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SEMI-SLANT SUBMANIFOLDS OF A LOCALLY PRODUCT
MANIFOLD

HONGXIA LI AND XIMIN LIU

Abstract. In the present paper, we define and study the slant, bi-slant and
semi-slant submanifolds of a locally product manifold. We give some char-
acterization theorems for slant submanifolds and semi-slant submanifolds.
Moreover, we obtain integrability conditions for the distributions which are
involved in the definition of semi-slant submanifolds. We also get some re-
sults about mixed totally geodesic submanifolds.
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1. INTRODUCTION

Let (M , g, F) be a C* differentiable almost product Riemannian manifold,
where ¢ is a Riemannian metric and F' is a non-trivial tensor field of type (1,1).
Moreover, g and F' satisfy the following conditions:

F?=1I(F #+I), g¢(FX,FY)=g(X,Y), X,Y€eTM, (1.1)

where I is the identity map and TM is the Lie algebra of vector fields on M.
We denote by V the Levi-Civita connection on M with respect to g and
furthermore we assume that M is a locally product manifold, that is

VF=0, XeTM. (1.2)

Locally product manifolds are a class of important manifolds introduced by
S. Tachibana [1] in the early 60s. After that, many authors discussed this class
of manifolds. Adati [2] defined and studied invariant, anti-invariant and non-
invariant submanifolds of locally product manifolds, while Bejancu [3] studied
semi-invariant submanifolds which correspond to CR-submanifolds of a Kaehle-
rian manifold [4]. Recently, Liu and Shao [5] have defined and studied skew
semi-invariant submanifolds and many related interesting results have been ob-
tained.

Since B. Y. Chen introduced the theory of slant immersions in complex ge-
ometry (see [6]), the differential geometry of slant submanifolds has shown an
increasing development. Recently, N. Papaghiuc has introduced in [7] a class of
submanifolds in an almost Hermitian manifold, called semi-slant submanifolds.

The purpose of this paper is to define and study three new classes of sub-
manifolds of a locally product manifold, i.e., slant submanifolds, bi-slant sub-
manifolds and semi-slant submanifolds. We will focus our attention mainly on
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semi-slant submanifolds which contain semi-invariant submanifolds as a special
case.

In Section 2, we review the basic formulas for locally product manifolds and
submanifolds in locally product manifolds. Slant immersions are introduced
in Section 3. In Section 4, we define slant distributions and introduce a more
general class of submanifolds, that is bi-slant submanifolds. We also give a
sufficient and necessary condition for a distribution to be slant. In Section 5,
we define semi-slant immersions and obtain a useful characterization of semi-
slant submanifolds in locally product manifolds.

2. PRELIMINARIES

Let M be a Riemannian manifold isometrically immersed in M and denote
by the same symbol g the Riemannian metric induced on M. Let T'M be the
Lie algebra of vector fields in M and T+M the set of all vector fields normal to
M. Denote by V the Levi-Civita connection of M. Then the Gauss—Weigarten
formulas are given by

VxY = VxY +0(X,Y), (2.1)
VxV = —AyX + ViV (2.2)
for any X, Y € TM and any V € T+M, where V' is the connection in
the normal bundle, o is the second fundamental form of M, and Ay is the

Weingarten endomorphism associated with V. The second fundamental form o
and the shape operator A are related by

For any X € T'M, we write
FX=TX+CX, (2.4)

where T'X is the tangential component of F'X and C'X is the normal component
of FX.
Similarly, for any V € T+M, we have

FV =tV +nV, (2.5)

where tV (resp. nV) is the tangential component (resp. normal component) of
FV. From F(VxY)=VxFY and (2.1), (2.2), (2.5) we have

TVxY +CVxY +to(X,Y) + no(X,Y)
= VxTY +0(X,TY) — Acy X + VxCY, (2.6)

for X, Y € TM. Comparing the tangential and normal components in (2.6) we

obtain
TVXY = VXTY - tO'(X, Y) — Ach,

2.7
CVxY = VLCY —no(X,Y) + o(X,TY), (2.7)

for X, Y € TM.



SEMI-SLANT SUBMANIFOLDS OF A LOCALLY PRODUCT MANIFOLD 275

We define the covariant derivatives of T and C' as follows

(VxT)Y = VxTY — TVyY, (2.8)
(VxO)Y =V5CY — CVyY, (2.9)
forall X)Y € TM.
Using (2.7) we have
(VxT)Y =to(X,Y) + Acy X, (2.10)
(VxC)Y =no(X,Y) —o(X,TY). (2.11)

Let Dy and D5 be two distributions defined on a manifold M. We say that D
is parallel to D», if for all X € Dy, and Y € D; we have VxY € D;. D; is called
parallel if for X € TM and Y € Dy, we have VxY € D;. It is easy to verify
that D, is parallel if and only if the orthogonal complementary distribution of
D; is also parallel. s

Let M be a submanifold of M. A distribution D on M is said to be totally
geodesic if for all X, Y € D we have o(X,Y) = 0. In this case we also say that
M is D-totally geodesic. For two distributions D; and D, defined on M, we
say that M is Dy — Dy mixed totally geodesic if for all X € Dy and Y € Dy we
have o(X,Y) = 0.

The submanifold M is said to be invariant if C' is identically zero, that is,
FX € TM for any X € T'M. On the other hand, M is said to be an anti-
invariant submanifold if 7" is identically zero, that is, FX € T+ M for any X €
TM. M is called a semi-invariant submanifold if there exists two orthogonal
distributions Dy and D, on M, such that:

(a) TM = D1 D D27

(b) the distribution D; is invariant, i.e., FD; = Dy,

(c) the distribution D is anti-invariant, i.e., FDy = T+ M.

3. SLANT IMMERSIONS

Let M be a Riemannian manifold, isometrically immersed in a locally product

manifold (M ,g, F). For each nonzero vector X tangent to M at x, we denote
by 6(X) the angle between F'X and T, M.

Definition 3.1. M is said to be slant if the angle 6(X) is constant, which
is independent of the choice of x € M and X € T'M. The angle 6 of a slant
immersion is called the slant angle of the immersion.

Invariant and anti-invariant immersions are slant immersions with slant an-
gles # = 0 and 0 = /2, respectively.

The following theorems are useful characterization of slant submanifolds in a
locally product manifold.

Theorem 3.1. Let M be a submanifold of a locally product manifold M.
Then M s slant if and only if there exists a constant X € [0, 1] such that T*>=\I.
Furthermore, in this case, if 0 is the slant angle of M, it satisfies A = cos? 6.
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Proof. Suppose that M is a slant submanifold. Then for any X € T'M we have
g(T*°X,X) = g(TX, TX) = cos’0 g(FX,FX) = g(cos* 0X, X),

by using % = cos #, where 0 is the slant angle. Furthermore, for any Y € T'M,

we have,
gcos? (X +Y), X +Y)=g(T*(X +Y), X +Y)
=g(T*X, X) + g(T?Y,Y) + 29(T*X,Y). (3.1)
On the other hand,
g(cos’ (X +Y), X +Y) = g(cos® 0X, X) + g(cos> Y, Y) + 2g(cos* 0X,Y),
By comparing (3.1) and (3.2) we have &

g(T*X,Y) = g(cos? 0X,Y)
for any X, Y € TM. Let A\ = cos® @, then X € [0,1] and T2 = .

Conversely, suppose that there exists a constant A € [0, 1] such that T2 = \I.
Then for any X € T'M, we have

_9(FX,TX) ¢(X,T?°X)  g(X,F?X)

0(X) = = = . 3.3

os0X) = TEXITX] ~ [FXITX] O |[FXITX] (3.3)

On the other hand, since cosf(X) = % and by using (3.3), we obtain
cos?0(X) = . Hence 0(X) is a constant and so M is slant. O

__Corollary 3.1. Let M be a slant submanifold of a locally product manifold
M with slant angle 6. Then for any X,Y € TM we have

g(TX,TY) =cos’0 g(X,Y), ¢g(CX,CY)=sin’0 g(X,Y). (3.4)
Since for any submanifold of a locally product manifold we have tC'+T72 = I,

(i.e., CT +nC = 0), by using (1.1), (2.4), (2.5), we can obtain the following
result.

Corollary 3.2. Let M be a submanifold of a locally product manifold M.
Then M s slant if and only if there exists a constant A € [0,1] such that
tC = M. Furthermore, if 0 is the slant angle of M, it satisfies A = sin®#.

4. SLANT DISTRIBUTIONS AND BI-SLANT SUBMANIFOLDS

From now on, let M be a Riemannian manifold, isometrically immersed in
locally product manifold (M, g, F).

Definition 4.1. We call a differentiable distribution v on M a slant dis-
tribution if for each x € M and each nonzero vector X € v,, the angle 0,
between F'X and v, is a constant which is independent of the choice of x € M
and X € v,. In this case, the constant angle 8, is called the slant angle of the
distribution v.

Next, we will give a sufficient and necessary condition for a distribution to
be slant.
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Theorem 4.1. Let v be a distribution on M. Then v is slant if and only
if there exists a constant X\ € [0, 1] such that (P,T)*X = AX for any X € v,
where Py denotes the orthogonal projection on v. Furthermore in this case,
A = cos?0,.

Proof. Suppose that there exists a constant A € [0,1] such that (P,T)?X = \X
for any X € v, and P, is the orthogonal projection on v*. For any X € v, we
have

FX=TX+CX =PTX +PRTX +CX,
g(FX,PTX) g¢(X,FP.TX) g(X,(PT)*X)

91,: = =
cos IFX||PTX|  |FX[|P.TX|  |FX[P.TX|
L 9(X FPX) | [FX]
- O\FX||PTX| O T |PTX|

On the other hand, cosf, = |I|Dg§|(|; then cos?#, = \, 0, is a constant, i.e., v is

slant. Conversely, since |P,/TX| = cosd,|FX]|, we have
g(X, (PIT)*X) = cos0,|FX||P,TX| = cos*0,|FX|* = g(X, cos*0,X),

which means (P,T)*X = cos?6,X. O

Definition 4.2. We say M is a bi-slant submanifold of M if there exist two
orthogonal distributions D; and Dy on M such that:

(a) TM admits the orthogonal direct decomposition TM = Dy & Ds.

(b) For any ¢ = 1,2, D; is a slant distribution with slant angle 0;.

Given a bi-slant submanifold M, we can write, for any X € T'M,

where P; denotes the component of X in D; for any ¢ = 1,2. In particular, if
X € D;, then we obtain X; = P,X. If we define T; = P, o T, then we have

for any X € TM.

Proposition 4.1. Let M be a bi-slant submanifold with angles 8, = 6 = 6.
If g(FX,Y) =0, for any X € D1, Y € Dy, then M is slant with angle 6.

Proof. For all X € Dy,Y € Ds, since g(FX,Y) =0, we have
g(TX,Y) = g(FX,Y) = 0;
then TX € D,. Similarly, we can obtain TY € D,. For any X € TM =

Dy & D,, there must be X; € Dy, Xy € D, such that X = X; + X5, and

_ X _ X — 0. —
= FxP = [FOE" Since 61 = 0y = 6, we have

g(TX,TX) g(TX1,TX1)+ g(TX2,TX,)

cos? 0, cos? 6,

Hence M is slant with angle 6. U
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Lemma 4.1. Suppose that there exist two orthogonal distributions D1 and
Dy on M, such that TM = Dy & Dy. Then D1 is invariant if and only if it is
slant with angle 6, = 0. Moreover, in this case, TX = T5X for any X € Ds.
Proof. 1t is clear that if D; is invariant, then it is slant with zero angle. The

|7y X
|[FX|°

T X| = |FX| = |Ti X[ + |RX]? + |CX]?,
thus |T5X| = |CX| =0 for any X € TM. Consequently, FX =T, X € D; and

we know that D; is invariant. On the other hand, if D, is invariant, then we
have

we have

converse is easy to prove. Since cosf) =1 =

o(TX,Y) = g(X,FY) =0
for any X € Dy and Y € D;. Thus 77X = 0 and the result holds. O

5. SEMI-SLANT SUBMANIFOLDS

Definition 5.1. M is called a semi-slant submanifold of M if there exist two
orthogonal distributions D; and Dy on M such that:

(a) TM admits the orthogonal direct decomposition TM = Dy & Ds.

(b) The distribution D is invariant distribution, i.e., F'(D;) = Ds.

(c) The distribution Dy is slant with angle 6 # 0.

In this case, we call # the slant angle of submanifold M. By virtue of Lemma
4.1, we can see that the invariant distribution of a semi-slant submanifold is slant
with zero angle. Thus it is obvious that semi-slant submanifolds are particular
cases of bi-slant submanifolds. Furthermore, it is clear that if § = 7/2, then a
semi-slant submanifold is a semi-invariant submanifold. On the other hand, if
we denote the dimension of D; by d;, for « = 1,2, then we have the following
cases:

(a) If do = 0, then M is an invariant submanifold.

(b) If dy = 0 and € = 7/2, then M is an anti-invariant submanifold.

(¢) If d; = 0 and 0 # /2, then M is a proper slant submanifold with slant
angle 6.

(d) If dids # 0 and 6 # 7/2, then M is a proper semi-slant submanifold.

Given a semi-slant submanifold M, we denote by P; the projection on the
distribution D; for ¢« = 1,2. We also put 1; = P;/T. Hence we obtain

FX =FPX+TPRX+CPRX (5.1)

for any X € TM. By a direct calculation, we can prove that for any X € T'M,
FPX=TPX, CPX=0, (5.2)

TPyX € Ds. (5.3)

In particular, (5.1) and (5.2) imply for any X € T M,
TX =FPX+TRPRLX =TPRX +ThRX.
Then from (5.2) and (5.3) we obtain
g(TX, TPY) =cos*0g(X, PY), ¢g(CX,CRY) =sin’fg(X, RY)
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for any X, Y € T'M.
We are going to characterize semi-slant submanifolds by the following theo-
rem.

Theorem 5.1. Let M be a submanifold of a locally product manifold M.
Then M is semi-slant if and only if there exists a constant X € [0,1) such
that D={X € TX|T?*X = XX} is a distribution. Furthermore, in this case,
A\ = cos? 0, where 0 denotes the slant angle of M.

Proof. Let M be semi-slant and TM = Dy ® Dy, where D, is invariant and Dy
is slant. We put A\ = cos?#, where 6 denotes the slant angle of M. For any
X €D, if X € Dy, then X = F?X =T?X = )X, which means that A = 1, but
this contradicts that A € [0,1). So X ¢ D; and D C Dy. On the other hand,
since Dy is a slant distribution, it follows from Theorem 4.1 and Lemma 4.1
that 72X = (P,T)?X = AX, which means that Dy C D. Thus D= D, is a
distribution.

Conversely, we can consider the orthogonal direct decomposition TM =
D @ D+. 1t is obvious that 7D C D, from which we have g(FX,)Y) =
g(X,FY) = g(X,TY) = 0 for any X € D+ and Y € D. Hence D' is an
invariant distribution. Finally, Lemma 4.1 and Theorem 4.1 imply that D is a
slant distribution, with slant angle 0 satisfying A\ = cos? 6. O

Remark. The result above is also valid for almost product Riemannian mani-
folds, since they do not deal with the Levi—Civita connection and from now on,
we are going to deal with semi-slant submanifolds of a locally product manifold.
Our goal is to study the integrability.

At first, we will prove the following lemma.

__Lemma 5.1. Let M be a semi-slant submanifold of a locally product manifold
M. Then for any X, Y € TM, we have:

P (VxFPY)+ P (VxTP)Y)=FP{(VxY)+ P AcpyX,  (5.4)
Py(VxFPY) + Py(VxTP,Y) = FPy(VxY) + PyAcpy X +to(X,Y), (5.5)
o(FPY,X) +0(TPyY,X) + VxCPyY = CP,VxY +no(X,Y).  (5.6)

Proof. Since VxFY = FVxY for any X,Y € TM, by using Gauss-Weigarten
formulas we obtain:

VxFPY +0(FPY,X) 4+ VxTPyY + o(TPyY,X) — Acp,y X + VxCPyY
=P (VxFPY)+Py(VxFPY)+ P (VxTPyY)+Po(VxTPyY)—PiAcp,y X
— PyAcpy X +0(FP Y, X) +0(TPyY,X) + VxCPyY
=FP\VxY +TPy,VxY + CPyVxY + to(X,Y) + no(X,Y).

By comparing the components of D, Dy and T+M, respectively, we can
obtain the above results. 0

Proposition 5.1. Let M be a semi-slant submanifold of a locally product
manifold M. Then we have:
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(a) The distribution Dy is integrable if and only if
o(X,FY) = o(FX,Y) (5.7)

for any X,Y € D;.
(b) The distribution Dy is integrable if and only if

PUVxTY — VyTX) = P,(Acy X — AoxY) (5.8)
for any X,Y € Ds.
Proof. Let D; be integrable; by using (5.6) we see that
o(X,FY) - o(FX,Y) = CP[X,Y] (5.9)

forany X,Y € D;. Hence if D, is integrable, then (5.7) holds directly from (5.9).
Conversely, let X, Y € Dy, by using (5.7) and (5.9) it follows that CP,[X, Y| =
0. So we can easily deduce that P[X,Y] must vanish, since Dy is a slant
distribution with nonzero slant angle. Therefore, [X,Y] € D; and statement
(a) holds. As to statement (b), we first compute

FPX,Y] = P(VxTY — VyTX) — P,(Acy X — AcxY)

for any X,Y € D,, by virtue of (5.4). Hence (5.8) holds if and only if
FP[X,Y]=0,ie, P[X,Y] =0, ie., D, is integrable. O

We can also obtain from the above that when M is a semi-invariant submani-
fold, (b) becomes P (Apy X-ApxY) = 0 for any X,Y € Dy, which is consistent
to the results in [5].

Lemma 5.2. A semi-slant submanifold M of a locally product manifold M is
D;—D;j, i # j, mized totally geodesic if and only if AnX € D; for any X € D;,
NeT+M,i=1,2.

Proof. If M is D1 — Dy mixed totally geodesic, then for any X € Dy, Y € Ds,
NeT+M,
g(ANX,Y) =g(c(X,Y),N) =0,

which implies that Ay X € D;. Conversely, suppose Ay X € D, forany X € Dy,
N € T+M and let {Ny,---, N,,_n} be a local orthogonal basis of T+ M, where

n =dim M, m = dim M; we have
0= g<ANo¢X’ Y) = g(U(X’ Y)aNOc)a

a=1,....m—n,forany X € D1, Y € Dy. So o(X,Y)=0and M is D; — D,
mixed totally geodesic.

In the same way we can also prove that M is Dy — D mixed totally geodesic
if and only if AyX € D, for any X € Dy, N € T+ M. O

_ Proposition 5.2. Any invariant submanifold M of a locally product manifold
M is a locally product manifold.
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Proof. Suppose M is an invariant submanifold of a locally product manifold M :
then C' = 0 and we can obtain (VxF)Y = to(X,Y), by using (2.7), for any
X, Y € TM. On the other hand,

9(Z,to(X,Y))=g(Z, Fo(X,Y))=9g(FZ,0(X,Y)) =0.
So we have to(X,Y)=0, which implies (VxF)Y =0 for any X,Y € TM. This
is equivalent to saying that M is a locally product manifold. 0]

Proposition 5.3. Let M be a semi-slant submanifold of a locally product
manifold M. If VC' = 0, then M is Dy — Dy mized totally geodesic. Further-
more, if X,Y € D, then either o(X,Y) =0 or o(X,Y) is an eigenvector of
n? with eigenvalue cos® 0. If X,Y € Dy, then either o(X,Y) =0 or o(X,Y) is
an eigenvector of n? with eigenvalue 1.

Proof. If (VxC)Y = 0 for any X,Y € TM, then from (2.11) we have
fo(X,Y)=0(X,TY). In particular, if Y € D, then by Lemma 4.1

fPo(X,Y) = fo(X,TY) = fo(X,TLY) = o(X, TT,Y)
= o(X,T3Y) = cos’ o (X,Y),
where 6 is the slant angle of Dsy. Furthermore, if X € Dy, then by Lemma 4.1
Po(X,Y) = f2o(Y,X) = fo(Y,TX) = o(Y, T°X) = o (Y, F*X)
=0V, X)=0(X,Y).

Since 6 # 0, we have (X, Y)=0 by virtue of (5.13). Hence M is D; — Dy mixed
totally geodesic. If XY € D;, i = 1,2, then from (5.13) we can obtain the
result easily. ([l

Proposition 5.4. Let M be a mized totally geodesic semi-slant submani-

fold of a locally product manifold M. If the distribution Dy is integrable, then
FANX =ANFX for any X € D;, N € T+ M.

Proof. From (2.3) and (5.7) we have
g(FANX,Y) = g(ANX, FY) = g(o(X,FY),N) =g(c(FX,Y),N)
for any X,Y € D; and N € T+ M, thus we get FAyX=ANFX by virtue of
Lemma 5.2. 0
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