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INTEGRABILITY OF THE MAJORANT OF THE FOURIER
SERIES PARTIAL SUMS WITH RESPECT TO BASES

GEORGE TKEBUCHAVA

Abstract. The majorant of Fourier series partial sums with respect to the
system of functions formed by the product of L([0,1]) space bases is consid-
ered. It is proved that in any Orlicz space wider than L(log™ L)%([0, 1]%),
d > 1, the set of functions with such a majorant is integrable on [0,1]¢ and
has the first Baire category.
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In investigations of the convergence of Fourier series with respect to var-
ious systems of functions the majorant of partial sums plays an important
role (see [1], [2]). P. L. Uljanov ([3], p. 928) constructed a function f €
Uo<rer Log™ L) (1), I = [0,1], such that its majorant of partial Fourier—Haar
sums is not integrable. A. M. Olevskii ([1], p. 75) extended this statement to ar-
bitrary bases of L(I) and arbitrary spaces of functions wider than Llog* L. O.
Kovachik [4] proved that, for an arbitrary convex function @ : [0, co[— [0, o0],
under the condition Q(u) = o(ulog®u) for u — oo there exists a function
f(z1,22) such that [, Q(f) < oo and its majorant of partial sums is not in-
tegrable on I%. Similar problems for martingales are considered in [5], [6], see
also [7].

The aim of the present paper is to establish a condition for the integrability of
the majorant of partial sums with respect to the system formed by the product
of bases.

For an integer d > 1 let I? be the d-dimensional unit cube and let ¥, be the
system defined by

d
vo={J]eY @), wel, ieN j=1...d} (1)
j=1

where {¢; J)(x]) 1, 2 € I, j =1,...,d, are the bases of the space L(I) and

let {¢ ()00 o J=1,... ,d, be the system of functionals dual to them. Let the

partlal Fourier sums of the function f € L(I?) with respect to the system ¥,
be defined by

d
Stersdea (f W) = Z Z%» (£ va) [T (@), (2)
7j=1

11=1 tg=1
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where ¢;, ;. (f, Wq) is the Fourier coeficient of the function f with respect to
the system W,;. We use below the following majorants of partial sums:

Sttty (fr Wa) = max {[ Sy, (f, Wa)| 0 1<k <My, 1<j<df, (3)

.........

S*(f,Vg) = max {|Sk,,. k(. ¥a)|: 1<kj<oo, 1<j<d}. (4)

77777

Let Hy = {X;, (21)}°_, be the Haar system on the interval I' = I (see [1],
p. 77), and for d > 2, let Hy = {[[_, X (), 2; € I, i; €N, j =1,....d} be
the d-multiple Haar system defined on I

Throughout the paper C,., r = 0,...,9, are positive absolute constants and
log z = log, 7, log" v = max{0,logu}. In the sequel Lg(I¢) denotes the Orlicz
space of functions defined on the cube I¢ which is generated by the Young
function @ and equipped with the norm || - HLQ( 14y

In addition, L(log™ L)"(I%), r > 0, denotes the Orlicz space generated by the
Young function which is equal to wlog"u for u > 2 ([8], p. 28) and equipped
with the norm || - [|;qog+ 1) (14)-

We shall prove

Theorem 1. Let Lg(I¢) be the Orlicz space satisfying the condition
liminf Q(u)u~'log % u = 0 (5)

and let Wy be a system of form (1) generated by arbitrary bases of the space
L(I). Then the set

E={f€Lo(I"): §°(f. W) € L(I")} (6)
has the first Baire category in the space Lg(I1?).
First we prove the following

Lemma 1. Let Lo(I?) be an Orlicz space satisfying condition (5). Then for
any R € N there exists a polynomial ggi)Q with respect to the system Hy

d d
Tp = Gen (@1 wd) = Y Y iy X (11) X)) (T)

such that the following estimates hold:

95|y < 2 (8)
[ loftol Gog i) <1 ©)
Id
13,00 (Gl g0 Ha) | ay > RS, (10)

Proof. Let R be an arbitrary positive integer. By virtue of (5) there exists
ug,g > 2 such that

Q(uR,Q)ug}Q log™* Upg < 2 4R-1 (11)
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and

2R < yp o < 20PRTD), (12)
where pr = pr(Q,d) = [2logurg); here [a] denotes the integer part of a. We
put

Rd~4(pp+1)"92%r  for (0<az <27PR
(d) (d)

gR7Q_gRQ(x1a"'7Id>: 1§j§d7 (13)
0, in other points on I

In view of the convexity of the function () and the property of an Orlicz space
norm (see [8], p. 89), from (11) and (12) we have

d d — — —_
Jo80olagrn < 1+ [ Qo) < 1+ QEP2 1R g+ 1)

<1+ Qugg)R227 P d 4 (pp + 1)~
<1+ Q(urq)R 2%y log  upg < 2.
Estimate (9) follows directly from (13):

d d) yd—1 _ —d ade1 d—
/’g%b‘(log*gg%’)cg\) < Rd™(pg + 1)~ d* 1de L<.

7d
By (13) the function g can be represented as polynomial (7) with respect to the
system Hgy, where M = M(R,Q,d) = 2P°r™!. From the estimate of [1], p. 96,
follows (10):

1534

Proof of Theorem 1. We consider the case d = 2 as a typlcal one, since in the
general case the proof is similar but cumbersome. Let {w )( Yoo @y € 1,
j = 1,2, be the bases of the space L(I) and ¥, be the system defined according
o(1 ) Using A. M. Olevskii’s theorem ([2], p. 62) we find, for j = 1,2, systems

(g, Ha) W ey = B (pr +1)727%'pf, > R8I O

-----

{ugj (;)}ic—; and sequences {néj)}‘x_’_l, 0 <nt <nd < ... such that the
following conditions hold:
a) for any integer N;, j = 1,2, there exist measure-preserving bijections

/\S\j,g; I — I such that

wi, () = X, (AP () for ij=1,...,N;, j=12 (14)
b)
HAPJJHL(I) < 2_pj_ij7 Pj 7& ijv pj’ij = 172’ L) (15)
where 4
A= >0 (w0l (16)
n; €00 (py)
and

T (p;) = {n +1,...,n }. (17)
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Let arbitrary R € N be given and let the function fr o be defined by

fro = frale1,z2) ZZM ul! (21)ul? (x2), (18)

i1=119=1

where M and a;, 4, are defined according Lemma 1 (see (7)-(10)).
Then by (14), (8) and (18) we have

I frellLomz) < 2. (19)

Now we shall prove that for the system W, the following inequality holds

(see (3)):
1S5 ars1) .11y (RG> ‘1’2)HL([2) >2°R— (", (20)

where C* is the absolute positive constant defined below and 7;(p) = ny”’,
j=1,2.
By virtue of (16), (17), (2), for k; < M, j = 1,2, we have

Sry by +1),ra (ko +1) (R, V2)

M M k1 ko
SN wLY Y @IS ST (@) e

i1=1142=1 p1=1 nleF(l)(pl) p2=1 pyer(@) (p2)
ki ke
= : : : :a'pl P2 pl 1 371 A]JQ 2($2)
p1= 1P2 1
P1
+ E , E :ap1,z‘2Ap1,1(Il> § Ap22
p1=11i2=1 p2= 110276%2
ko M
D2
+ E E a'ilvp2Ap2,2(x2) E Apll
p2=1i1=1 p1=1,p1#i1
M M k1 ko
E E E p1 E { D2
+ a’ilyi2 Apl 1( ) Apz 2( )
i1=1iz=1 p1=1,p17#01 p2=1,paFiz
ki ko
_E : § : (1) (2)
Qi ig Uy, <$2)
i1=110=1
k1 ko
E E i2 (2)
+ all 12 7,1 xl AZQ 2( ) - uiz (x2>]
11=11i=1
k1 ke
E E i1 (1)
+ a’ll Z2 ’LQ x2 AZ1 1( ) uil (I1>:|
11=11i9=1

k1 ko

305 i [AT (@) — wll (20)] [AZ () — ul? ()]

11=112=1
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ki M
+Zza¢1,i2ug)($1) Z ARy (x

11=112=1 p2= 1,p2#12
ko
+ Z Z (AR (o) —u ()] D AZy(w)
11=11i9=1 p2*1,p2¢12
M ko
2
+ Z Z a’i17i2uz(2)(x2) Z An 1
11=119=1 pP1= 1p1;é21
M ko
i 2
+ Z Z iy in [Ai§,2(‘r2) - u§2)<1‘2)] Z All 2 xl
i1=142=1 p1=1,p1#i1
M M k1 k1
FXD ana D Aalm) Y AR s(n)
i1=14y=1 p1=1,p1#i1 p1=1,p17£i1
9
S JATE) @)
r=1
It follows from (10) and (14) that
[ max{[Ls]: 1<k <M, j=1,2} . >2"R. (22)

It is well known that the Hardy-Littlewood maximal operator is bounded
from the space Llog™ L(I) into L(I)(see [7], pp. 59 and 279).
Therefore taking into account the fact that for any s € N the function

h(t:) = /gg,)Q(tlth)Xiz(t2>dt2
I

belongs to the space Llog™ L(I) and using the well-known estimates of the
majorant of partial sums of a Fourier—Haar series by the maximal function (see
2], p. 74) and the Haar function estimate, we obtain

=Sl

| 1kt e

forms the basis in the space L(I), from (14)—(17)

max E Qi 50X
1<k <M 11,12 V11
i1=1

< COHhHLlongL < CO (23)

Llog™ L(I)

Since the system {wg
follows

=1

i = AZallry < D0 MABally <2 =12 (24)

p27i2
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Now taking into account (14), (9) and the Jenssen inequality, from (23) and
(24) we obtain

Hmax{|L2\ 1<k <M, j:l,Z}H
L(I

M
i 2
<> N4z il

1

A

max an,wuil
1<k;<M | -

in=1 L(I)
<C (1 +/ U |9t t2) }dtl log* / g4 (t1, 12 |dt1} dtg) S Vi
I I i9=1
< C’i (1 + / {gg)Q‘ log™ ‘ggg‘) = 26’1 = (. (25)
12
Similarly, we can prove for r = 3,...,9 the estimates

| max{[L,|: 1< k; <M, j=1,2}{ . <Cn

Setting C* = 32%_ C,., from (22), (25) and (21) we have (20). Finally, we
shall prove that the set E (see (6)) has, in Lo(I?), the first Baire category. We
use the representation E = J;-, Ej, where (see (3), (4))

Bo= () () {f € Lo(l) : [|SN) e, (f: W2)| oy < I

Ni=1 Np=1
and assume that even if one of the sets Fj contains a sphere, i.e., there exist a

function Fy € Lg(1 %), a positive number ¢y and an integer ky such that for any
integers Ny and Ny and for any function F' € Lg(7?), under the condition

HF - FUHLQ(IZ‘) < €o, (26)
we have
HSZ(\71),N2 (f7 ‘Ij2> HL(I2) S kO- (27>

On the other hand, by virtue of the above reasoning (see (18)—(20)), for the
number R = 28(5kygy ! + C*) one can find a function fro(x1,x2) such that

HvaQHL(IQ) <2

and
 (M+1),r5(M+1) (frq, ¥2) HL(IQ) > 5koeg (28)
Let now
F(x1,29) = %OfR,Q(a:l, xo) + Fo(x1, x2).
Then
HF_FOHLQ(I2) < €o (29)

and, by virtue of (26) and (27), we have

S racaren (B 02 oy = S ey racaren (P )
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— |15 (1) raar sy (Fo, ‘1’2)HL(12) > ky. (30)
The contradiction between (30) and (27) (see also (29) and (26)) shows that

the above assumption does not hold.

Since condition (5) is equivalent to the condition Lg(1%)\ L(log™ L)4(I¢) # &,

the following theorem is valid.

Theorem 2. Let U, be an arbitrary system of form (1) and
Lo(I)\ L{log* LY(I) # &.

Then there exists a function fo € Lo(I?) such that S*(fo, Wq) & L(I?).

Remark 1. The example of the Haar system shows that condition (5) is

necessary for Theorem 1 to hold. For d = 1 it is proved in [3], p. 928, with
the help of the Hardy—Littlewood maximal function; for d > 1 one can apply
similar arguments (see, for example, [11], Chapter II).
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