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SOME APPROXIMATION PROPERTIES FOR MODIFIED
BASKAKOV TYPE OPERATORS

VIJAY GUPTA

Abstract. We study some direct results for the recently introduced family
of modified Baskakov type operators. In particular, we obtain local direct
results on ordinary and simultaneous approximation and an estimation of
error for linear combinations in terms of higher order modulus of continuity.
We have applied the Steklov mean as a tool for the linear approximating
method.
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1. INTRODUCTION

Gupta et al. [5] introduced the integral modification of Baskakov operators
to approximate Lebesgue integrable functions on the interval [0, c0) as

Gn(f,z) = /W(n,a:,t)f(t) dt, x€0,00), (1)

where the kernel W (n,z,t) in terms of Dirac-delta functions is defined by

W(n,2,8) = 3 P @b (1) + (1 4+ 2) "6(8),

and
n+v—1 ¥ [t
v

n,v - T N bn v t = .
puote) = ( T el = g
It is easily verified that the operators (G, are linear positive operators. Also,
Gn(l,z) = 1.
Let Cg[0,00) be the space of all real-valued continuous bounded functions f
on [0,00) endowed with the norm || f|| = sup |f(x)|. We consider the following
x>0

K-functional:
Ks(f,0) =mf {[|f — gl +3llg"| : g € WZ}, &>0,

where W2 = {g € Cp[0,00) : ¢',¢" € Cy[0,00)}. Positive constants that may
have different values at different occurences are denoted by c¢. By [1, p. 177,
Theorem 2.4] there exists ¢ > 0 such that

KQ(fv(s) SCWQ(f’ \/5)7 (2)
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where 6 > 0 and
wz(f,\/g)z sup  sup |f(z+2h)—2f(x+h)+ f(z)],

0<h§\/g 16[0700)
is the second modulus of smoothness of f € Cp[0, 00). Furthermore, let

w(f,0) = sup sup |f(z+h)— f(z)],

0<h<d z€[0,00)

be the usual modulus of continuity of f € Cz[0,00).

Similar types of operators have recently been studied by Srivastava and Gupta
[9]. We estimate local direct results in terms of modulus of smoothness and
modulus of continuity in ordinary and simultaneous approximation. In the
last section an error estimate is also established for linear combinations of the
operators GG, for an unbounded function with some growth property.

2. AUXILIARY RESULTS
We need the following lemmas in the sequel.

Lemma 2.1. Let the function pi,..(z), = € [0,00), be defined as

prn (2) = P () / b1 () (t — 2)™dt + (—2)™(1 4 )"
Then
pno(@) =1, (@) = ——., n>1,
. _z(@+1)@n—1)+ (1 +32)z .
tin2(2) (n—1)(n—2) >

and for n > m + 1 there holds the recurrence relation
(= m = Dptngss (2) = 21+ 2) [0 (2) + 20t 1 (2)]
+ [m(1 4 2z) + ] pin m (),

which implies that
pna) = O (=07
for each z € [0, 00).

Proof. The values of fi,, 0, fin1(2z) easily follow from the definition. We prove
the recurrence relation

1+ ), = 3 2(1+ 2)p (o) / b (1)t — 2)™dt
0

Y a1+ 2)paso) [ s b))

—{n(=2)" (L + )"+ m(—2)" (1 +2) " faz + 1)



MODIFIED BASKAKOV TYPE OPERATORS 219

Now using the identities z(1 + x)pnl,),(x) = (v —nx)pp,(x) and (1 + t)b(l) (t) =
(v — (n+ 1)t]b,,.(t), we obtain

+(n+1) 2 P () ?bn v (8)( — )™t
+ (1 +2) Vio;pm,,(a:) 7bn,,, () —2)"dt +n(—2)" T (1 +2)™"
= gpn,y(x) 7[(1 +22)(t — ) + (t — 2)? + 21+ 2)]bY)_ (1)(t — 2)™dt
n+1) i P () ]Obw_l(t) (t — x)™Hat
(1+ ) 2 P () fbn,yl(w(t — &)™ dt + n(—z)™ (14 z) "

= —[m(1 + 22) + @fpnm () + (0 = m = Dpnm1 (2) = ma (1 + @) i1 (7).

This completes the proof of the recurrence relation. The values ji, 2(), finm(2)
follow from the recurrence relation. 0J

Lemma 2.2. Letn >r > 1 and f® € Cp[0,00) fori € {0,1,2,...,7}, then

Gg)(ﬁ 33') = (n o <_<n1)_(711)62r — 1 an+’l”l/ /bn rY4r— 1 T) (t) dt.

Proof. The following relation follows by simple calculation:

P (@) = npnst-1(2) = Ps1w(@)], (3)
bg)y(t) = n[bpy1,0-1(t) = bry1(t)], (4)

where x,t € [0, 00).
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Furthermore, we prove our lemma by mathematical induction. Using the
above identities (3) and (4), we have

OO

GO (f.a / bour (£) £ (1) dt — n(1 + )" £(0)

v= 1 0

oo

:Z”[pnﬂ,u 1(2) =Pt (T /bnu 1 t)dt—n(1+2)"""' f(0)
v=1 0

— (L4 2) " / n(L+ )" (1) dt

0

n—1

1Y sl [ ( - )bS_’l,xt)f(t) ft = n(1 +2) " £(0).

Applying the integration by parts, we get

[e.9]

GY(f,2) =n(l+2)"" f(0)+n(1+2)™ " /(1 + )7 fO(t) dt

0

> /nl,, (t)dt — n(1 + )" £(0)
v=1 0

_ nﬁlyzopnw v / w1 () FO () dt

0

thus the result is true for r = 1. The result easily follows by the principle of
mathematical induction. 0

Lemma 2.3 (see [8], [2, p. 128]). Form € NU{0}, if the m-th order moment

1s defined as
an v <_ - l’) )

then U, o(x) =1, Up1(z) =0 and
nUpmi1(z) = z(1+ ) [UL), (2) + mUpm-1(2)] -
Consequently, Uy, m(x) = O(n~[(mT1/2]),

Lemma 2.4 (see [2], [7], [8]). There exist polynomials ¢; ;.(x) independent
of n and v such that

{z(1+2)}"

T

d 1- |

dx" [ n,u(l’)] = Z n [V - nx]J(bi,j,T(x)pn,V(x)'
2i+j5<r

4,5 >0
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3. LOCAL APPROXIMATION

In this section we establish direct local approximation theorems for operators
(1).

Theorem 3.1. Let f € Cp[0,00). Then there exists an absolute constant
c¢ > 0 such that

Gutx) = J@)) < s (19 S ) o (1)

for every x € [0,00) and n = 3,4,... .

Proof. We define a new operator G, : C[0, 00) — C3[0, 00) as follows:

Gutt.o) = Gl ) = o)+ 7 (55 ). ()

Then by Lemma 2.1 we obtain G,(t — z,z) = 0. Now, let = € [0,00) and
g € W2 . From Taylor’s formula

t

g(t) = 9(a) + ¢ (&)t — ) + / (t - u)g"(u) du, t € [0,00),

we get

Guta ) = 9(0) = G [ ¢~ i (w) o)

:Gn</(t—u>g"<u)du,x>+ / <nﬁ1x—u)g"<u)du. (7)

On the other hand,

t

[ g @ < - aple') ®
and
nz/(n—1) 9
n na
_ " < _ "
[ () < () 1
x? z(1+ )
< " " . 9
< Ll < D o)
Thus by (7), (8), (9) and by the positivity of G,,, we have

z(l+x)

o1 lg"1l-

G(g,2) — g(a)| < Gou((t — 2)%,2) ||g"]| +
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Hence in view of Lemma 2.1, we have
(x(l +2)2n—1)+ (14 3zx)z  x(1+ x)) 1"l

Gulg.) = g(x)| <

- (n—1)(n—2) (n—1)2
= (2:__21+n32+n11) xsjlx) 5"l
9 "
< ) gl (10

Again applying Lemma 2.1,
Gn(f2)| < an,u(fv)/bn,u—l(t) [F@)]dt + (1 +2)""[fO)] < [If]
v=1 0
This means that G,, is a contraction, i.e. ||G,f| < [|fll, f € Cg[0,00). Thus
by (6)
IGnf Il < NGufll + 20111 < 31N f € CB[0, 00). (11)
Using (6), (10) and (11), we obtain

(Gl ) = [(@)] < |Gl f,2) = f(a)] + ‘f(x) -/ ( n_xl)‘

| fe) =1 (nnfl)’

) pr(+) gl + ’f(x)_f< nj:l)‘

n — n

z(1+zx x
<of{lr-a+ 2Dy s r (- ) - s
n— t,t—(z/(n—1))€[0,00) n—1

<o{lf ol + =D} v (125)

<|Gu(f — g:2) = (f — 9)(@)| + |Gnlg,2) — g(a)] +

<4|f —gll+

n—1
Now taking the minimum on the right-hand side over all g € W2 and using (2)

we obtain the required result. O

Theorem 3.2. Let n > 1 +2 >3 and f& € Cp[0,00) fori € {0,1,...,r}.
Then

6070 - 1) < (PO =0 o)
m+r—Dl(n—r—1)!
(=2
X(H_\/2(n—|—1—1—27’2+4r)x;t2in_+22r2+37’)x+r(7’+1)

) w(f(r)a (n—r—l)_l/Q),

where x € [0, 00).
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Proof. Since [ by_ypir—1(t)dt =1 and Y p,,(z) = 1, we can use Lemma
0 v=0
2.2 to obtain

r r ( + _]' _ _1
GOf.2) — fO(z) = " T((n_? : an+m

o0

X / bnparir—1 () [f (1) =[O ()] dt + [("“‘(—(nl)_(?); r—1)!

Taking into account the well known property w(f", A6) < (1 + Nw(f™,6),
A >0, we get

G () = fO ()]
cr e _r 1) pr ) [ s OIS0 - 1)
0

— 1] ().

((n—1)1)

(n+r—Dln-—r-1! )
o e i
(n+7r—1 n—r—l

S ((n—l an+ry

[e.o]

« / by ir 1 ()1 + 5[t = 2w (F0, 6) dt
0

(n+r=Dln—r-1! ")
e JIE .

Further, using Cauchy’s inequality, we have

(e 9]

> psrsl®) [ Brrurs(Olt = ol di
v=0

0

o o0 1/2
< {anm /bn Y t—x)2dt} . (13)
v=0 0

By direct calculations

o0

(v+r)(v+r+1) v+r 9

by rpir_1 (D) (t — 2)dt = R E— .
/ w1 (D)t = 2) (n—r—=2)(n—r-—1) xn—?‘—l—i_x
0

Hence we have

> T 2(n+ 1+ 2r% +4r)

n—+rr,v bTL rT2VTr— t_ 2dt 2
Zol” / +r-al @) n—r—2)(n—r—1)"
v= 0
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2[n + r(2r + 3)] r(r+1)
+(n—r—2)(n—7‘—1)x+(n—r—?)(n—r—l)‘

Thus by (12) and (13), we obtain

() (g < 2HT = DI —r—1)!
Gy (fox) = f7(2)] < (O

o 2+ 14274 4r)
X [1—}—5 ((n—r—?)(n—r—l)x
2(n + 2r? + 3r)] r(r+1) 1/2 .
o0 T or—2m-r—1n) V9
n+r—0l(n—r—1)! .
- {( ((n )_<1)1)2 E 1] 17O
Choosing 6! = v/n — r — 1, we obtain the desired result. 0

4. LINEAR COMBINATIONS

It turns out that the order of approximation by operators (1) is at best
O(n™'), even for smooth functions. With the aim of improving the order of
approximation, we consider linear combinations G, (f,k,z) of the operators

Gan(f,z) as

k
Gn(f; ]{I,SL’) = Zc(ja k>Gdjn(f7 l’), (14>
=0
where dy, dy, ..., d; are arbitrary and fixed distinct positive integers and

d.

C(j, k) = 2 k#0, C(0,0)=1.

(]7 ) 4 H dj _ dl ) % ) ( Y )

1=0,0<j<k
i#]

Such linear combinations were considered by C. P. May [7] to improve the order
of approximation of exponential type operators.

The m-th order modulus of continuity w,,(f,d, a, b) for a continuous function

f on the interval [a, b] is defined by
wi(f,0,a,b) = sup{[AF'f(2)] : |h] <65z, +h € la, 0]}

For m =1, w,,(f,0) is written simply as an the ordinary modulus of continuity
w(0) or w(f,0), see, e.g., [2].
C,[0,00) = {f € C[0,00) : | f(t)] < M(1+¢)” for some M > 0}, where v > 0.
We define the norm || f||, on the space C,[0,00) by || f||, = sup [f(¢)[(1+¢)77.
0<t<oo

Let us assume that 0 < a < a1 < by < b < oo for sufﬁcient_ly small § > 0, the
(2k 4 2)-th order Steklov mean foi24(t) corresponding to f € C,[0,00) is
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defined by
5/2 6/2 5/2 -
Foryas(t) = 6~ CGF2m / / / [F(t) =AY (1) H dt;,
—5/2-6/2 =62
2k+-2
where 7 = 55 Z ti and t € [a, b].

It is easily checked (see, e.g., [3], [6, Theorem 18.17]) that
(i) forros has continuous derivatives up to order (2k + 2) on [a, bl;
i) [ fshoslcran) < 0 wi(fb,a,by), r=1,2,..., 2k + 2;
(i) [|f = forr2sllofazbe) < cwarta(f, 0, a,b);
(V) [[farr2sllclazpa < cllfll,
where the constants ¢ are independent of f and §.

Theorem 4.1 (Asymptotic formula). Let f € C,[0,00). If fZE+m+2) epists
at a point x € (0,00), then

2k+r+2
lim GO (f k) — fO@)} = > QG k) fO(x),
1=r+1

where Q(i,k,r,x) are certain polynomials in x.

Proof. By using the definition of linear combinations (14), Lemma 2.2 and Tay-
lor’s expansion of f, we have

b dn — 1))? ,
OO : (—]1)!(d17)z)— = Canlfo) = 70@)

k
k1 . ((djn = HY?

y G (2k§-2 f t— x)z + €(t l’)(t . x)2k+r+2 $) _ f(r) ($)
djn , 7

2k+r+2 f k o
Z Z' Zc(j>k)zpdjn+r,u(x)
Jj=0 v=0
X /bd-n—rv+r—1(t) @ (t—fl?)idt _ f(r)(x)
J ) d$r
0
k+1 . r N
WY CGLR) D P, (e /bd o 2)(t — ) dt
Jj=0 v=1 0
2k+r+2

— Z Qi ke, 2) () + Eppr(x) + o(1)

i=r+1
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by Lemma 2.1, where

o0

En,kr k+1ZC ja Zpd nl/ /bd nu( ) (t,l’)(t—l‘)2k+r+2dt
0

which tends to zero as n — oo (for this proof we refer the reader to [5, Theorem

5)). O

Theorem 4.2 (Error Estimation). Let f) € C,[0,00) and 0 < a < a; <
by < b < oo. Then for n sufficiently large, we have

||G1(1T)(fa k7 ) - f(T)HC[al,bl]
= max {C(k, r)wor2(fT), 012 a,b), C(k, 7, f)n~ "V f[|,},

where C'(k,r) and C(k,r, f) are constants depending on the parameters in paren-
theses.

Proof. First by the linearity property we have

IG (£, k) = [l et < NG ((F = forrs) ks )| Clasn]
+IGO (forros, ks ) — fzk+25”0a1 by T 1 — f2(£)+2,5||0[a17b1]
=FE + Es + E3, say.
By property (iii) of the Steklov mean we have
Es < cwsa(f™,6,a,b).

Next using Theorem 4.1, we have
2k+r+2

By < en 0 S 15 st
j=r
By applying the interpolation property due to Goldberg and Meir [4] for each
jg=rr+1,...,2k+r+ 2, we have

2k+r+2)
152 llowmn < e { I farsnsllcm + 1SS lown |-

Therefore, applying properties (ii) and (iv) of Steklov mean, we obtain
Ey < en” "L flly + 6wy (1, 6)}

Finally, we estimate F1, choosing a*, b* satisfying the condition 0 < a < a* <
a; < by <b* < b < oo. Alsolet 1(t) denote the characteristic function of the
interval [a*, b*], then

By < (|G (S0 (1) = forras ) ksl cpar o
+ (G0 (1 = v @) () - ﬁmw@ Mgy = Prt Bs, - say.

We may note here that to estimate E, and Ej, it is enough to consider their
expressions without linear combinations. By Lemma 2.2 we have
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GO (W) (f(t) = faras(t)), @)

(n+r—1ln—r—1)! r .
= ((n _ 1 anJrru bn r,2V+r— 1 ( (t)_fQ(k)_}-Q,é(t)‘ dt
0

HGgLT) (¢(t)(f( ) f2k+2 6( ||C[11 bi] = <c Hf f2k+2’5HC[a*,b*] .

Now for z € [ay,b1] and t € [0,00) \ [a*, b*], we choose ¢; > 0 satisfying |t —z| >
01. Therefore by Lemma 2.4 and Schwarz inequality, we have

I=|GP((L=o)(f(t) ~ forres(t)),2)]
< Z l{l:b;]:_i an,, I/—n:E|j

21+g<7‘
4,720

o0

< [ s (01 = 900 LF(0) = assast)]

0

+ (1 +2) " nn+ 1) (n+r =11 =4(0)[f(0) = fart26(0)]

<elfl{ ¥ S ornalnap [ @

2i+7<r v=1
720 t=al20

—I—(1+x)_"_rn(n+1)---(n—l—r—1)}

% 1/2
<elflfo ¥ o S pa =t ([ sttt
0

2i473<r v=1
1,j20

N (7%_1@@_$)4sdt)”2+<1+x)—n—rn(n+1)...(n+r— 1)}

00 1/2
<clflhor nZ{an,x (v = n2)% — (14 2)- ”<—nx>2f}
2t j<r V=0
1,70

o0 < 1/2
x { > k) [ broa(0)t —2)dt = (14 x>—”<—x>4s}
v=0 0
+ellfllyA+2)" n(n+ 1) (n4r—1).
Hence, by Lemma 2.1 and Lemma 2.3, we have

I <e||fll,672m0n 59y < en | flly, g =5 —1/2,
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where the last term vanishes as n — oo. Now choosing m > 0 satisfying
g > k + 1, we obtain
I<en ™Y1,

Therefore by property (iii) of the Steklov mean, we get

Ey <[5 = fhasllomw o + 07 £
< cfwarra(f0,6,a,b) + 0~ £, ).
Setting 6 = n~'/2, the theorem follows. O
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