) (conditions (3.212) and (3.21n−1)) is
not fulfilled, then the theorem is not valid in general.

8. Functional Differential Equations with a Linear Volterra
Minorant

Theorem 8.1. Let F ∈ V (τ), conditions (1.2) and (5.1) be fulfilled and

τi(t) ≤ σi(t) ≤ t for t ∈ R+ (i = 1, . . . ,m). (8.1)

Then condition (5.3n−1) is sufficient for equation (1.1) to have Property A.

Proof. To prove the Theorem it is sufficient to note that due to (1.2), (5.1),
(5.3n−1) and (8.1) the conditions of Theorem 7.1 are fulfilled where the operator
ϕ is given by equality (5.6),

σ(t) = min{τi : i = 1, . . . ,m}, σ(t) = max{σi(t) : i = 1, . . . ,m}. (8.2)
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The theorem is proved. ¤
Theorem 8.1′. Let F ∈ V (τ), and conditions (1.2), (5.1) and (8.1) be

fulfilled. Then condition (5.7n−1) is sufficient for equation (1.1) to have Prop-
erty A.

Proof. To prove the theorem it is sufficient to note that the conditions of Theo-
rem 7.1′ are fulfilled, where the operator ϕ and the functions σ and σ are given
respectively by equalities (5.6) and (8.2). ¤

Theorem 8.2. Let F ∈ V (τ), conditions (1.2) and (5.8) be fulfilled and

δi(t) ≤ t for t ∈ R+ (i = 1, . . . , m). (8.3)

Then condition (5.10n−1) is sufficient for equation (1.1) to have Property A.

Proof. By virtue of the conditions of Theorem 8.2 it is obvious that the condi-
tions of Theorem 7.1 are fulfilled, where the operator ϕ is given by (5.6), and
the functions τi(t), σi(t) and ri(s, t) (i = 1, . . . , m) are given by equalities (5.11)
and (5.12). ¤

Using Theorem 7.1′, we can analogously prove the following

Theorem 8.2′. Let F ∈ V (τ), and conditions (1.2), (5.8) and (8.3) be
fulfilled. Then condition (5.13n−1) is sufficient for equation (1.1) to have Pro-
perty A.

Corollary 8.1. Let F ∈ V (τ), conditions (1.2) and (5.8) be fulfilled and

αit ≤ δi(t) ≤ t for t ∈ R+ (i = 1, . . . , m), (8.4)

where αi ∈ (0, 1]. If, moreover, there exists p̃ ∈ Lloc(R+; R+) such that

lim inf
t→+∞

t−1

t∫

0

ξn

m∑
i=1

αλ
i (pi(ξ)− p̃(ξ))dξ ≥ 0 for any λ ∈ (n− 2, n− 1], (8.5)

then for equation (1.1) to have Property A it is sufficient that

lim inf
t→+∞

t−1

t∫

0

ξnp̃(ξ)dξ

> max

{
− λ(λ− 1) . . . (λ− n + 1)

( m∑
i=1

αλ
i

)−1

: λ ∈ [n− 2, n− 1]

}
. (8.6)

Proof. By Theorem 8.2′, to prove the corollary it is sufficient to note that from
conditions (8.4)–(8.6) imply condition (5.13n−1). ¤

Corollary 8.1′. Let F ∈ V (τ), and conditions (1.2), (5.8) and (8.4) be
fulfilled. If, moreover, there exists p̃ ∈ Lloc(R+; R+) such that

pi(t) = p̃(t) + o(tn) (i = 1, . . . , m), (8.7)

then condition (8.6) is sufficient for equation (1.1) to have Property A.
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Proof. The validity of Corollary 8.1′ follows from Corollary 8.1 since (8.5) follows
from (8.7). ¤

Corollary 8.2. Let p ∈ Lloc(R+; R+) and

lim inf
t→+∞

t−1

t∫

0

ξnp(ξ)dξ

> max{−λ(λ− 1) . . . (λ− 1 + n + 1) : λ ∈ [n− 2, n− 1]}.
Then equation (1.4) has Property A.

Remark 8.1. Corollary 8.2 is an integral generalization of a well-known the-
orem by V. Kondrat’ev.

Corollary 8.3. Let F ∈ V (τ) and conditions (1.2) and (5.8) be fulfilled,
where

m = 1 δ1(t) ≤ t for t ∈ R+, lim inf
t→+∞

δ1(t)

tα
> 0, (8.8)

with α ∈ (0, 1). Then for equation (1.1) to have Property A it is sufficient that

lim inf
t→+∞

t−1

t∫

0

ξ1+α(n−1)p1(ξ) dξ > 0. (8.9)

Proof. To prove the corollary to Theorem 8.1′, it is sufficient to show that
condition (5.13n−1) is fulfilled with m = 1. In the case λ = n− 1, it is obvious
by (8.9) that condition (5.13n−1) is fulfilled. Let λ ∈ (n−2, n−1). According to
the second condition of (8.8) there exist t0 > 0 and c0 > 0 such that δ1(t) ≥ c0t

α

when t ≥ t0. Therefore, since (1− α)(n− 1− λ) > 0 for any T > t0, we have

lim inf
t→+∞

t−1

t∫

0

sn−λδλ
1 (s)p1(s)ds = lim inf

t→+∞
t−1

t∫

T

sn−λδλ
1 (s)p1(s)ds

≥ cλ
0 lim inf t−1

t∫

T

sn−λ+αλp1(s)ds

= cλ
0 lim inf

t→+∞
t−1

t∫

T

s(1−α)(n−1−λ)s1+α(n−1)p1(s)ds

≥ cλ
0T

(1−α)(n−1−λ) lim inf
t→+∞

t−1

t∫

T

s1+α(n−1)p1(s)ds.

Hence, taking into account (8.9) and the fact that T is arbitrary, we have

lim inf
t→+∞

t−1

t∫

0

sn−λδλ
1 (s)p1(s)ds = +∞ for λ ∈ (n− 2, n− 1).
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Thus for any λ ∈ (n− 2, n− 1] (5.13n−1) is fulfilled with m = 1, which proves
the validity of the corollary. ¤

Corollary 8.4. Let F ∈ V (τ) and conditions (1.2) and (5.21) be fulfilled,
where ci ∈ (0, +∞), αi ∈ (0, 1] (i = 1, . . . , m). Then for equation (1.1) to have
Property A it is sufficient that

max
{
− λ(λ− 1) · · · (λ− n + 1)

( m∑
i=1

ciα
λ
i

)−1

: λ ∈ [n− 2, n− 1]
}

< 1. (8.10)

The validity of the corollary follows from Theorem 8.1′.

Corollary 8.5. Let ci ∈ (0, +∞), αi ∈ (0, 1] (i = 1, . . . ,m). Then condition
(8.10) is necessary and sufficient for equation (5.23) to have Property A.

The necessity is obvious. The sufficiency follows from Corollary 8.4.

Corollary 8.6. If F ∈ V (τ), conditions (1.2) and (5.18) are fulfilled with
0 < α < α ≤ 1 and

c > max
{− (λ + 1)λ(λ− 1) · · · (λ− n + 1)

(
αλ+1 − αλ+1

)−1
:

λ ∈ [n− 2, n− 1]
}
, (8.11)

then equation (1.1) has Property A.

Proof. According to (8.11), the validity of the corollary follows from Theorem
7.1′, where the operator ϕ and the functions σ and σ are given by the equalities

ϕ(x)(t) =
c

tn+1

αt∫

αt

x(s) ds, σ(t) = αt, σ(t) = αt.

The corollary is proved. ¤
Corollary 8.7. Let c > 0, 0 < α < α ≤ 1. Then for equation (5.20) to have

Property A it is necessary and sufficient that (8.11) be fulfilled.

The necessity is obvious. The sufficiency follows from Corollary 8.6.

Theorem 8.3. Let F ∈ V (τ), conditions (1.2), (5.1) and (5.2) be fulfilled,
and

t ≤ τi(t) ≤ σi(t) for t ∈ R+ (i = 1, . . . ,m). (8.12)

Then for equation (1.1) to have Property A it is sufficient that condition (5.31)
be fulfilled for even n and conditions (5.32) and (5.3n−1) be fulfilled for odd n.

Proof. The validity of the theorem follows from Theorem 7.2, where the operator
ϕ is given by equality (5.6) and the functions σ and σ are given by equalities
(8.2). ¤

Analogously, Theorem 7.2′ leads to

Theorem 8.3′. Let F ∈ V (τ), conditions (1.2), (5.1), (5.2) and (8.12)
be fulfilled. Then for equation (1.1) to have Property A it is sufficient that



ON HIGHER ORDER FDE WITH PROPERTY A 335

condition (5.71) be fulfilled for even n and conditions (5.72) and (5.7n−1) be
fulfilled for odd n.

Theorems 8.3 and 8.3′, Corollaries 8.8–8.12 below are proved analogously to
Corollaries 8.1–8.7.

Corollary 8.8. Let F ∈ V (τ), and conditions (1.2) and (5.8) be fulfilled,
where

δi(t) ≥ αit for t ∈ R+ αi ∈ [1, +∞) (i = 1, . . . , m). (8.13)

Besides, let there exist p̃ ∈ Lloc(R+; R+) such that in the case of even n (in the
case of odd n) condition (5.151) ((5.152) and (5.15n−1)) is fulfilled.

Then for equation (1.1) to have Property A it is sufficient that in the case of
even n (in the case of odd n)

lim inf
t→+∞

t−1

t∫

0

snp̃(s)ds

> max
{
− λ(λ− 1) · · · (λ− n + 1)

( m∑
i=1

αλ
i

)−1

: λ ∈ [0, 1]
}

(8.14)

(
lim inf
t→+∞

t−1

t∫

0

snp̃(s)ds > max
{
− λ(λ− 1) · · · (λ− n + 1)

×
( m∑

i=1

αλ
i

)−1

: λ ∈ [1, 2] ∪ [n− 2, n− 1]
})

. (8.15)

Corollary 8.8′. Let F ∈ V (τ) and conditions (1.2), (5.8) and (8.13) be
fulfilled. Besides, let there exist p̃ ∈ Lloc(R+; R+) such that conditions (5.17)
are fulfilled. Then for equation (1.1) to have Property A it is sufficient that in
the case of even n (in the case of odd n) condition (8.14) ((8.15)) be fulfilled.

Corollary 8.9. If F ∈ V (τ), conditions (1.2) and (5.18) are fulfilled with
1 ≤ α < α and n even (n odd)

c > max
{− (λ + 1)λ(λ− 1) · · · (λ− n + 1)

× (
αλ+1 − αλ+1

)−1
: λ ∈ [0, 1]

}
, (8.16)(

c > max
{− (λ + 1)λ(λ− 1) · · · (λ− n + 1)

× (
αλ+1 − αλ+1

)−1
: λ ∈ [1, 2] ∪ [n− 2, n− 1]

})
, (8.17)

then equation (1.1) has Property A.

Corollary 8.10. Let c > 0, 1 ≤ α < α. Then for equation (5.20) to have
Property A it is necessary and sufficient that (8.16) ((8.17)) be fulfilled when n
is even (when n is odd).

Corollary 8.11. Let F ∈ V (τ) and conditions (1.2) and (5.21) be fulfilled,
where αi ∈ [1, +∞), ci ∈ (0, +∞) (i = 1, . . . , m). Then for equation (1.1) to
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have Property A it is sufficient that the condition

max
{
− λ(λ− 1) · · · (λ− n + 1)

( m∑
i=1

ciα
λ
i

)−1

: λ ∈ [0, 1]
}

< 1 (8.18)

(
max

{
− λ(λ− 1) · · · (λ− n + 1)

×
( m∑

i=1

ciα
λ
i

)−1

: λ ∈ [1, 2] ∪ [n− 2, n− 1]
}

< 1
)

(8.19)

be fulfilled for even n (for odd n) .

Corollary 8.12. Let ci ∈ (0, +∞), αi ∈ [1, +∞) (i = 1, . . . , m). Then for
equation (5.23) to have Property A it is necessary and sufficient that condition
(8.18) ((8.19)) be fulfilled for even n (for odd n).
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