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WINTNER-TYPE OSCILLATION CRITERIA OF SEMILINEAR
ELLIPTIC INEQUALITIES

ZHITING XU

Abstract. Wintner-type oscillation criteria of semilinear elliptic inequali-
ties are obtained by using partial Riccati technique. The results presented
improve the oscillation criteria due to E. S. Noussair and C.A. Swanson [3].
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1. INTRODUCTION

In this paper, we are concerned with obtaining Wintner-type oscillation cri-
teria for semilinear elliptic inequalities

(Ly)(z) + q(x) f(y(z)) <0, € Q(ro), (1.1)
where Q(rg) = {z € RN : |x] > ro} for g > 0, | - | is the usual Euclidean norm
in RY, and N > 2.

Throughout this paper it is always assumed that the following hypotheses are
valid without further mention.
(Hy) L is an elliptic operator of the form

L=>" Dilay(z)D;] + Z bi(z)D;, x € Q(ry),

t,j=1

where ¥ = (x;), D; = 0/0;, a;; € CLT(Q(ro), R), bi € C%(Q(ro), R) for all 4, j,

loc
(v € (0,1)), and the symmetric matrix A(z) = (a;;) is positive definite at each
z € Qro). Let Amax(x) € C(Qrg), R) be the largest eigenvalue of the matrix
A(x). We suppose that there exists a function A\ € C([rg, 00), R ) such that
A(r) > Tnlax Amax (),  for r > ry;

() feCRR)UC R —{0},R), yf(y) > 0 and f'(y) > k > 0 for y £ 0;

(Hy) 4 Ch(Qro).B), (v € (0.1)).

By a solution of (1.1), we mean a function y € CE(Q(r),R) (v € (0,1))
satisfying (1.1) almost everywhere on €(rg). For the question of the existence
of a solution of (1.1) we refer the reader to the monograph [1]. Our attention is
restricted to those solutions which do not vanish identically in any neighborhood
of |x|. A nontrivial solution y(z) of (1.1) is said to be oscillatory if, for any
R > 0, y(z) has zero on Q(rg) N {x : |x| > R}, otherwise it is said to be
nonoscillatory. (1.1) is called oscillatory if all its solutions are oscillatory.
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In the qualitative theory of nonlinear partial differential equations, one of the
important problems is to determine whether solutions of the equation under
consideration are or are not oscillatory. A number of results on the oscillation
of (1.1) are obtained by imposing restrictions on the elliptic operator L. An
important special case of (1.1) is the case b;(x) = 0 (for all ¢), for which (1.1)

becomes
N

Y Di[ay(@) Diy] +a(w)f(y) < 0. (1.2)
i\ j=1
Concerning (1.2) there exists a well-elaborated oscillation theory. In 1980,
Noussair and Swanson [3] first extended the well-known Wintner theorem [5]
o (1.2) based on the partial Riccati transformation. The survey paper by
Swanson [4] contains a complete bibliography till 1979. Recently, Xu [6] and
Zhang et. al. [8] obtained Kamenev-type oscillation criteria [2]. On the other
hand, using the averaging functions from a general class of parameter functions,
Xu [7] gave new oscillation criteria for (1.2). It seems, however, that a very few
results are established for (1.1) in general form. Motivated by this fact, in
this paper we develop the technique exploited by Noussair and Swanson [3] to
establish Wintner-type oscillation criteria for (1.1), which extend and improve
the results in [3]. Finally, some examples are given to illustrate the advantages
of our results. It is to be emphasized that we do not assume any condition on
the functions b; and ¢ except the conditions b;, ¢ € C} () (for all ). The
results obtained here are new even for (1.2).

2. MAIN RESULTS
Lemma 2.1. Let o, B € RY, C > 0, then

C 1
Caa” T>—aa” — — o7, 2.1
aa’ + af > 5 aa QCﬂﬁ (2.1)
Lemma 2.1 is easy to verify and the proof is omitted.

We now introduce our principal notations. For any given functions p €

C([rg,00),R") and (An) € C'([rg,0),R), we define

CE N )k
o) = 3osiro P = S S
and
0(r) :p(r){/ [q( )——/\ ‘BTA 1| }da+2k 1— N)\(T)n2<7,)
S,
L Lop)y ()
— [)\(r)n(r)] }_'—5(%) —ma
where S, = {z € RY : |z| = r}, w and do denote the surface measure of

unit sphere and the spherical integral element in RY, respectively, and BT =

(b1(x),...,bn(2)).
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Theorem 2.1. Suppose that there exist functions p € C'([rg,00),RT),
(An) € CY([ro,00),R), satisfying

79(7’) dr = oo (2.2)
and T;
/9(7«) dr = oo, (2.3)

then (1.1) is oscillatory.

Proof. Let y = y(x) be a nonoscillatory solution of (1.1). Without loss of
generality we assume that y(z) > 0 for |z| > rg. Put

1

(AVy) (),
fly(z))
where Vy denotes the gradient of y. Differentiation of the i-th component of
W (x) with respect to z; gives

/') { S } ! [ }
DiW(z); = — Dy aij(x)Dy | + ——=D; a;;(z)D;y
( ) f2(y) Z J( ) J f(y) Z ]( ) J

j=1 7j=1

W(z) =

for all 2. Summation over ¢ and the use of (1.1) lead to
divW(z) < —f'(y) (W AT W)(2) — (BTAT'W)(2) — gq(x)
< —k(WTATW)(2) — (BTAT'W)(2) — q(z) (by (Hz))
k

< —W(WTW)(JJ) — (BTAT'W)(z) — q(x) (by (H))
k T 1 T A—12
< _wx)(w W)(@) + A @) BTATH? — g(x)

(by Lemma 2.1). (2.4)
Let

w(r) :p(r)[ / W(x) - v(z) da—i—)\(r)n(r)] for r>ro,  (25)

where v(z) = x/|z|, (|z| # 0), denotes the outward unit normal. Using the
divergence theorem in (2.5), we obtain by (2.4)

w'(r) = p’(r)) w(r) + ,0(7’){ /div W (z)do + [ A(r)n(r) ]/ }

Sr

w(r) = ()] g3y [ VW) do

r
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+/[q(x)——/\ ‘BTA 1| }da— [/\(r)n(r)],}.
Sy

By the Schwartz inequality

/\W(x)fda > T:N UW(@-V@:) dor.
Sr

Sp

Thus for r > ry
oy A ki :
w'(r) < p w(r) — p(T){ — W(zx) - v(x)do
p(r) 2w A(r) L/ }

+/[q(m) — i Az ‘BTA_I{Q}CZO' — [/\(r)n(r)], }

o NP~ [Mrn(r) }’}
that is
Z'(r) < —g(r)Z*(r) = 0(r), (2.6)
where
20r) = wlr) ~ ]%
Hence, for all » > rq, we have
Z(r) < Z(rg) — /g(s)Z2(s) ds — /0(3) ds. (2.7)

By (2.3) and (2.7) we can find a number a > 7y such that for all r > a

T

Z(r) < —/g(s)ZZ(s) ds =: —H(r).
Thus
H'(r) = g(r)Z*(r) = g(r)H*(r).
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This yields

[dH 1
/g(s) ds < dH(r) < for r > ro,

0 T0

which contradicts (2.2), and this completes the proof. O

Remark 2.1. For (1.2), let n(r) = 0, then Theorem 2.1 improves Theorem 4
in [3].

The following oscillation criteria (Theorems 2.2-2.4) treat the cases when it
is not possible to verify easily conditions (2.2) or (2.3).

Theorem 2.2. Suppose that there exist functions p € C*([rg,00), R"), (An)
C' ([rg,@),R), ¢ € C(R,[0,00)) with ¢ nondecreasing on [0,00), and ¢
C([ro, 00), RT) satisfying

/oo [ s (22((:)) dT:| _lqb(S) ‘P( /Sqﬁ(T) dT)ds = o0, (2.8)

/ 2(5) ds < 0. (2.9)

52

T0

i [ [otoras] /¢ /“ Jirds=oo,  (20)

then (1.1) is oscillatory.

If

Proof. By using the same argument as in the proof of Theorem 2.1, we get (2.7)
holds for r > r5. Multiplying (2.7) by ¢(s) and integrating from r¢ to r, we
have

r

/ () Z(s) ds + G(r)

/¢<s)ds —(/¢<s)ds)_1/¢<s) /se(T)des],

where G(r) = [ ¢(s) [ g(7)Z*(r)drds. In view of condition (2.10), there
exists a constant a > rq such that

_[j¢@ al /@ t/ Virds <0, forall r>a
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—j¢(s)Z s) ds

In virtue of the Schwartz inequality

< [ / 0(5)2(5) dsr < [ / Q;{)) ds] [ / 9(5)7%(5) czs],

{/Ws) ds}_lgzﬁ(r) AUl (2.11)

So, for every r > a

that is

But, for all r > a

> | / ote)as] | / o)2°s)ds| =€ / 8(s) ds

where C' = [ g(s)Z%(s)ds. Since g(s)Z*(s) is continuous and not identically
zero on [rg, al, we have C' > 0. Thus, for all r > a,

o [ / 6(s)ds ) < 9(CTIG(r). (2.12)

From (2.11) and (2.12) it follows that

/ [ ¢2 }1¢<s>w( / otr)r )

C~1G(r)

[ o(CG(s) [
< — =
_/ G2(s) dG(s) 2 ds < o0,
a C-1G(a)
which contradicts condition (2.8). O

Lemma 2.2. Suppose that there erist functions p € C([rg,00),R) and
(An) € CY([ro, <), R) such that (2.2) and

O(r) := /9(7") dr < oo for 1 >y, (2.13)

hold. If (1.1) is nonoscillatory, then there exist a constant a > ro and a function
Z € C(Ja,00),R) satisfying

Z(r) > /9(8) ds+/g(s)Z2(s)ds for r>a. (2.14)

7 T
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Proof. Proceeding as in the proof of Theorem 2.1, there exist a number a > rg
and a function Z € C'([a, ), R) satisfying (2.6). Therefore for b > r > a

b b
Z(b) + /9(7) dr + /g(s)ZQ(s) ds < Z(r). (2.15)
Now we claim that
/g(s)ZQ(s) ds < 0. (2.16)
Otherwise

[ o9z ds =

T

then there is a number a; > a such that, taking into account (2.13) and (2.15),
b
Z() < —/g(s)ZQ(s) ds for b>a.

As in the proof of Theorem 2.1, it is easy to show that

o0

/g(s) ds < o0,
which contradicts (2.2). Thus (2.16) holds. Therefore, from (2.15), for r > a
Z(r) > limsup Z(b) —I—/9(5) ds + /9(3)22(5) ds. (2.17)
b—oo

If limsup,_, ., Z(b) < 0, then there exist two numbers § < 0 and ay > a; such
that Z(b) < 6 for b > ay. It follows from (2.2) that, for r > b,

oo o0

[ o221 ds =8 [ gls)ds = .

T T

which contradicts (2.16). Thus limsup,_,, Z(b) > 0. It follows from (2.17) that
(2.14) holds. O

Theorem 2.3. Suppose that there exist functions p € C'([rg,0), R") and
(An) € C([rg, ), R) such that (2.2) and (2.13) hold. If

79(3)91(5) exp [2/89(7)@(7) dT:| ds = oo, (2.18)

o 0

then equation (1.1) is oscillatory.
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Proof. Suppose that (1.1) is nonoscillatory. Then it follows from Lemma 2.2
that there exist a constant a > ry and a function Z € C'([a, c0),R) satisfying
(2.14) for r > a. Define

e}

o) = [ a5)2)ds

then
V' (r) = —g(r)Z%(r). (2.19)

Multiplying (2.19) by exp[2 [7 g(7)O(7)dr] and integrating from 7 to b, we
obtain

wmwmpfwm@ﬂmw

b

+ / 9(s)[Z2(s) — 20(s)v(s)] exp [2 / g(T)@mdr] ds.  (2.20)

s T

It follows from (2.14) that Z(r) > O(r) 4+ v(r) for r > a, which implies Z?(r) —
20(r)v(r) > ©3 (r) + v*(r) for r > a. This and (2.20) imply

v(r) > 79(5)@1(3) exp [2/89(7)@(7) dT:| ds

+/g(s)v2(s) exp [2/9(7’)@(7) dT:| ds. (2.21)
This contradicts (2.18). The proof is completed. O

Theorem 2.4. Suppose that there exist functions p € C'([rg,00), R") and
(An) € CY([rg, ), R) such that (2.2), (2.13) and

O4(r) == 7 g(5)0% (s) exp {2/59(7)@(7) dT:| ds < oo for 1>

hold. If T r
709(5)@%(5) exp {Q/Sg(T)(@(T) + O1(7) )dr] ds = 00, (2.22)

then (1.1) is oscillatory.
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Proof. Proceeding as in the proof of Theorem 2.3, we can find a constant a > rg
and a function v € C*([a, o), R) satisfying (2.21) for all r > a. Define

u(r) = 7 9(s)0%(s) exp [2 / g(T)@(T)dT} ds.

Then
' (r) = —g(r)[v*(r) +20(r)u(r) ]
< —g(r){ [83() + u*(r)] +2[O(r) + ©1(r) ] u(r) }. (2.23)

Using exp[QfTS g(T)[O(7) + ©1(7) ] dr as an integrating factor, we integrate
(2.23) from r to b and obtain

u(r) > exp [2 / 9(s) (6(s) + €1 (s)) d{u(b)

s

+ /bg(s)[@%(s) +u?(s) ] exp [2/ g(T)(O(7) + 61(7)) drl ds

T

S

2/9(8)93(8) exp {2/9(7)(@(7)+91(7))d7} ds

s s

+/bg(s)u2(s)exp {2/89@)(@(7“91(7))(17} ds.

T T

Letting b — oo in the above inequality, we get a contradiction to (2.22). This
completes the proof. O

Remark 2.2. If we assume further that ©(r), ©1(r),... are integrable, simi-
larly to Theorems 2.3 and 2.4, we can establish a number of oscillation criteria
for equation(1.1).

3. COROLLARIES AND EXAMPLES

The results in Section 2 are of high degree of generality. With an appropriate
choice of the functions p, n and ¢. Some interesting corollaries can be obtain
from Theorems 2.1-2.4, for example.

The following is an oscillation result for the linear equations

N
0
Ay + Zbi(:p)a—ﬁ +qla)y =0, z€Qr), (3.1)
i=1 v

where b;, g € C}

loc

(Q), v € C(0,1).
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Corollary 3.1. Suppose that the conditions

T

rlirglo [slnqu(s) - QS}ns}ds =00, N =2, (3.2)
T0
and )
Tlirgo [qu(s) — %} ds =00, N >3, (3.3)
T0
where

) = s [ ato) - %f;b?(x)] o,

Sr
hold. Then (3.1) is oscillatory.

Proof. The assertion of Corollary 3.1 follows from that of Theorem 2.1 if we
choose n(r) = 0 and

2N, for N >3.

Inr, for N =2,
p(r) = { O

Remark 3.1. Corollary 3.1 improves some results in [3,4].

Example 3.1. Consider the elliptic equation

sin|z| dy  cosl|z| Oy i
A =0 3.4
¥l 0o T Ja 0w YT (3:4)

for |x| > e, where p is a constant with 2u > 1, and N = 2.
A direct calculation gives

T

/[smmM@) L 14

" 2slns

e

2u—1 1
= 'uTlnzfr— iln(lnr) —

Hence (3.4) is oscillatory by Corollary 3.1.

2u—1

— OO0 as T — OQ.

Example 3.2. Consider the elliptic equation

0 ( 1 8y> 0 ( 1 8y> 2 + cos |z| — 2|z| sin |z|
Oy \|z|? 0x; 0o \|z|? Ox4 4|x|%

for |x| > e, where N = 2.
Here, we choose p(r) =1, n(r) = —2x, ¢(r) = 1/r, and p(r) = /r; then

(4y+¢5) =0 (3.5)

p(r) =0, g(r):% Q(T):ﬂ(2+cos27;/;2rsinr),
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T

/Q(S)ds:W[\/F(2+COST)—\/E(Q—i-cose)] >\/r for r>e,

}E&[/¢ ]/¢/ deS%%ﬁ/TS‘%dSZOO’
i [ 250 o f )

7"1 _11/2
g & s =D
r—0o0 T S—e

Thus, all conditions of Theorem 2.2 are satisfied and hence (3.5) is oscillatory.

Example 3.3. Consider the elliptic equation
[E] 2] —0 (3.6
8331(’33‘ &51) 8232(]3:\83:2) ]3:\2(8;51 +@$2> + \x’g’(y_l_y ) (3.6)

for |x| > 1, where v is a constant with v > 7/2 and N = 2.
Taking p(r) = 1/r, n(r) = 27, we have

2 1)? ve
:lim%/SZKIHds:oo.

Consequently, by Theorem 2.3, (3.6) is oscillatory.

Remark 3.2. The results obtained in this paper hold true if we replace con-
dition (Hs) by

fy)
Y
but the function g(x) should be nonnegative in this case.

feCRR), yf(y)>0 and >k>0 for y#0,
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