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BADORA’S EQUATION ON NON-ABELIAN LOCALLY
COMPACT GROUPS

E. ELQORACHI, M. AKKOUCHI, A. BAKALI, AND B. BOUIKHALENE

Abstract. This paper is mainly concerned with the following functional
equation

J{ [ stttk parfante) = s0rsw). v

G K
where G is a locally compact group, K a compact subgroup of its morphisms,
and p is a generalized Gelfand measure. It is shown that continuous and
bounded solutions of this equation can be expressed in terms of p-spherical
functions. This extends the previous results obtained by Badora (1992) on
locally compact abelian groups. In the case where G is a connected Lie group,
we characterize solutions of the equation in question as joint eigenfunctions
of certain operators associated to the left invariant differential operators.
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1. INTRODUCTION

Let GG be a locally compact group, K a compact subgroup of morphisms of
G. The action of £ € K on x € G is denoted by k - x, and the normalized
Haar measure on K by dk. Furthermore for a complex bounded measure pu
on G, ie., u € M(G), the topological dual of Cy(G), the Banach space of
continuous functions vanishing at infinity (cf. [6], 13.1.2 and 13.20.1), & (resp.

liz) denotes the measure defined by (i, f) = [, f(t7")du(t) (resp. (pa, f) =
Jo f(tz=1)dp(t)) for all continuous and bounded functions f on G.
In the paper [4] Badora considered the following functional equation

/{/f(”k'wd’f}dﬂ(t) = f(a)f(y), =y€Q, (1.1)

G K

when G is abelian and p is K-invariant, ie., [, f(k-t)du(t) = [ f(t)du(t)
for all continuous functions with compact support on G (f € K(G)) and for
all k € K. The essentially bounded non-zero solutions of equation (1.1) are
completely defined as

fa) = / (x* o) (€) dk, @ € G, (1.2)

K
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where y is a character of G and e is the identity element of the abelian group
G (see [4]).
In the paper we are going to study the functional equation

J{ [ it fauin = s, s (13)
G K
This category contains not only equations of the from

/?@hyﬂkzﬂwﬂw,xweG (1.4)

(see [4], [5], [15], [16] and [17]), but also the generalized d’Alembert’s functional
equation

/&@wmmw+/f@w4mmw=2ﬂwﬂm ryeG, (L)
G G

which was studied in [9].
Concerning continuous solutions of (1.4), one of the main results is due to
Shin’ya [14]: any non-zero continuous solution of equation (1.4) has the form

flz) = /X(k -x)dk for all z € G,
K

where y : G — C\{0} is a continuous homomorphism of the abelian group G
(cf. [14], Corollary 3.12).

In Section 2 (Theorem 2.1), we give necessary and sufficient conditions for a
(measurable) essentially bounded function f to satisfy equation (1.3). One of
these conditions is §

Mic(ix b+ f) = (b, ) f (1.6)
for all h € Ly(G, dx), where M (h)(x) = [, h(k-z)dk for all h € L, (G, dx) and

for all € G. This explains why we restrict ourselves to solutions f € Cy(G).
In Theorem 2.2, we prove that the map

f%evwwa/ﬂmmwm

is a continuous character of the Banach algebra pux My (L1 (G, dx))*pu = My (pux*
Li(G,dx) * p) if and only if w is a non zero solution of the functional equation
(1.3).

In Section 3, p is a generalized Gelfand measure which is K-invariant. We
extend the above-mentioned results due to Badora [4]. More precisely, under
an additionally condition that every closed ideal of the commutative Banach
algebra p * L1(G,dx) % pu is contained in some maximal regular ideal, we find
explicit formulas for solutions expressing them in terms of u-spherical functions
(Theorem 3.1).

In the final part of our paper when G is a connected Lie group and p is an
idempotent measure which is K-invariant, we characterize solutions of (1.3) as
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joint eigenfunctions of certain operators associated to the left invariant differ-
ential operators (Theorem 4.1).

Our notation is described in the following set-up and we will stick to it in the
rest of the paper.

General set-up and notation. Let G be a locally compact separable
Hausdorff group, e its identity element, C'(G) (resp. Cy(G)) the complex algebra
of all continuous (resp. continuous and bounded) complex-valued functions on
G.

Let K be a subgroup of the group Mor(G) of all mappings k of G onto itself
that are either automorphisms and homeomorphisms (k € K) or antiautomor-
phisms and homeomorphisms (k € K~).

We assume that K has a topology making it a compact Hausdorff group with
the property that the canonical map K x G — G sending each pair (k, z) onto
k - x is continuous.

For any k € K, and for any function f on G, we put (k- f)(z) = f(k7' - 2)
and say that f is K-invariant if k- f = f for all k € K.

The algebra of all regular and complex bounded measures on G is denoted
by M(G). We recall that the convolution of M (G) is given by

(uxv, fy = //f(ts) du(t)dv(s), f € Cy(Q).

For any u € M(G) and any k € K, we put (k- pu, f) = (i, k- f), f € Cp(G),
and say that p is K-invariant if k- u = p for all k € K.
A function f € Cy(G) is p- biinvariant it f, = f, where f, is the continuous
and bounded function defined by f,(x) = [, [, f(szt)du(t)du(s) for all z € G.
Note that 1f [ = g, then fis p- b11nvar1ant if and only if [, f(tx)du(t)=
Jo f(at)du(t) = f(z) for all z € G.

Definition 1.1. A measure u € M(G) is a Gelfand measure if i = u* p = p
and the Banach algebra pux M (G) % u is commutative under the convolution. p is
a generalized Gelfand measure if %y = p and the Banach algebra pux M (G) * p
iIs commutative.

Any non-zero solution ¢ € Cy(G) of the functional equation

/ oxty) du(t) = S(x)ply) forall z,y € G, (L.7)
G

is a p-spherical function.

p-spherical functions have been introduced and studied by Akkouchi and
Bakali (see [1] and [2]).

When H is a compact subgroup of G and dh is the normalized Haar measure
of H, then dh is a generalized Gelfand measure of G if and only if (G, H) is a
Gelfand pair (see [7]).
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Finally, if 4 € M(G) is a generalized Gelfand measure, then, according to
Definition 1.1,

LY(G) = px Ly(G,de) s = { f € Li(G,dx) | f = frp=pxf=pxfrp=f'}

is a commutative Banach algebra, where

Pr) = s fee) = [ [ 5 a5 )A 6) dute) dico)

A being the modular function of G.
Furthermore, note that if G is unimodular (i.e., A = 1), p € M(G) is K-
invariant and f € L,(G, dx), then we have

<Mmmwm=//Mmﬁwwfwwm@m>

:G/G/ / flk -tk -2k - s7Y) dk du(t) du(s)

K+ G G

+///f(k~s—1k-xk~t‘1)dkdu<t)du(8)-
K- G G

Since i is also K-invariant, we have

///f(k-tlk-xk-sl)dkdu(t) du(s)

K+t G G

= [ [ ] 5t didte) dts

K+t G

and

///f(k-s‘lk-xk:-t‘l)dkdu(t)du(s)
K- G G

:K/G/g/f(t‘lk;-xs‘l)dkd,u(t)du(s),

which implies that

(Mk(f))(x)= / / / Fls -2t dk dp(t) du(s) = M (f*)(z) for all z€G.
K G G
2. GENERAL PROPERTIES

We fix a measure p in M(G). The following result gives necessary and suf-
ficient conditions for a function to be a solution of equation (1.3) and explains
why we restrict ourselves to continuous and bounded solutions.
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Theorem 2.1. Let u € M(G). Let f be a measurable and essentially bounded
function on G. Then the following conditions are equivalent

/{/f(xtk : ?/)dk}dﬂ(t) = f(x)f(y) for almost all z,y € G, (2.1)
G K

My (fish* f) = (h, f)f forall h € L(G,dx), (2.2)
M(fisxvs f)= (v, f)f forall ve M(G), (2.3)
My (fi* 0y % f) = f(z)f forall x € G. (2.4)

Consequently, if f satz’sﬁes one of these conditions, then it is continuous.

Proof. (2.1) = (2.2). For all g, h € K(G), we have

b, F)f0) = //f ) f () h(2)g(y) da dy
:///G/f (2~ 4k - y)(2)g(y) da dy dk dp(?)

G G K

Ik y)g(y) dk dy dpi(t)

Q\| Q—
Qe
=

ik hox f)(k-y)g(y) dk dy = (Mg (fix h f), g).

A— A —
=

Consequently, My (i« h * f) = (h, f)f, almost everywhere forall h €
Ll (G, dx)

Now by choosing h € K(G) such that (h, f) # 0 and by using ([6], 14.9.2),
we deduce that f is a continuous function and we get (2.2).

(2.2) = (2.3). By ([6] 14.11.1), there exists a sequence of regularizing func-
tions f, € Li(G,dx).

In view of (2.2), for all h € K(G) we have

(Mp(ixvs fox f),h) = (U fo, f)(f, h) forall v € M(G) andn € N.
Since

<MK([L*I/>I<fn>kf),h> = <[L*I/*fn>kf7LK(h,)> = <ﬂ>l<,u>|<LK(h),fn>kf>7
where L (h) = [,-(k-h)mod(k)dk and mod(k) is defined by the formula [, g(k

z)dr = mod(k) [, g(x)dx for all g € Ly(G,dx) (cf. [6], 14.3.6.1.), by letting
n — 400 and by using ([6], 14.11.1), we get

<1)>|</M<LK f> (v, )Y(f,h) = <MK(ﬂ*y*f),h>.
In view of ([6], 14.9.2)) and the fact that fi 1s continuous, we obtain (2.3).
(2.4) = (2.1). Since (f1% 0g * f)(y) = [, [z ty)du(t), we get for all z € G

Mg (fix 0, % f)(2) = /(ﬂ*ém x ) (k- 2)dk

K
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= [ [ fa ek 2y dkdute) = 1),
K G

which implies (2.1). O

The following theorem explains some relations existing between solutions of
equation (1.3) and continuous characters of the commutative Banach algebra
wx My (Li(G,dz)) % pu, where p is a generalized Gelfand measure which is K-
invariant.

Theorem 2.2. Let G be unimodular, let p be a K-invariant generalized
Gelfand measure and let w € Cy(G). Then the map

f%equz/ﬂmw@m

is a character of the commutative Banach algebra o+ Mk (Li(G,dx)) * p if and
only if w is a nonzero solution of equation (1.3).

Proof. To prove Theorem 2.2, we need the following result. U

Proposition 2.1. Let p be a K-invariant generalized Gelfand measure. If
w € Cy(Q) is a solution of equation (1.3), then w is a p-biinvariant function on
G and w 1s K-invariant.

Consequently,

/w(xty) du(t) = /w(ytx) du(t) for all z,y € G.

G G

Proof. According to equation (1.3), we have

///w(xtsk-y) dk du(t) du(s) = /w(xt) dp(t)w(y).

Since p * p = p, we get

w(y) /w(xt) du(t) = w(r)w(y) forall z,y € G.
G

which implies that

/w(xt) du(t) =w(z), xe€d.
G

On the other hand,

/// (xtk - (sy)) dk du(t) du(s) /w sy) du(s

G
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Since g * 1 = p, g1 is K-invariant and [, w(zs) du(s) = w(z), we get from

/ / / ot (sy)) db dp(t) du(s)
// (xtk - sk -y) dk du(t) du(s /// (xtk - yk - s) dk du(t) du(s)

G K+ G

///thkz sk - y) dk du(t) //thk y) dk du(t),
G K+ G K+ G
G/

// w(xtk - yk - s) dk du(t) //w (xtk - y) dk du(t)
G K- G K-
that
/w (xtk - y) dk du(t) = (:E)/w(sy) du(s) forall z,y € G.
K G
Thus

/w(sy) du(s) =w(y) forall y e G.
G

Now, since u is a generalized Gelfand measure, by using ([9], Proposition 2.1)
we obtain

[wtespauts) = [wlysa)duts). ay e,
G G
If we fix k' € K, then using equation (1.3), we get

// (wtk - y)) dk du(t) = w(z)wk - y). (2.5)

So from the fact that K is compact and hence unimodular it follows that the
first term of equation (2.5) becomes

//w(a:tk-( )) dk dp(t) // (wth - y) dk dp(t), (2.6)

whence we deduce that w(k' - z) = w(x) for all z € G. The proof of the propo-
sition is finished. 0

Proof of Theorem 2.2. Let w € Cy(G) be a solution of equation (1.3), then for
all f,g € L1(G,dx), we have

</(k-f)“dk*/(k ) dk, > //<k s (K - g, wydk dk’

K K
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////k G Yw(z) dk dk' dz dy
-/ / / K gy o)

dk dk' dz dy du(t) du(s) du(l) du(r)
!!Z // e

X w(tyl sxr) dx dy dk dk' du(l) du(t) du(s) du(r).
Hence by Proposition 2.1 and p * p = p,

[ ][] [ o

K K G

/‘\

w(tylszr) dk dk' dx dy du(l) du(t) du(s) du(r)

»

w(ysx) dx dy dk dk' du(s)

o)kt w(k™ - ysk™ - x) da dy dk dE' dp(s)

-
PT‘
@
N
Q

w(k - ysk - x) dx dy dk dk' du(s)

A A A A

Kﬁ

w(ysk - x) dx dy dk dk' du(s),

N P A A
A O O O ><
Qo R Q% Q%
Qe O Q\ Q\

which follows f
Conseque ntly

</(kz- )“dk:*/(k:’-g)“dk:’,w>

?T‘

= [, f(z)dx for all f € Ly(G,dz) and k € K.

éQ

[ [ 10 g)w)stysh - z) dwdyarar’ (s

(K - g)() f (y)o(y)o(a) da dy dK

Il
— R A
Ne— O A 55

/ (k- PP - 9 (2)oly)w() d dy dk di

/
/
/

- ;>“dk,w>< [ g)ﬂdkcw>,

|
P
N —
=
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which means that f —— (f,w) is a character of u* (Mg (L1 (G, dx))) *

Let conversely x be a continuous character of the commutative Banach alge-
bra p % (Mg (L1(G,dx))) * p. Then f —— x((Mg(f))*) is a continuous linear
mapping of the Banach algebra L;(G,dz) into C. Consequently, there exists
w € Ly(G) such that

X(Mg(f)") = (f,w) forall fe Li(G,dx).

In addition, w may be chosen continuous: Let f; € K(G) be a K-invariant
function such that X((MK(fo))“) = 1. Then for all f € K(G) we have

(F,w) =x((Mx(fo))" ) ( ") = ( FD!) * (M (fo)))
=x((Mx (M (f ) (Mg fo 7W> (M (f), w0 (f§)"))
:<f7MK(W * (fo) )>
Consequently, w = Mg (w * (f§)") locally almost everywhere.
By using Lo (G, dx) * L1 (G, dz) C Cy(G), we conclude that w is a continuous

function on G.
On the other hand, in view of

X (M (N))F) = x (M (f)") = (f*,w) = (f,wp),
we deduce that (f,w) = (f,w,) forall f € Li(G, dz), which implies that w, = w,
i.e., w is p-biinvariant.
To show that w is a K-invariant function, we will use the formula My (Mg (f))
= Mg (f); f € Li(G,dz). For all f € Li(G,dx) we have
(fiw) = X((MK(f))M) = X((MK(MK(f)))M) = <MK > <f Mg (w >

from which we conclude that w = Mg (w) and k' - w = w for all ¥’ € K.
Now we are going to show that w is a solution of equation (1.3).
For all f,g € Li(G,dx) we have

(e (e
ol

fk - g(z)w(k - ytx) dk dk' dz dy du(t)

f(y)g(x)w(k" - ytk - x) dk dk' dz dy du(t)

Q\Q\Q

F@)g(@)k ™" w(yt(K k) - ) dp(t) dk di' dx dy

o R O
— O O w\

+

[ Fg@k () - aty) dk i dy )

N\

F)g(@)w(yt(k'"'k) - x) dk dk' dz dy dp(t)

QY O— QY o Q
R O A — A ™

.
N —
Q\
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////f w(ytk - x) dk dx dy dp(t)

and it follows that

////f w(yth - ) dk dz dy dpu(t) //f Yo (z) dz dy

for all f,g € L1(G,dx). Consequently, w is a solution of equation (1.3).
On the other hand, in view of x(f) = (f,w) for all f € ux Mg (L,(G,dz)) *
we deduce that w # 0. This ends the proof of Theorem 2.2. O

3. SOLUTIONS OF EQUATION (1.3)

In this section, u is a generalized Gelfand measure which is K-invariant and
we assume that every closed ideal of the commutative Banach algebra LY (G) is
contained in some maximal regular ideal. The latter condition is satisfied for
example in the following situations:

e G is a compact group and p is a Gelfand measure (cf. [2]).

e (5 is unimodular with a growth being almost of polynomial type and p is a
Gelfand measure with compact support (cf. [10], Theorem 3.3.5, [13], Corollary
on p. 227, and [8]).

In Theorem 3.1 below, we give a full description of continuous and bounded
solutions of the equation

J{ [ stttk parfaute = s, aec (31)

Theorem 3.1. Let p be a Gelfand measure which is K-invariant. Let f be a
nonzero continuous and bounded solution of the functional equation (3.1). Then
there exists a p-spherical function v on G such that

:/w(km) dk, z€G. (3.2)

Conversely, any function of this form is a solution of equation (3.1).

Proof. Let 1 be a p-spherical function. Let f be a continuous and bounded
function defined by the formula

:/w(k-x)dk:, z€G.

Hence f(xtk'-y) = [ (k- (wth’-y))dk and

/ / Ftk! - y) dk du(t) / / / Gk - (atk! - y)) dk dK' dp(t)
:K[ ;[ G/ (k- wt(kE) - y) dk;dk:’du(t)JrK/ ;[ G/ (kK - yth - x) dk i dp(t)
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S((K) - 9) (k- ) dk I = / B(K - y) i / bk 2)dk = f(2)f ().

Conversely, if f € Cy(G) is a non-zero continuous and bounded solution of the
functional equation (3.1), then it has the form (3.2). To prove this first we
choose an arbitrary function g € L;(G, dz).

Multiplying (3.1) by g(x) and integrating the result over G, we get

/ (//fxtkydkd“ >d$_ /f z)dz forall y e G.

Hence, in view of

K/G/f(xtk-y)dkd,u(t)://fk ytx) dk du(t) K/,uky*f

K
we get

[ 1] [ o@an- s as=0 fora ye a6

where v = [i.

We shall now consider the sets A = { fK((V;;y) xg)dk— f(y)g | g € L1(G,dx),
y € G} and B = {h*, h € A}.

To establish that I = Lin(B) is an ideal in the algebra LY (G, dz), suppose
that h* € B, where h = fK((z/;;.y) xg)dk — f(y)g |y € G, g€ L1(G,dx).

Now for all L € LY (G,dx) we have

Lxh* = (Lxh)"= (/ ((vg ) * N)dk — f(y)N)u,

where N = L x g, which implies that L % h* € I, since I is a linear subspace of
LY(G,dz). Thus we conclude that I is an ideal of the Banach algebra L} (G, dzx).
There are two cases:
Case (1). I = L¥(G,dz). Hence for all h € L,(G, dz),

[ @t ae= [ s@niz) -
G G

which implies that f(x) = 0 for all x € G, which contradicts our assumption.

Case (2). I is a proper ideal of the Banach algebra L} (G, dx).

By the assumption of the theorem, there exists a regular maximal ideal I,y
of LY} (G,dx), which contains I.

Now by adapting the same method as used in ([13], Theorem 1, p. 412) we
conclude that there exists a continuous character yo of the Banach algebra



460 E. ELQORACHI, M. AKKOUCHI, A. BAKALI, AND B. BOUIKHALENE

LY(G,dz) such that xo(0) = 0 for all € I.,. Hence by [1], there exists a
p-spherical function v such that

/h“(m)w(x) dex =0 forall h* € I.
G

[ [ (i =g)wueazan = 1) [t az

for all y € G and for all g € L1(G, dx).

Therefore

Since
[ [ @i gty dsak = [ ot yyar [ ga)ota) da,
G K K G
then by choosing go € L1(G, dz) such that [, go(x)i(x)dx # 0 we get
= /@D(k‘ ~y)dk for all y € G. (3.4)
The proof of the theorem is thus completed. OJ

4. BADORA’S EQUATION IN LIE GROUPS

In this section, we characterize solutions of the equation
J{ [ fateaibane) = sors, wewec
G K

on a connected Lie group G as joint eigenfunctions of certain operators associ-
ated to the left invariant differential operators, where K is a compact subgroup
of the group Aut(G) of all mappings of G onto G that are simultaneously au-
tomorphisms and homeomorphisms.

This extends the previous results obtained by Stetkaer in [17] for equation
(1.4) and by the authors in [3] for the equation

/}dou /}xw Vdu(t) = 2f (@) f(y), @,y €G.

where ¢ is a continuous automorphism of GG such that c oo = 1.

In the sequel, we need the following notations.

Let G be a connected Lie group. D(G) denote the algebra of the left invariant
differential operators on G, i.e., for all D € D(G) and for all a € G

L(a)Df = DL(a)f forall fe C®(G),

where L(a)f(x) = f(a™'x) for all z € G.
We recall (see [17], Proposition I1.3) that K has a Lie group structure, the
canonical map K x G — G sending (k,z) onto k -z is C*™ and if f € C*(G),
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then so does k - f for any £ € K because continuous homomorphisms between
Lie groups automatically are C'*°.
Throughout this section, we assume that p satisfies the following conditions:
1) p is a K-invariant measure with compact support on G' and

2) o p=pu.
The symbol C5°(G) = i x O x Afi stands for all C*-functions which are
p-biinvariant on G. The subspace of C°(G) of functions which are K-invariant

will be denoted by C5%(G).
For any operator D on C*°(G), we define the new operator by

Dy f(w) = D{Mc(L(z™")f)u}e)
for all f € C*(G) and z € G.

We will next describe some properties of D/If that will be used later.

Proposition 4.1. Our assumptions imply

(1) DY is a left invariant operator;

(2) k- fof = fok - f for all k € K and for all f € C*(G);

(3) (D[ f)(e) = D(Mg f,)(e). In particular, if f is a p-biinvariant and K -
invariant function on G, then we have (D}f f)(e) = (Df)(e);

(4) If f is a solution of equation (4.1) which satisfies [, f(xt)du(t) = f(x)
for all x € G, then f is an eigenfunction of the operators DK More precisely
DY f=(Df)(e)f and, consequently, f is analytic on G.

Proof. (1) First we choose an arbitrary function f € C*(G). For each fixed
a € GG and for all z € GG, we have

L(a)(D, f)(x) = Dy f(a™'x) = D{ M (L(z~"a)f)u}(e)
ZD{MK(L(x_l)L(a)f)u}( ) = Dy (L(a)f)(x),

which implies that Dl[f is a left invariant operator on G.
(2) If we now take arbitrary k&’ € K, then for all z € G we have

K= (DFf)(a) = (D ) (K- 2) = D{Mg(L(K" - 27") f)u}.
For all y € G we have

Mic{L(K - 1)} () = / (L - 27)F) (k- y) dk

L(k ftk - ys)du(t) du(s) dk

Q\ N\

e
[ 0wt ys) dute) du(s)

Ql\l Q\

and

Ml (LW 1), o) = [ (LW 1), k) d

K
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= [ [ [ et g dbduto) dus)

1 f(atk - ys) dk du(t) du(s)

(K - xk' - t(K'k) - yk' - s) dk du(t) du(s).

Since p is K-invariant and K is unimodular, we get

///f(’f"flf’f"t(k’k)-yk’-s) dk dp(t) dp(s)

_///f(k;’~xtk~ys)dkdu(t)du(s).

Consequently, we have the equality
k-DIf=DIk-f forall keK.
(4) Since f is a solution of equation (4.1), then for all z,y € G,

(L) k- y) dk
(L(z™") f)(th - ys) dk du(t) dp(s)

f(athk - ys) dk du(t) du(s).

In view of [, f(zs)du(s) = f(

M (L(x z//frctk y) dkdu(t) = f(2)f ().
K G

) for all z € G we get

which implies that My (L(z™") f), = f(x)f and consequently D f = (D f)(e)f.
Now let us prove that any solution f of (4.1) is analytic on G We first show
that f € C°°(G). Formula (2.2) shows that

My (i hx f)=(h, f)f forall he L(G,dz).

Consequently, by choosing h € C%(G) with compact support and such that
(h,f) =1, we get hs f=Mg(ixhxf)=(h f)f =f, ie, hf=f. Since
h € C*(G), so is the convolution and we conclude that f € C®(G).

On the other hand, if D = A denotes the Laplace—Beltrami operator on G,
then in view of ([11], p. 400), A is elliptic and has analytic coefficients. Since
Af = AFf=NA(f)(e)f, by using Theorem of S. Bernstein [12] we get that f
is analytic. This ends the proof of the proposition. O
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We now state and prove the following proposition.

Proposition 4.2. With the assumptions above on G, K and u and if D €
D(G), then for all f € C%(G),

DX f = Mg(Df x Afi).
In particular the restriction of Dﬁ( to C%(G) is an endomorphism.

Proof. Let D € D(G) and f € C%(G), then for all 7,y € G we have

Mic(2a™)5) ) = [ [ [ SGathe ) didte) s

G G K
_ G/ ;[ Flath - y) dp(t) di = ! G/ E e f ok ty) due) d.

Since v and f are K-invariant, we get

//klf( -~k ty) dul(t) dk = //f - xty) du(t) dk
K G
_ K/ / F(k - wty) dpt) di = ! G/ L((k - 2)™1) f ) du(t) db.

Consequently,

D{MK(L(afl)f)M}(e) ://L((k~xt)1)Df(e) dk du(t)

//ka t) dk dp(t) /Df*Au(k: z)dk = Mg(Df * Af)(x),

which proves that
DY f=Mg(Dfx Afi).

From this it follows that fo f is a K-invariant function on G.
Now we are able to prove that Df f is a p-biinvariant function.
First, we show that Df x Afi is p-biinvariant.

px (Dfx Afp)« A= Df x« A= D(f* f)* Ajp = Df x Af,

which proves that D f x Aji is a p-biinvariant function on G.
Now for all x € G we have

(7% Mic(Df % i)+ Aj) (x) = / / Mic(Df A (tes) du(t) du(s)

:///(Df*A,:L)(k.tk.xk~s)) dk dp(t) du(s)
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:///(Df*A/l)(tk-:cs)) dk dp(t) dp(s).
Since D f A/ﬁcj isG ,uf{biinvariant we get
///Df*Au V(b - 25) dpu(t) dpa(s) dle = /(Df*Au)(k ©) di

= My(Df* Ap)(z),
from which we deduce that fo f is p-biinvariant. OJ
In the next theorem, we prove the main result of this section.

Theorem 4.1. Let p € M(G) be a K-invariant, idempotent measure with
compact support. If f € C(Q), then the following statements are equivalent:
(1) f is a solution of the equation

/{/f(xtk-y) dk} du(t) = f(x)f(y) forall z,y € G,
(2)

) [ is p-biinvariant,

b) f is K-invariant,

c) feC>(G),

d) f is analytic,

e) f is a joint eigenfunction of the operators D/i( for all D € D(G).

(a
(
(
(
(

Proof. (1) = (2) follows directly from Proposition 4.1. Conversely, suppose that
the assumptions (a), (b), (¢), d and (e) hold and let us consider the function

defined on G by
— [ [ 00 sty) di dute,
K G

where z is an arbitrary element of G.
It is easy to verify that F' is a p-biinvariant function on G. Concerning the
K-invariance of F', for each fixed ¥’ € K and for all y € G we have

//f (k- 2tk -y) dk du(t) //k “LF((K k) - k'™ - ty) di du(t).

Since p and f are K-invariant, we obtain
//k"l-f((k;/_lk) ok’ - ty) dk du(t) //f ((K"'k) - aty) dk dp(t),
G K

and from the left-invariance of dk follows the equality

//f ((K'~'k) - xty) dk dp(t) //fk xty) dk du(t) = F(y),

which proves that F'is K-invariant.
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Now F'(y) can be written in the form

—//L((k-xt)1)f(y)dkdu(t).

By Proposition 4.1 fo is left invariant so that we get

DEF() = [ [ DE stk aty) dkduct)

:D(f)(e)//f(k~xty) dk du(t) = D(f)(e)F(y),
G K

which implies that
D, F(e) = D(f)(e) f(x). (4.2)
In view of Proposition 4.1, D F(e) = DF(e), and from (4.2) we get
D(F —F(e)f)(e) =0 forall D e D(G).

Since F' — F(e)f is analytic on the connected Lie group G, by Helgason [11],
we obtain F' = f(z)f, which can be rewritten as

G/{I[f(k-xty) dk;}dg(t) = f(x)f(y) forall z,y € G.

By using the same methods as in the proof of Proposition 4.2 we get

/{/f“k Y d’“}dﬂ /{/fk rty) dk}du() (@) f(y)

for all z,y € G. This ends the proof of the theorem. [l
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