Georgian Mathematical Journal
Volume 12 (2005), Number 2, 283-307

BOUNDARY REGULARITY FOR CAPILLARY SURFACES
FEI-TSEN LIANG

Abstract. For solutions of capillarity problems with the boundary contact
angle being bounded away from 0 and 7 and the mean curvature being
bounded from above and below, we show the Lipschitz continuity of a solu-
tion up to the boundary locally in any neighborhood in which the solution is
bounded and 99 is C?; the Lipschitz norm is determined completely by the
upper bound of | cos 6], together with the lower and upper bounds of H, the
upper bound of the absolute value of the principal curvatures of 92 and the
dimension n.
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0. INTRODUCTION

Given a domain Q@ C R™, n > 2, let H(z, u(z)) be a given Lipschitz continuous
function in €2 x R. A solution of the capillarity problem can be regarded at as
a solution of the equation of surfaces of the prescribed mean curvature

divT'u = H(xz,u) in €, (0.1)
subject to the “contact angle” boundary condition
Tu-v=cosb, (0.2)
where
Tu = _ Du (0.3)

1+ [Dul?’

Du = (0u/0xy1,0u/0xs, . ..,0u/0x,) and v is the outward pointing unit normal
to 0€2. Thus, geometrically, we are looking for a function u over 2 whose graph
has the prescribed mean curvature H and which meets the boundary cylinder in
the prescribed angle . H = H(z,t) is assumed to be a given locally Lipschitz
function on € x R satisfying the structural condition

H
aa—t(x, t)>0, for z€Q, teR. (0.4)

As (0.1) is the Euler equation of the functional

I(v):/\/mdx—i-//vH(x,t) dtdz,
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it corresponds to the following variational problem for the capillarity problem:

I(v) + /Cos 0vdH,_; — min, for all v € BV(Q), (0.5)
o0

with H,_; being the (n — 1)-dimensional Hausdorff measure.

We are interested in regularity near the boundary 9< for solutions u € C?(Q).
In this work our main interest is in the case where | cos 0| is bounded away from
0 and 1 and the mean curvature H s bounded from above and below. We
shall show that in such a case the solution is Lipschitz continuous up to the
boundary locally in any neighborhood in which u is bounded and 0% is C?;
the Lipschitz norm is determined completely by the upper and lower bounds of
| cos 0], together with the lower and upper bounds of H, the upper bound of the
absolute value of the principal curvatures of 92 and n.

Spruck and Simon treat in [12] the case where Q is C*, § in (0.2) is C** on
) for some 0 < a < 1, and H(x,t) is strictly monotone in t:
OH
inf ——(x,%) > 0. 0.6
T (0:6)
In case 0 < 6 < 7, the existence of a C?(Q) solution of (0.1) and (0.2) is
established in [12]. In case 6 is allowed to take 0 and/or 7, setting

S ={z:2€00,0 =0 in some neighborhood of x}
Sy ={z: 2 € 99,0 =r in some neighborhood of x}
Sy ={zx:xe€0Q, 0<0 <7}

a function u € C?(Q U Sy) is shown to exist in [12], which satisfies (0.1) in ©
and satisfies (0.2) on Sy; furthermore, u is Holder continuous at each point of
S U Sy, has a restriction to 9Q which is Lipschitz continuous at each point of
S U S[ in the sense that

lim / |Tu-v=+1|de =0 for each U CQ with UNoQC ST,

et—0
UnQ.

assuming that T'u is extended to some boundary strip ). with width ¢ so that it
is constant along the normals to 0€2. This result is obtained first by establishing
estimates of tangential derivatives under the condition that |cosf| <~ < 1 for
some positive constant ~; in case 6 is constant in a neighborhood of the point
under consideration, the estimates of tangential derivatives are independent of
~. This proves the Lipschitz continuity of the trace of u on 0f2, which and
the result in [10] yield the Holder continuity of u. Estimates for the tangential
derivatives are obtained by performing the transformation of the coordinates
near the boundary analogously to that in [11], with a subsequent differentiation
of (0.1), (0.2) and substituting (0.6) into the resultant identities. The disadvan-
tage of their proofs is that H has to be assumed to satisfy the strict inequality
(0.6) rather than the less restrictive condition (0.4).
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In contrast, the following estimates for the boundary oscillation of u are
established in [8, Main Theorem III].

Theorem 1. Let u € C(Q2) be a bounded solution of (0.1) and (0.2) in Q in
the sense that

-Dndx—l—/H~ndx
Q

/ Du
1+ |Du|?
Q

- /[3 ndH,_, =0 forall ne H"(Q), (0.7)

[2/9]

and with B = cos®@. Suppose that for two positive constant B,3<1and a
ball Br(xo) intersecting the interior of ), the function cos is continuous on
0Q N Br(xg) and there holds

0<f3<|cosb| <f <1, (0.8)
for all x € 9Q N Bgr(xo), and such that

~
~

H*(x) = H(, j:ianﬂfu) e LP(Q), H*(z) = H(x, is;lgpu) e LP(Q2) (0.9)

and
H(z,0) € Ll(Q). (0.10)

Suppose OS) is piecewise Lipschitz continuous with possible outward and/or
inward cusps. Then the trace of u on 0S) is Lipschitz continuous locally in
00N Br(xg) if 02N Br(wo) is either C? or is the graph of a Lipschitz continu-
ous function with Lipschitz constant L such that fv/1+ L* < 1. The Lipschitz
constant LO(B,B) of the trace of u on 0 N Bgr(xg) depends only on H, n,

together with the constants B, B and KBQI’]BR(Q:O); where for a set A, we set
Kaoana = Kaana in case 00N A is C? and Koana = V1 + L2 in case 02N A is
Lipschitz continuous with Lipschitz constant L; here Koona is an upper bound

for the absolute value of the principal curvatures of 02N A in case 02N A is
C2.

We notice that (0.9) and (0.10) hold in particular if |H(z,t)| is bounded in
Q x R.

The following global estimates for u are also established in [8, Main Theorem
IV].

Theorem 2. Suppose that OS) is Lipschitz continuous without outward cusps.
Suppose that (0.10) holds and

Hy, € LP(Q), forsome p>n and t,€R.

Ifu € C(Q) is a solution to (0.1) and (0.2) in Q such that (0.2) is fulfilled in the
sense of (0.7) and if cos0(x) = [(x) satisfies the condition (0.8) for all x € 0N
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and is piecewise continuous on 052, then

— inf
sgpu infu
can be estimated in terms of to, n, ||Hyllr), Jo H(x,0)dz, the constant 3

and the constant Kaq which depends only on the geometry of Q; here Koo =
max;e| IngmAi, in which {QNA; }ier is a covering of 9 such that GQﬂAZ, iel,
is either C? oris a Lipschitz function with Lipschitz constant L, 3-+/1 + L? < 1.

The results in the previous two theorems are established by modifying the
approach taken in [2], [3] and [4], which is based on the minimizing property
(0.5) u satisfies and the iteration technique used in [13].

Below we give the result, in which we let the set A, (), for some small positive
number r, be chosen as follows. Namely, setting

Oy = {x:x €Q, dist(z,00) =t} for t >0,
we let the boundary 0(€2 N A, (2)) be made up of three parts, namely
22N A,(3)) = (RN U (04, () U (04, (5),
such that
0" AL (3) = 0A(#) N 9,
0" A7) = ( r(2) N Q) \

and

=0,

Dd - I/QQAT@) v AL ()

where we let von4,(z) be the unit outward normal to (2N A, (2)); furthermore,

(%
diam(0Q N A.(2)) <r and diam(9*A,(2)) <r

z))
) and |0%A, i|>(>

Proposition 1. Let u € C(Q) be a solution to (0.1) and (0.2) in Q such that
(0.2) be fulfilled in the sense of (0.7). Suppose that for a constant H,,

|H(z,t)] < H, for (z,t) € QxR. (0.11)

10Q N A, (&) (

Suppose that for a positive constant 3 < 1 and a point xo € 09, the function
cos B is continuous in 0 N Agy(xg) and there holds

0< 5 <cosh<f or 0> —ﬁ: >cosf > —f for x€dNN Ay, (zo). (0.12)
Suppose that OQ N Az, (o) is of the class C* and

lim |Du| >

Tp—T0

o Do



BOUNDARY REGULARITY FOR CAPILLARY SURFACES 287

for each subsequence of points xy approaching xo. Then, setting R = (8o/4)!T¢0,

g9 being a positive number which can be arbitrarily small, there hold, for
sufficiently small, respectively,

_ . < X 5 . 1—neg 1+e9
u(z) Qm}a&f(xo)u <€-€- () + 2(dp)

+E-C-(§p) sup uw— inf w 0.13
@ (s w0 (01

if the first case in (0.12) holds, and

sup  u—u(x) < €T+ (do)" "+ 2(5) e
QNAR(zo)

+C-C-(6) 0. ( sup uw— inf w), 0.14
@ (s w0, 01

C=2""- (n+1) - kuyy) - [+ (3/9)), (0.15)
if the second case in (0.12) holds, where kg, 11y s the isoperimetric constant in

R™ and € is a constant determined by B, 3, H,, lCanT(xo) and n.
0

From the interior regularity of u and (0.12), we obtain in Appendix 3

5/2<0089§(1+B)/2 or —5/2>cos€>—(1+5~>/2
for o € 0% As,(20). (0.16)

Using this and the interior regularity of u, we obtain

Theorem 3. Letu € C(Q2) be a solution to (0.1) and (0.2) in Q such that (0.2)
be fulfilled in the sense of (0.7) and such that H and cos satisfy respectively
(0.11) and (0.12). Suppose that 0Q N As,(xo) is of the class C?. If

)
| Du(x)| > E, for a point x € 9% As, (o)

then, for x € 0* A, there holds

_ 3 < . 5 N 1—neg 1+¢€g
u(x) leqr;f(wo)u < €€, - (d) + 2(do)

+C-C,-(0) ™0 ( sup u— inf w 0.17
@) (s e it W) (017)

if the first case in (0.12) holds, and

sup  u—u(z) < C- €, - (6)' 70 + 2(8p)
QNAR(zo)

+C-C - (0) ™0 ( sup u— inf w 0.18
@) (s e W) (01

if the second case in (0.12) holds, where ¢, is a constant determined by B, 5,
H*, K:BQOM and n.

Letting €9 — 0 in Theorem 3 and combining the latter theorem with Theorem
2, we obtain
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Main Theorem. Let u € C(S2) be a solution to (0.1) and (0.2) in Q such that
(0.2) is fulfilled in the sense of (0.7). Let |H(x,t)| be bounded by the constant
H, in QxR. Suppose that for a positive constant B < 1, the inequalities (0.12)
hold for xoq and As,(z0), 0o being sufficiently small and xq € 0. Suppose that
do is so small that O N As, (o) is of class C*. Then u is Lipschitz continuous
in QN As,(zo) up to the boundary; the Lipschitz norm of u in QN Ags,(xo) is

3
B

either less than 2 or is determined by H,, n, 3, 3, Kaﬂnm, and |Q|.

Here and in the following, we denote by | - | either an n-dimensional or an
(n + 1)-dimensional Hausdorff measure.

Proposition 1 is based on the reasoning in Giusti [6, pp. 312-313] which
leads to estimates for the oscillation of « in terms of the L'-norm of u, under
the conditions (1.1) or (1.3) indicated below, which says that the subgraph of u
or the complement of the subgraph of u includes a large portion of a sufficiently
small cylinder-type region around u(zg), o € 0. This reasoning is given
in Subsection 1. In Subsection 2, we formulate a result which is essentially
Theorem 3.2 in Giusti [6] and which assures us of the fulfillment of (1.1) or
(1.3) for capillarity surfaces. This suggests us that we should estimate the L'-
norm of u by writing (0.1) and (0.2) in weak a form in which the assumed
boundedness of |u| allows us to take the test function to be (u(z) — igf u) or

(supu — u(x)) . The resultant inequalities (1.7) and (1.8) suggest us to restrict
Q

our consideration to a small region 2N A of the type indicated in the beginning
of Subsection 4 which is analogous to that of Agr(xy), for which the resultant
boundary integrals are treated in Subsection 3.2. To proceed with obtaining L!-
estimates of (u(z) — Slzrmlg u) and (;ugu —u(z)) in QN A, we shall appeal to the
modified Sobolev inequality given Tn Proposition A.1 in Appendix I, for which
we have to estimate [ (supu—u(z)) dH,—1 and [ (u(z)— inf u) dH,—; with
oA QNA 9%* A QNA
an application of the condition (0.11).

1. PROOF OF PROPOSITION 1

1. Oscillation of u in terms of the L'-norm of u. We modify the approach
taken by Giusti [6, pp. 312-313].
Let u be a function with the subgraph

U={(z,t) e Q xR, t <u(x)},
and set for points 2 = (2,1) € Q x R and for r > 0,
U.(2)=C.2)NnU and U.(2)=C.(2)\U,

where
Co(2) = {(z,t) 1z € A(2),]t —t] < r},

with A, (%) being chosen as indicated before Theorem 3.
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We make the assumption that there exist positive constants R_ and «, such

that
U, (2)| > a,r™tt for every r < R_,
whenever |U,.(2)| > 0 for every r > 0.
Suppose xy € R™ such that Ag(xo) N2 is nonempty. Let us set

Mp= sup u, and mprp= inf .
QN Ag(z0) QN Ag(z0)

(1.1)

We shall establish below the fulfilment of the following inequality under the

assumption that (1.1) holds; namely, for R < R_:

u(zg) —mp < jj;i / (u(z) — mg) dz + 2R.
QNAg(z0)
Indeed, let
zj = (xo,mp + 2jR), for je N
Then

z; €U, for jgj*:[wl7

2R

(1.2)

where [s] denotes the largest integer less than s for s > 0. Under the assumption

(1.1), we have

R

n+1
Wmﬂ%ﬂz&<§> , for 1<5 <4,

and therefore

/ w@ﬂmmnéi%mwmﬂﬂxeﬁw.

QNAR(zo) i=t

Hence

My =u(wo) + (Mg — u(z0)) < 2(j. + )R+ mp + (Mg — u(w))

2n+2
<
a, R"

QNAR(20)

which is (1.2).

/ (u(x) —mpg)de + 2R+ mg + (Mg — u(xg)),

Assume now, instead of (1.1), that there exist positive constants R, and a,

such that

\UL(2)| > a,r™tt for every r < Ry,

whenever |U/(2)] >0 for every r > 0.

(1.3)
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Under the assumption (1.3), we shall analogously obtain, for R < R,, the
inequality
2n+2

a, R"

Mp —u(zg) < / (Mg —u(x))de + 2R. (1.4)
QNAR(xo)
Indeed, let

zj = (w9, Mg — 2jR), for j€N.

Then
2R

Mp —
z;elU =(QxR)\U, for jgjj:[R—u(wo)].

By assumption, we have

AN .
|UR/2(z;>|2a*(5) Cdor <<t

and therefore

j* n+1
, R
(M~ o) do = 3 Uhgo(e)l 2 52 - (5)
QNARg(zo) j=1
which yields

—mp =u(wo) + (u(zo) — mg) < 2(5] + )R — Mg + (u(zo) — mg)
2n+2

(Mg —u(z))de + 2R — Mg + (u(zg) — mg);

this is (1.4).

2. (1.1) or (1.3) for capillary surfaces. The above consideration suggests
that we should apply the estimates in Giusti [6, Theorem 3.2|. Indeed, below we
appeal to estimates in Proposition 1, which are essentially obtained in Giusti [6,
Theorem 3.2] and which can be proved by the argument given in [7, Appendix]
without any essential modification.

Proposition 2. Let u be a solution to (0.5) with subgraph U. Suppose that
I N Ag,(z0) is of the class C* whose principal curvatures are bounded in the
absolute value by lCami). If there exists a constant 7, 0 <4 < 1, such that

ARq (w0

B(x) > =4, forall x €N Ag,(xo),
and if
|U.(2)| >0, forall r>0,
then there exist positive constants R_ and «, determined completely by n,

gizn% H, 7, Kagﬂi), Ry and the largest possible radius Rgq of the inscribed
X

AR, (w0

disks in ) such that

U, (2)| > ar™t, for every r < R_.
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In particular, we can take
-7
= ,
1600+ Dk

with k1) being the isoperimetric constant in R and

(1.5)

min<—cﬁ ,RO), if inf H >0,

R o_ Ceokms1) QxR
N % R_),Ry, ifinf H<O
i 21/(n+1) . CE,Q . k(n+1) ’ B ’ O, ! égR < ’

i which we set

1 1-4
Cy =min| -, — i ,
2 3y +1

2 1
C’&Q = g —+ 2(n — 1)]C3Q, with < min(ycm,RQ),

1 — ~ n+1
R_ = ( P)/ ) )
4nk‘(n+1) : | 1an><R H‘

(1 1=4 = 2nkgy - |infoxr H| - (R)"
C. = min| —, ~ .
7 2 3y +1
If there exists a constant v, 0 <4 < 1, such that

and

B(x) <4, forall € dQn Ag,(xo),

and if
\U(2)] >0, forall r>0,

then there exists a positive constant R, determined completely by n, sup H, %,

QxR
’Cammf Ry and Rq such that
\UL(2)| > ar™t, for every 7 < R,
for the same constant a,. as above. In particular, we can take
e .
min| ——, Ry |, if sup H <0,
R — CE,Q]{;(”+1) OxR
+ = Cc+ .
min 2 LR, Ry |, if supH >0,
<21/(n+1) - Ceq - knr) 5210 ng
with )
. 1-4 et
R+ = ( i ) )
Ankns1) - | supgur H|
and

Cf = min(l L= = 20k - [ SuPo g ] - (R+>")
2 |

v 2 34+ 1
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3. L'-norm of |Dul in terms of the L'-norm of (u— igf u) or (supu—u).
Q
An initial stage. Assume that there exists a nonnegative constant H, such

that
|H(xz,t)| < H, for x € and teR.

Consider the identity (0.7). Assuming |u| is bounded up to the boundary, [8,
Theorem 1] assures us of that u € H»(Q) and thus we are allowed to set in
(0.7)

n(x) = u(x) — igfu >0,

and obtain

|Duf | |
/ 1+ |Du]2 - H, - lgf u) de < [ B- (u(x) — lgf u) dH, 1. (1.6)
@ o9
Since

_ = u R —7
V' 1+ [Dul? V' 1+ |Dul?

the last inequality yields

/\/1+]Du\2dx<]QI+H / mfu dx

+ / B(z) - (u(z) — igf u) dHpoq. (1.7)
0QN{x:8(x)>0}
Analogously, we are allowed to set in (0.7)

n(x) = u(x) —supu < 0,
Q
and obtain

/\/1 + |Dul?dx < Q)] + H, - /(supu —u(z)) dz
Q
Q Q

_ / B(z) - (supu — u(x)) dHnor. (1.8)

Q
OON{z:B(z)<0}

3.1. Restricting to small domains. This consideration suggests that we
should restrict our consideration to a small region 2N Ag of the type indicated
below. Namely, setting

Y ={x:x € Q, dist(z,00) =t} for t >0,
we first let the boundary 9(£2 N Ag) be made up of three parts, namely
(2N Ag) = (02N Ag) U (9" Ag) U (0% Ay),

such that
0" Ag = 04y N 0" Qs,, (1.9)
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for some small positive number J,
0" Ay = (04N Q) \ 07,
and
Dd - =0 1.10
vand, |, =0, (1.10)
where we let vgna, be the unit outward normal to 9(2 N Ap); furthermore,

diam(9Q N Ag) < (6p) and diam(9* Ag) < (6p)' ", (1.11)
o 8o (1+e0)(n—1) 5o (14+e0)(n—1)

for some small positive constant £g < 1. We choose 9, sufficiently small so that
each component of 0** Ay is entirely included in either 07" (2NAp) or 0" (2N Ay),
where

8f*(Q N A()) = (8**A0) N {.CC : 69@40 < 0}
8:_*(9 N A()) = (8**140) N {ZL’ : ﬁQﬂAO > 0}

Next, we let the region 2N A be as follows. Namely,
Case 1. If

S _B or ﬁQﬂAo

0

Banay wZ 3 (1.13)

ek

8**

for some positive constant 3, then we let A = A.
Case 2. Suppose both sets 0** (2N Ay) and 0**(2N Ap) are nonempty and
there hold

Bana, . < —f and fona, B > 6. (1.14)
For B
B(z) > >0 forall ze€dQnA, (1.15)
we set

E,_ ={z:2€Qs,ulx)= inf u},
00NAg

E . ={x:2€Qs, u(r) = sup u},
8 Ag
and let A;; be the region enclosed by 0*(2s5, and F, _, together with the com-
ponents of 0** Ay passing through E,_ N 0€; let A2 be the region enclosed
by 0%, and E_,, together with the components of 9**A, passing through
E_. NnoQ; for

Bx) < —5 <0 forall z€00QNA (1.16)
we set
E., ={z:2€Qs, ulx) = sup u},
00NAg

E__={z:xz € Qs u(z) = 8131}0 u},
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and let Ay be the region enclosed by 0*Q)5, and E ;, together with components
of 0** Ay passing through F, . N0, and let A5 be the region enclosed by 0%,
and E__, together with components of 0** Ay passing through E__ N 0. We
then denote

A:A()UAH UAlg.

Furthermore, we let dy be so small that in the case of (1.15) or (1.16), there
hold respectively

—(14 6)/2 < Bana n < ~B3/2, or (14 ()/2> Bana s 3/2, (1.17)
where we set
O"A=AN*Qy,.
We shall prove in Appendix 5 the following.

Proposition 3. Suppose that

2
lim |Du| > =,

Tp—T0

(1.18)

for each sequence of points xj approaching xo. Then we have

|Eiy| < 2|07 Al - (\/ (1+5) /2/\/1 [(1+5)/2] })1, (1.19)

and
|A;| < 2|0%AJ*- (1 +5) /2/\/1 (L+5)/2 . (1.20)
L= {0+ A2/ [0+ By
For a domain 2N A, we may, without loss of generality, assume that
Bana(z)u(r) dHp—y = 0, (1.21)

A(QNA)

where
Du

= ———— : Vgna.
Bana Tt | Dup? QNA

Applying to 2 N A the reasoning leading to (1.7) and (1.8), we obtain from
(1.21)

/ |Du|dz < |Q2N Al + H, - / (u(z) — inf u) dx
QNA
onA onA

/ Bana - — jnf u) dH,—1 (1.22)

and
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/\Du!d:cg\QﬂA\—i-H*- /(supu—u(:v))d:c

QnA
QnA QnA
+ / Bona - (supu — u(x)) dH,—q. (1.23)
QnA
o(QNA)
Adding (1.22) and (1.23), we obtain
/|Du|dzp<|QﬂA|—|—H / —1nfu dr+ H, - / supu — u(z)) dx
onA QnA aha T
+ 2 / B(x)u(z) dH,— 1—(supu—§12rr1hf4u / B(x) dHp—1.
a(QNA) a(QNA)

This and (1.21) yield

2/\Du!d:cg\QﬂA\—i—H*-/(u(x)—mfu ) dx + H, - /supu—u ) da

QnA
QnA QnA QNA
- (;&gu — éggu) : / B(x) dHp-1. (1.24)
8(QNA)

3.2. Boundary integral in (1.24). Taking n = 1 in the identity (0.7) with
the domain of integration €2 replaced by 2N A, we obtain

94 Hdx = dlv\/ﬁ Q[A Bana(x) dH, 1.
Hence
/ Bana(z) dHn-1| < Hy - [N Al (1.25)
A(QNA)

3.3. Inserting (1.25) into (1.24), we obtain

< . _j ) _
2/]Du|dx <|Q N A|+H. /(u(x) éggu)dx+H* /(supu u(x)) do

anA
anA anA onA
+ (supu — inf u) < Q2N A (1.26)
QnA on

4. Estimating the L'-norm of (u(z) — inf u) and (supu—u(z)) in QN A.
anA QnA

4.1. L'-norm of (supu — u(z)) and (u(z) — é%lgu) in QN A. The case
anA
where 3(z) > 0 for all z € 90N A. By the modified Sobolev inequality (A.8),

we have

Wn
||gs)ugu—u(x)||Ln*(QmA)§7- {/|Du|dm+ / (supu—u(x)) dH,—1|. (1.27)
N

QNA
QNA A(QNA)
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Assume that (1.15) and (1.17) hold. By (A.2) and (A.7), we have

/(supu —u(z)) dHnoq < / | Du| dz

onA
9% A onA
+ [2(n = 1)Ko +2(50) '] - / (supu — u(x)) dz,
o), ana
and
/ (supu — u(z)) dH,oq < / | Du| dx
onA
oNNA QNA
+ [2(n = 1)Ko +2(00) '] - / (supu — u(x)) da.
anA
anA

Consider, rather than (1.6), the identity

D
/—U-Dndx+/H-77dx— / Bona - ndHn—1 =0
o V' 1+ [Dul?
n

QNA A(QNA)

(1.28)

(1.29)

(1.30)

for all n € H"'(Q N A). By setting n(z) = (u(z) — supu) and n(z) = (supu —

onA
u(z)) in (1.30) we have

__|Du? /
H- — d
| AT (g @) de
n
+ / Bana - (Supu — u(a:)) dH,—1 =0,

QNA

and

D 2
/ _ Dl /H (supu — u(z)) dx
\/1—|—|Du|2 QnA
anA

These yield

QNA QNA

9** (QNA)
_|Du /
< H - (supu—u(z))dz
B / v 1+ |Du|2 ng (@ >)
ONA
+ / Bana - (supu — u(z)) dH,—4

QNA
ONNA

QNA

/ Bana - SUPU - U(@) dH,—1 — / Bana - (SUPU - U@)) dH,—1
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+ / Bana - (supu — u(x)) dH, -1, (1.31)
onA
9% (QNA)
and
/ Bona - (supu — u(z)) dH,_1 + / Bana - (supu — u(x)) dHn
onA onA
a1 (ena) 9ONA

_ |Dup /
H - (supu—u(x)) dx
/ \/1—i-|Du|2 Qﬁg (=)

— / Bana - (sup u— u(x)) dH,—1
QNA

o*A
- / Bianay - (supu —u(x)) dH, 1, (1.32)
QNA
O**QNA

where we set

O (QNA) = (07 A) N {x : Bara < 0}
I (N A) = (07 A) N {x : Bana > 0}.

4.1.1. If (1.13) holds for some positive constant (3, then we have A = Ay and
we obtain from (1.31) or (1.32)

/(supu—u( ) dHos < (3) U Dul d + H. /-(Supu—u(x))dx

QnA QnA
oA 0nA OnA
(3 / (supu — u(x)) dHn-1.
anA
o0NA

Inserting (1.29) into this, we obtain

/ (supu — u(z)) dH,—q1 < 2(6)7" - / |Du| dx
%% A and QNA

+ (B) M [H. +2(n — 1)Ko + 2(d0) '] - / (gggu — u(x)) dx] . (1.33)

Inserting (1.33), (1.28) and (1.29) into (1.27), we obtain

Wn, ~
| sup u — u(z)|| zrs (onay < ol [1+2(3)7"] - / | Du| dz

QNA
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where
Cr=2(0)"" Ho+ [1+2(8)7'] - [2(n — 1)Ko + 2(6) '] (1.34)
Hence, by Holder’s inequality and the fact that A = Ay, we obtain

/ |Du|dz > [1+2(8)7"] 7" - [n/w, — C1 - [Q N Ao/
QNA

X || sup u — () || Lre (na)- (1.35.1)
QnA

Analogously, we can establish in the case of (1.13) that

/ [Duf dz > [1+2(8) )7+ [n/wn — Gy - 120 Aol V"]
QnA
X ||lu(z) — SlzglfAu‘|Ln*(QmA. (1.35.2)

4.1.2. Suppose both sets 0** (2N Ap) and 9** (2N Ap) are nonempty and (1.14)
holds. We notice that by our choice of Ay and A indicated above in (1.14) and
(1.15), we have

supu = sup u and inf u = inf wu.

QNA Bﬂmfo QNA 0* Ao
Thus
/ (supu — u(z)) dHn
QnA
A(QNA)
= / (inf w—wu(x))dH,1+ / (sup w— inf u)dH, ;.
O0NAg 80NAy O00NAg
A(QNA) 9(NA)

By Theorem 1, we obtain

‘ / Bana - (sup u— inf w)dH, 4
8QI'7A70 O0NAg
QN A)

<Lo(B, ) - diam (92 N Ag) - |2(Q2 N A)], (1.36)

where LO(B7 5) is the Lipschitz norm of the trace of u on the boundary, which

depends only on 3, 8, H, n and Koona-
To treat the first integral on the right-hand side of (1.32), we set

QNA);_={z:2€QnAu(x) < inf u},

AONAg
and
O (N A) = (RN A)s) N O™ A
to obtain
/ (inf u—u(z)) dHo 1 < / (inf u—u(z))dHo 1 =0, (1.37)
00ONA O0ONA

(99N Aq) L% (2N A) a1 (N A)
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since 97" (2N A) C E,_. Furthermore, we have

/ (inf w—u(x))dH,—1
00N Ag
90N (A\Ag)

< Lo(B,5) - diam (92 N A\ Ag)) - 921 (A\ Ao)|, (1.38)

and

/ (inf u—wu(x))dH, 1 < / (inf w—u(x))dH,—1, (1.39)
00N Aq 00N g
9+ AVo** A A(N(QNA)4_)

and

- / Bana(z) - (inf w—wu(x))dH,—

A0ONAg
A(N(QNA)4-)
D 2
< _ Dl / (inf u—wu(z))dx
V1+ |Du|2 o0NA
(QNA)4+— (QNA) +
< B L / ) d (1.40)
sup u — u(x)) dz. .
N v 1+ |Du|2 ng
(QﬁA)+_ (QﬁA 4
From (1.39) and (1.40), we obtain
(inf w—wu(x))dH, 1
I0NAg
9% AU A
<(B)*- / |Du|dz + (3)"' - H, - / (inf uw—wu(z)dr, (1.41)
00QNAg
(QnA)4 - (QNA);
if we have A
|Banal > By, (1.42.1)
0 A
and we set A o
3 = min(3., 3/2). (1.42.2)

Inserting (1.36), (1.37), (1.38) and (1.41) into (1.27) and using Holder’s in-
equality, we obtain the inequality

1+ (B / \Dul dz + 2Lo(3, 3) - diam (82 N A) - [(Q N A)|

QNA

~

n A Wy, "
> — (1 (A2 H, QN AY ) |lsup u — w(@)| preonay  (1.43)
Wr, n onA

if (1.42.1) holds and 3 is given by (1.42.2).
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4.1.3. Analogously, we can use (1.17) and Theorem 1 to establish

(1+ (5)—1) : / |Du| dx + 2Lo((1 +B)/2,5/2) -diam (0" A) - |0(Q2 N A)|

QNA

n 2. Wy N .
> 2 (L= (B2 0 AP ) = o, (L40)

where the constant Lo((1 + 3)/2, 3/2) is given in Theorem 1.

4.1.4. Inserting (1.35.1), (1.35.2), (1.43) and (1.44) into (1.26) and applying
Holder’s inequality, we obtain

[ G s [ (wte) - )

~ ~
~ ~

<[Co+ (1+(B)) - Cs]- QN A" 4 [Cy + (B) - ]

X [QNAY™. / (u(z) — Sl)%gu) dx
onA

~
~

+[Co+ (B)H - Co] 12N AP / (aggu —u(z)) dz
anA

+ Gy Lo(B, ) - diam (92 N A) - [(Q2 N A)| - [0 A",
4 Cy - Lo((1+ B)/2,3/2) - diam (9" A) - |9(Q N A)| - |2 0 A7,

where
A 2wy, A N A 1
Co= =14 3(8) 7+ (8) 7] - [nfun — Cy - [0 A7)
W ,
+ ;(gﬂgu - éggu) -H,, (1.45)
. -1
Cs = % : (1 —(B)7" - (wn/n) - H, - QN A\l/"> : (1.46)
Hence

/(3%3“_“(“3)) de + /(U(iv)—gi)ggu) dz

~
~

<[Co+ (B)7-Cy] - Cy- |2 AT
4Gy Gy - Lo(B, B) - diam (92 N A) - [9(Q N A)| - [0 A/
4 Cy-Cu- Lo((1+ B)/2,3/2) - diam (97 A) - |02 0 A)] - [0 A",
where

N —1
Cy = (1 —[Co+(B) - Cs] - He - |Q mA|1/"> , (1.47)
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This yields

/ (supu — u(z)) da < [Cy + (é)fl - C5] - Cy - [ A
QnA
QnA

4Gy Gy - Lo(B, B) - diam (9Q N A) - 92N A)| - [0 A/
4Gy G- Lo((1+ §)/2,3/2) - diam (9% A) - |92 N A)| - |2 N AV, (1.48)

and
/ (u(x) - inf u) dw < [Cy + (B)7 - Cy] - Oy N A/
QONA

4Gy Gy Lo(B, B) - diam (9Q N A) - |90 A)| - [0 A/
40y Cu- Lo((1+ )/2, 3/2) - diam (97 A) - [(Q N A)| - [0 A", (1.49)
By (1.9), (1.11) and (1.12), we have
12N Ag| < (8p) 1Ottt (1.50)
which yields
[¢ ﬂA0|% < (50)(1—%).(1+80)+% _ (50)1+50(1—%). (1.51)
In view of (1.34), (1.45) and (1.47), we see that

. o1
Cy- QN A]H™ < € - (§p)00n) < 5 for do sufficiently small,  (1.52)

where €, is a constant depending only on H,, B and Kagq.
If (1.18) holds for each sequence of points z, approaching z,, then we obtain
from (1.19) and (1.50)

2N Al < €y(d)", (1.53)

where €, is determined by 3 and n. Hence, in view of (1.45),
Co- QN Aln < &+ (8) < 1/[2H,(supu — inf u)] (1.54)

QNnA anA

for 9y sufficiently small, and, by (1.47),
Cy <2, C,<2, fordy sufficiently small, (1.55)

where €5 is a constant depending only on H,, B, B and n.
We remark here that (1.49) will not be used in the next sections.

4.2. L'-norm of (supu — u(z)) and (u(z) — inf u) in Q@ N A. The Case
QNA QNA

where 3(z) < 0 for all z € 9Q N A. Assume (1.16) holds. The case where
B(x) < 0 can be treated in a similar way as the case f(x) > 0: repeating the
corresponding reasoning, in case (1.13) holds, we obtain (1.35.1) and (1.35.2),
in case (1.14) holds, we obtain (1.43) and (1.44). Inserting (1.35.1), (1.35.2),
(1.44) and (1.45) into (1.26), we obtain (1.48) and (1.49).
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We also remark here that in this setting, (1.48) will not used in the nect
sections.

5. Oscillation of u near the boundary.

5.1. The case where 1 > (3(z() > 0. Consider a point xy € 9f2 such that for
0o sufficiently small such there holds

1> 3> p8(z)>0>0, for x€dN Bs, (o). (1.56)

We assume, without loss of generality, g to be sufficiently small that 60 < R_,
R_ being given in Proposition 1.

Choose a boundary strip A adjacent to 9 N By (7o), 5o = ()", to be
with of width 0y and of the type indicated in the beginning of Subsection 3.1
such that (1.17) hold. We obtain from (1.56) that (1.13) or (1.14) hold with

~ T ~
= A/ 1—=[(1+75)/2)]?, 1.57
b= 1=+ A)2) (1.57)
where
r=\JGr/ 0= (159
and (1.42.1) holds with
B, = B/2, (1.59)
for 9§y sufficiently small. We shall establish this for sufficiently small dy in Ap-
pendix 4.
Let us set
R = (6p/4) =, (1.60)

and choose a boundary strip Ag(zo) adjacent to 92 N Br(z) to be of width R
and of the type indicated above in Theorem 2. From inserting (1.46) into (1.2)

with the value 3 given in (1.57) and setting 4 = 0 in (1.5), we obtain
n+2 A

GGGl nap

— i <
A
4Gy Cy - Lo(B, B) - diam (9Q N A) - [9(Q N A)| - [0 A/

4 Cy-Co- Lo((1+ 5)/2,3/2) - diam (9°A) - [8(Q N A)| - [N A|1/”} + 2R

A A A QN A
<20+ 1) K { (G (97 o] G O

+Cy- Gy Lo, §) - diam (920 A) - (21 A)| - |20 A" /R

4Gy Cu- Lo((1+ 5)/2,3/2) - diam (9°A) - [8(Q N A)| - |2 N A|1/n/Rn}

+2R. (1.61)
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If (1.18) holds for each sequence of points z; approaching xq, then we obtain
from (1.20)
diam (02 HZ) @ nA)|-Qn A’l/n < és . ((50)1-1—%’
diam (97 A) - (2N A)] - 100 A" < & (30)' 7,

(1.42.1), (1.53) into (1.61) and then using (1.45), (1.54), (1.55), (1.17), (1.42.

1)
(1.42.2), (1.57), (1.58), (1.59), we arrive at (0.13) with € determined by 3, 3

H* and K@QOW'

where € is determined by 3 and n. Inserting these, together with (1.17),

5.2. The case where —1 < 3(xp) < 0. Consider a point x5 € 92 such that
for 0y sufficiently small there holds

1< -B<Bx)<—F<0, for xedQN Bs(wo). (1.62)

Choose 9y to be sufficiently small such that o9 < Ry, R, being given in Propo-
sition 1. Choose a boundary strip Ay adjacent to QN By, (20), do = (00)' =, to
be of width dy and of the type as before. For 7 given in (1.58), we obtain from

(1.62) that (1.13) or (1.14) holds with § given in (1.57), and (1.42.1) holds with

B given in (1.59), which will be established for sufficiently small dy in Appendix
4.

From inserting (1.49) into (1.4) with the value of § given in (1.57) and setting
= 0in (1.5), we obtain, analogously to 5.1, the estimate (0.14) with the same
as in (0.13).

=~

APPENDIX 1. BOUNDARY INTEGRALS ALONG A PIECEWISE C? BOUNDARY

The proof of the following can be modified from that of [6, Lemma 1.1] in an
obvious way.

Lemma A.1. Let E be a Caccioppoli set in R™ and I' be a subset of OF
which is a C* manifold and d(z) = dist(x, F) for v € E. Let

Ery={x:x € E: dist(z,I') <t}, for t>0. (A.1)

Let er be so small that the function d(x) be of the class C* in Er .., and consider,
for 0 <&’ <er, a domain E}.__,

Er. CEp.. C Brep,

such that a portion of its boundary 0*EY._ C Er;\ Er o, and on the remaining
portion of its boundary in €, we have

Dd-v =0,

(0B} . N\O*Ef.



304 FEI-TSEN LIANG

v being the unit outward normal to OEY. . Then, there exists a constant Cr o
depending only on I and &' such that the inequality

/wdHnlg / \Duw|dz + Cr - / o da, (A.2)

* *
r EF,EF EF,EF

holds for all w € BV (Er..). In fact, let n.o be a C™ function with

0<ns <1,
ne =1 onT, (A.3)
ne =0 in B\ Ep.,

then we can take

Cr o = sup |div(n. Dd)|. (A.4)

EF,EF

In order to apply Lemma A.1, we have to estimate the value of Cr . in (A.4).
For this, we formulate the following result which is well known and can be
found, e.g., in [5, pp. 420-422].

Lemma A.2. Let I' C OF be of the class C? whose principal curvatures are
bounded in the absolute value by Kr. Then d(x) = dist(z,T") is of the class C?
in Er.p., forer < ,%F, where Er .. is given in (A.1).

Furthermore, for points T in Er.., ep < ,CLF, define y = y(x) to be the
(unique) point of I' nearest to . Consider the special coordinate frame in which
the x,-axis is oriented along the inward normal to I' at y and the coordinates
1, ,Tn_1 lie along the principal directions of I' at the point 3. In this special
coordinates, we have at T,

Dd=(0,---,0,1) (A.5)
and
. _kl _k'nfl
D*d=d 1 e 0 A6
iagona 1 d’ T — (A.6)
where ky,- -+, k,_1 are the principal curvatures of I' at 3.

Inserting (A.5) and (A.6) into (A.3) and (A.4), we obtain the following.

Lemma A.3. Let I' C OF be of the class C* whose principal curvatures
are bounded in the absolute value by Kr. Then, for ep < ,%F and for each 6,
0 <0 <1, we can take in (A.4)

1496
!

Cre < |Dno|+2(n—1)Kr < ( > +2(n — 1)Kr. (A7)
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APPENDIX 2. MODIFIED SOBOLEV INEQUALITY

The following result is a special case of the so-called Friedrichs inequality and
can be found, e.g., in [9, Theorem 6.5.7].

Proposition A.1. Suppose E is a Caccioppoli set with piecewise Lipschitz
continuous boundary. Then, for any f € BV (), the inequality

||f||m<E>sﬁ( Dflde + |f|dHn_1) (A8)
VL

1s valid, where w, is the Lebesque measure of the n-dimensional unit ball.

ApPPENDIX 3. A PROOF OF (0.16)

Since u is assumed to be bounded up to the boundary, [8, Theorem 1] implies

u € HY(Q). By this and the fact that the restriction u‘ is a minimizing
Q\0.

function of the functional

J(v):/\/1+|Du|2dx+ / (Tu - vo )udHy—1,
Q

002N

with v, being the unit outward normal to 2., we are allowed to set n = 1 in
the identities

Du
——— D dx+/H- d:c:/ - dH, - A9
/ o " U BendHa (A.9)
Q Q o0

and

Du
—————  Dndx + / H -ndx = / Tu-vg) -ndH,—1; (A.10
/ = " U (Tu-vq.) - ndHa-1; (A.10)

O\ Qe Q\Qe 9a.na
(see [5, (7.6)]); here Q. = {z : z € Q, dist(z,09) < e} and ¢ is sufficiently
small. Subtracting (A.10) (with n = u‘Q\Q ) from (A.9) (with n = u), we

€

/Hdilf = /ﬁ : UdHn_l - /(TU . VQ\QE)dHn_l.
Qe o0

0.
The left-hand side of the last identity approaches zero as ¢ — 0, hence the same
is true for the right-hand side of the last identity. Hence, a subsequence can
be extracted from the sequence {T'w - vo\q, } (@ + Dd), with d(z) = dist(x, 0Q),
which approaches () for almost every z € 9 as ¢ — 0. This, together
with the interior regularity of u, yields under the assumption (0.12) that if dy
is sufficiently small, then

obtain

1+

@
N @

—— 2 |Tu- v, (2)] = 3, (A.11)
for x € 0*Q)., € < Jy, which is sufficiently close to As,(x¢). In particular, (0.16)

is proved.
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~

APPENDIX 4. PROOF OF (1.13), (1.14) WITH THE VALUE OF [ GIVEN
Y (1.57). A PRrROOF OF (1.59).

We shall prove in Appendix 5 that points of 9*A are close to 0* As,(xg) for
small dg. The second inequality in (A.11) thus yields

, B
2

A T

| Dul

1+ |Dul?

from which we obtain

> T,

with 7 given in (1.58). This and the first inequality in (A.11) yield (1.57).
Since F,4 are level sets of u, the normal of F,. lies toward or opposite to
the direction of that of 2% and thus

[[Du]?
Du Du | Dl

+ 1+ |DuP |Dul  \/T+ |DuP’

from which by (1.61) it follows the second inequality in (A.11).

[Banal|
Ey

APPENDIX 5. PROOF OF PROPOSITION 2

To prove Proposition 2, we assume without loss of generality that (1.15)
holds. To show the inequality (1.19) for £, _, we observe that the unit normal
of £, _is j:| Dl and thus it suffices to show that for points = in a sufficiently
small neighborhood of xg

Du

(1+5)/2
D) valzo)| <

Ji+la+3)/22

if (1.18) holds for each sequence of points x approaching xy. This follows from
the second inequality in (A.11) and the inequality

\/1+\Du]2
T — 1+ |Du|2 <1401+ B)/2)?

for points z in a sufficiently small neighborhood of x,, which is obtained from
the assumption that (1.18) holds for each sequence of points x; approaching z.
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