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GELFAND PAIRS AND GENERALIZED D’ALEMBERT’S AND
CAUCHY’S FUNCTIONAL EQUATIONS
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Abstract. We show that Cauchy’s, d’Alembert’s functional equations and
their generalizations are the functional equations for bounded spherical func-
tions associated to some Gel’fand pairs. Our results are very close to the ones
obtained by Stetkeer in [17].
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1. INTRODUCTION

Set-up 1: We adapt here our point of view to the results obtained by Stetkeer
H. in [17] and [18]. Let G be a locally compact group, and let K be a compact
subgroup of G such that (G, K) is a Gel'fand pair ([9] and [11]), the associ-
ated K-spherical functions are non-zero continuous functions on G such that
[ [aky)dwr (k) = f(z)f(y), z,y € G ([9] and [11]). Let K o G be the semi-
direct product group, then (K o« G, K) is a Gel'fand pair (see [5]), and the
associated K-spherical functions satisfy the functional equation

/ f(ak - y) doge (k) = F(2)f(y), .y € G, (1.1)

where wg is the normalized Haar measure of K. If G is an abelian locally
compact group and K is a compact subgroup of Aut(G) consisting of automor-
phisms and homemorphisms of G, then (K x G, K) is a Gel’fand pair and the
associated bounded K-spherical functions satisfy the functional equation

/ Flo+ k- y) dog(k) = f@)f (), 7.y €G, (1.2)
and have the form
fla) = /X(k~m) do(k), ©eG (1.3)

for some unitary character x of G ([3], [8]). For the Gel'fand pair ({/} o G,{I}),
the {I}-spherical functions are solutions of Cauchy’s functional equation

flx+y) = f@)f(y), =y€eQG. (1.4)
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Another interesting instance is the case of the Gel'fand pair ({/,—1}
G, {I,—1I}), where the {I, —I}-spherical functions are solutions of d’Alembert’s
functional equation

flx+y) + flo—y)=2f(2)f(y), z,y€q. (1.5)

In the next set-up, we generalize the results mentioned above.

Set-up 2: Let G be alocally compact group and let K be a compact subgroup
of G such that (G, K) is a Gel’'fand pair ([5], [8], [10]). Let ® be a finite subgroup
of Aut(G) such that p(K) C K,V ¢ € ®. The number of the elements of a
finite group ® will be denoted by |®|. C(G) (resp. Cy(G)) denotes the space
of continuous (resp. continuous and bounded) complex-valued functions. By
L,(G) we denote the Banach algebra of all integrable functions on G and by
Li(G \ \K) the subalgebra of functions in L;(G) that are bi-K-invariant (i.e.
flkx) = f(zk) = f(x),x € G,k € K). One can form a semi-direct product
group G; = ® o GG and a compact subgroup K; = ® o« K using the group law

(o, 2) (1, y) = (0¥, 20(y), ¢, e®, zyed.

A function F' : & «x G — C, that is bi-® o« K-invariant, can be regarded as
a function fp on G such that fg is both bi-K-invariant and ®-invariant (i.e.
fow=pV¥e € @), therefore F(ip,2) = fo(z),p € B,z € G. Accordingly, we
obtain the isomorphism

Li(® o G\\® xx K) — Li(G\\K) N LY(G),
F— fo,

where LY(G) = {f € L1(G) : fop = f, p € ®}. Then (& x G, P x K) is a
Gel'fand pair. Let 1, y; € G; = ® o« G and let k; € K; = & & K, then we
have

zikiyy = (0,2) (0, k) (¢, y) = (B, 26(k) 6(0(y)))-
Let F € Cp(® x G) \ {0}, then F'is a & o< K-spherical function if and only if
fo satisfies the functional equation

Speo / F(ako(y))dwr (k) = |8 F(2)f(y), .y € G. (1.6)

This equation generalizes the following functional equations:
— the K-spherical functional equation

/ f(aky) dug (k) = F(2)[(y), .y € G; (1.7)

— the generalized d’Alembert’s functional equation

/ F(ky) duc (k) + / f(wko(y)) do (K) = 2/ () f(4) z.yeG,  (L8)

where o € Aut(G) is such that o o 0 = o (see [1] and [10]);
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— the Cauchy’s functional equation (1.4) and the d’Alembert’s functional
equations (1.5) and

flx+y)+ flz+o(y)=2f()fly) zyeQG, (1.9)

where o € Aut(G) is such that 0 o 0 = o (see [19]).

In the previous paper [7], we have dealt with the stability of the functional
equation (1.6). Here we study the properties of solutions of the functional
equation (1.6). The results obtained generalize the ones obtained in [10], [17],
[18] and [19].

In the first section, we give general properties in Proposition 2.3, we prove
that if a measurable and essentially bounded function f on G (i.e., f € L>®(G))
satisfies the functional equation (1.6), then f € Cy(G), which explains why we
restrict our-selves to solutions f € Cy(G). In the second section, we give a
description of the bounded solutions of (1.6). These solutions are expressed by
the formula

1
f(l’)—@

where [ is a bounded K-spherical function associated to the Gel'fand pair
(G, K).

In Section 3, we consider a Riemannian symmetric pair (G, K) ([12]) and
characterize solutions of the functional equation (1.6) as eigenfunctions for some
invariant operators on G.

In the last section we give some applications of our study.

Yo l(p(x)), €, (1.10)

2. GENERAL PROPERTIES

In what follows, we study general properties of solutions of (1.6). Let G be
a locally compact group, K be a compact subgroup of GG, and let ® be a finite
group of K-invariant automorphisms of G.

Proposition 2.1 (7). For an arbitrary fized 7 € ®, and f € C(G), we have
i) the mapping ¢ — @ o T is an automorphism of ®;

i) Yopeo [i f(aho(T(y)))dwr (k) = Spca [ f(ako(y))dwr(k); z,y € G.
iii) If f is bi-K-invariant, then for all z,y,x € G, we have

/ F(yka) dug (k) = / F(aky) duge (k),

an

//f zhykz) dwg (h) dwk (k //f zhxky) dwg (h) dwk (k).

Proposition 2.2. Let f € C(G) \ {0} be a solution of (1.6), then we have
fley=1, for=f forallT € ® and f is bi-K-invariant.

Proof. By easy computation. 0]

Proposition 2.3. Let f € L{°(G) be a measurable and essentially bounded
function on G satisfying the functional equation (1.6), then f € Cy(G).
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Proof. For all h € Li(G \ \K) and for almost all y € G, we have
B1(7. )f(s) = |9 / (o

o / / [(wkp(y)) ha) dwgc (k) da

K G
o [ [ b)) o) doe () d

~Sseo [ (s 1)(hol) durc(k) = Seealh + £)(0(0)
K
which finishes the proof of our proposition. O

3. SOLUTIONS OF EQUATION (1.6)

In the following theorem, we determine the bounded solutions of the func-
tional equation (1.6).

Theorem 3.1. Let G be a locally compact group and let K be a compact
subgroup such that (G, K) is a Gel’fand pair. Let ® be a finite subgroup of the
group Aut(G) such that K is ®-invariant. Let f € Cy(G) \ {0}. Then f is
a solution of equation (1.6) if and only if there exists a K-spherical function [

such that .
f(x) = o] Yoeal(p(x)), xed.

Proof. By using some ideas of [7] and [2], we define for each fixed y € G, the
function y, on ¥ (the Gel'fand spectrum of the commutative Banach algebra
Li(G\\K) (see [11]) to be

Xy(l) = ézgoebl(@(y)), [ €.

Let F(L1(G\ \K)) be the set of Fourier transforms of functions in L;(G \ \K).
For all g € F(L(G\ \K)), we have x,g € F(L(G\ \K)). Indeed, if g = F'h,
h € Li(G\ \K), then x,g = F'z, where z € L;(G \ \K) has the form

(o) = o7 Do K/ h(akp(y™)) duc (k).

Now let F'f (the Fourier transform of f) be regarded as a pseudomeasure on
Li(G\ \K) (see [5]) defined by

(Ff,g) = / f(@)h(z) da
G

where F'h = g. We show that for each y € G and g € F(L,(G \ \K)),
[(xy = f(w)gl Ff = 0.
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Indeed, for each g € F(L1(G \ \K)), we have

(10x — F)alF 1, A) = /f (=% )(x) do - f /f (hxq)(a
where Fh =g, Fqg = A and Fz = x,(¢). Then we obtain

(O~ ()gIF S, A) = / / F(2) Spealh * @)@y k) dwg (k) de
()

L/f (h+q)

:é / / F@) Spea(hx ) (whply™)) do (k) da

1y L/f J(hx q)(x

3 G/ I[ F(@) S gcolh + 0)(whp(y) o (k) do
- 1) [ $@) 0 s () do

G
—(y) / F(@)(h* )(x) dz — f(y) / f(@)(hx q)(x) dz = 0.
G

G

Since f is non-zero, the support of the pseudomeasure F'f is nonempty. Let
[ be in the support of F'f. Then we obtain that, for all y € G and for all
g € F((L1(G'\ \K)), the function (x, — f(y))g vanishes at [ (see [5] Theorem
1.3.1). Consequently, we have x,(!) = f(y), which ends the proof. O

4. ON RIEMANNIAN SYMMETRIC PAIRS

In this section, we suppose that G is a connected compact Lie group and K
is a compact subgroup of G such that (G, K) is a Riemannian symmetric pair,
then (G, K) is a Gel'fand pair ([13]). Let ® be a finite subgroup of Aut(G) such
that ¢(K) C K for all ¢ € &. We shall characterize solutions of (1.6) in terms
of eigenfunctions of some left invariant differential operators.

For each fixed a € G, we define the left (resp. the right) translation operators
as (Lof)(z) = f(a ') (resp. (Rof)(x) = f(za)) and say that an operator T is
left (resp. right) invariant if (L,T)f = T'(Laf) (resp. (R T)f = T(R.f)). Let
D(G) denote the algebra of left invariant differential operators on G. For all
f € C(G), one puts fi(z) = [ [ f(kzh)dwk (k)dwg (h), for all z € G.



212 B. BOUIKHALENE AND S. KABBAJ

Proposition 4.1. For any differential operator D, the operator Dy defined
by

(Dicf)(x) = é SoeaD{(Lo-t /) 0 0} (0),

for all f € C*(G) and x € G, has the following properties:

i) Dk is left invariant;

i) Dg is right invariant under K. Furthermore one has RyDx = Dk Rj, =
Dg;

iii) (Dgf)(e) = ‘;{'Z%@D{fh o p}e). In particular if f is bi-K-invariant
and for = f forall T € ® then (Dif)(e) = (Df)(e);

vi) If f is a solution of (1.6), then D f = (Df)(e)f.

Proof. By easy computations, we have iii) and vi).
For i) let f € C*(G) and let a € G, for all z € G, we have

Lo(Di f)(x) =(Dic ) (a ') = ﬁ Spea D{(Lis1a) /) 0 0} (€)
1

=) Zrer Dot (Laf)) 0 ¢} () = Dic(Laf) ().
For ii) let f € C°(G) and let h € K, for all z € G, we have

Ru(Dicf)() =(Dicf)(h) = é Sea D{(Liny 1 )0 9} (e)
1

= g7 Seea D{(Lan (Baf))" 0 }(e) = Dic( i) @)

For vi)

Soeo(Lot (1) =Zpeo / (Lo ) (kiply)) duorc (k)

e / F k() dwi (K) = |B] £ (2) £ (y).

For y = e we get

(Dicf)(x) = é Spca D{(Ler ) 0 0}(e) = (D)) f(z). D

Lemma 4.1. If f is a solution of equation (1.6), then f is analytic.

Proof. Since F' is a ® o< K-spherical function and the space ® o« G\ & x G is
connected, using the proof in [13] we derive the rest. U

Theorem 4.1. Let G be a connected Lie group and let K be a compact
subgroup of G such that (G, K) is a Rimannian symmetric pair. Let ® be a
finite subgroup of Aut(G) such that K is ®-invariant. Let f € C(G). Then the
following statements are equivalent:

(1)  f is a solution of (1.6).
(2) i) fle)=1, for=f forallT € ® and [ is bi-K-invariant;
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i) f € C(G);
iii) f is analytic;
vi) f is a joint eigenfunction of the operators Dy for all D € D(G).

Proof. (1) = (2) follows directly from Propositions 4.1 and 2.2 and Lemma 4.1.
Conversely, suppose that Dg f = (Df)(e)f for all D € D(G). For a fixed x € G
we define the function

Fly) = é Seeo [ ko) dox(k), v G

Since for = f, for all 7 € ® we get

F(y) = é Yoco /(Lap(x)k)lf)(y) dwg (k).

Consequently, for all D € D(G) we have

1
(D F)(y) = ] et I[ D (Lpym) -1 )(y) dwi-

Since Dy is left invariant, we obtain

(D F)(y) = Df(e)F(y).

In particular for y = e we have

(D F)(e) = Df(e)F(e).
Hence, by Proposition 4.1 iii), it follows that

(DF)(e) = D(f)(e)F(e),
. D(F — F(e)f)(e) = 0
for all D € D(G).

Since F' — F(e)f is an analytic function on the connected Lie group G, by
[13] we obtain

on GG. We conclude that

b Seeo [ Flokely) dun(h) = () (y), wyeG O

5. APPLICATIONS

5.1. Let G be an abelian, locally compact group and let ® be a finite subgroup
of Aut(G), then (® x G, ®P) is a Gel'fand pair and the associated bounded ®-
spherical functions are solutions of the functional equation

Yocaf(x +0(y) = |®|f(2)f(y), =,y€Gq, (1.10)
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and have the form

f() = ézmx«om), reG, (1.11)

for some unitary character y of G.

If 0 : G — (@ is a continuous automorphism for G such that c oo = I,
then the bounded {I,oc}-spherical functions associated to the Gel'fand pair
({I,0} xx G,{I,0}) satisfy d’Alembert’s functional equation

flz+y) +2f(9:+<7(y)) = f(@)f(y), z,y€q, (1.12)

and have the form

X+ Xxoo
f="—0

for some character x of G (see [4], [8], [14], [15] and [18]).

5.2. Let (G, K) be a compact Gel'fand pair and let ® be a finite subgroup of
Aut(G) such that o(K) C K for all ¢ € ®. Then the & ox K-spherical functions
associated to the compact Gel’fand pair (¢ x G, P x K) are solutions of the
functional equation (1.6) and each bounded one has the form

1

) = —
where (7, H;) is an irreducible continuous and unitary representation on a
Hilbert space H,, ( , ) is the inner product of the space H, and ¢ is a unit
vector satisfying m(k)§ = & for all k € K (see [1]).

5.3. Let G be a noncompact connected semi-simple Lie group with finite
center and K be a maximal compact subgroup of G. Then (G, K) is a Gel’fand
pair [9]. By Iwasawa decomposition, we may write G = K.S, where S is a closed
solvable subgroup. Let ® be a finite subgroup of Aut(G). Then the bounded
® o K-spherical functions associated to the Gel'fand pair (® o< G, ® o K) are
solutions of the functional equation (1.6) and have the form

1
f(z) = @ E%@I[X(kgo(a:)) dwg(k), =€ G, (1.14)

Yoca(m(x)E,§), = e, (1.13)

for some unitary character x of S.

5.4. Let G be a unimodular group containing a normal commutative group
A with no elements of order 2 and let K be a nonnormal compact subgroup of
G. Then (G, K) is a Gel'fand pair [9]. Let ® be a finite subgroup of Aut(G).
Then the bounded ® o< K-spherical functions associated to the Gel’fand pair
(& x G,P x K) are solutions of the functional equation (1.6) and have the

form
1

flx) = @ Zweq)l(/x(kgo(s)k_l) dwg(k), =€d, (1.15)

where x =ts, t € K, s € A and Yy is a unitary character of A.
5.5. Let G be a locally compact group group and let K be a compact sub-
group of G such that (G, K) is a Gel'fand pair. Let 0 : G — G be a continuous
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automorphism of order 2 such that o(K) C K. Then ({{/,0} x G,{I,0} x K)
is a Gel'fand pair and the associated bounded {/,0} o K-spherical functions
are solutions of the functional equation

/ F(aky) duoge (k) + / f(ako(y)) doge (k) = 2/ (2)f(y), z.y€C,  (L16)

and have the form
WwH+woo

=

for some bounded K-spherical function w on G (see [1] and [10]).

(1.17)
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