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Abstract. We study the boundedness and compactness of a special class of
integral operators defined on generalized Sobolev spaces.
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1. INTRODUCTION AND THE MAIN RESULTS

Let us consider the integral operator S,

Su(zx) = / [ (x+z) — Zz] o, } K(z,2)du(z), ©e€R",
R\ {0}
where the kernel K is defined on R™ x R"™ and satisfies the following growth
conditions:
e (H1): K € L*(R™ x R™),
e (H2): for fixed 0 < 0y < 1, we suppose that H(6y) < +o0, where

dh

Go—sup/’Kx—l—hz — K(x |‘h‘n700

z,zER™

Furthermore, the Radon measure du(z) on R™ \ {0} satisfies the moment con-
dition:
e (H3): / |2|* dp(z) + / |z| dp(z) < 400, where 1 < o < 2 holds.

0<|2|<1 |z]>1
Our first mapping result deals with the generalized Sobolev spaces H(R™)
of functions defined on R".

Theorem 1. Suppose that (H1), (H2) and (H3) hold. Then
S HIT(R™) — HJ(R")
15 a bounded operator for all 1 < p < oo and all 0 < 6 < 6.

In our second result we consider the case of bounded connected domains 2
in R" with smooth boundary 0.
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Theorem 2. Let K € L®(R" x R") with K(x,2) =0 if x + z ¢ Q. Suppose
that (H2) and (H3) are satisfied with 0 < 0y < 1 and 1 < a < 2, respectively.
Then
S HYH(Q) — HI(Q)

s bounded for 0 < 0 <6y and all 1 < p < +00. Moreover, if % +1 < «, then
S HY(Q) — HI(Q)

is compact for all 0 < 0 < 6.

Note that the condition K(x,z) = 0 for  + z ¢ Q implies that our integral
operator can be interpreted as a mapping acting on functions « which are defined
in Q.

Operators of such a type play an important role in the theory of Waldenfels
operators W = P + S, where P is a second-order elliptic partial differential
operator of the type

Pule) = Y aiy(e) 5 (o) + o) o) + clouta). @ €2

ij=1 i=1

see [1] and [4]. In particular, the Levy operator S occurs as a compact pertur-
bation.

The paper is organized as follows. First we recall some properties of spaces
of type H;. In Section 3, we prove Theorem 1 and then Theorem 2 in Section 4.

2. FUNCTION SPACES

In general, all functions, distributions, etc. are defined on the Euclidean
space R". As usual § = S(R™) denotes the Schwartz space of test functions,
S’ = §'(R") is its dual. For f € 8', f denotes the Fourier transform of f.

To define the Bessel potential space H; = H(R"), we make use of the Fourier-
analytic approach.

Throughout the paper let ¢ in S(R™) be fixed so that 1& be supported by the
set {€eR™: § <|¢] <2} and

Z@Z)(Qﬂ‘g) =1 for £€#£0. (1)
Define ¢ by
P =1-> P27, (2)

Jj=1

and denote now by A; (j € N) the convolution operator with symbol P(279¢).
For s € R and 1 < p < +00, the generalized Sobolev space or the Bessel
potential space Hy = H;(R") is a subspace of §'(R") given by the norm

1
sj 2
s = llp*gll, + H [24 JIAJ‘QIZ}

Jj=1

9| < 00,
p
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and for 1 < ¢ < oo, the Besov space By , = B, (R") is a subspace of §'(R")
with the norm

1
pp. = e gl + [ 30 2912002) " < +oo.

Jj=1

Note that if s < s’ holds, then H C Bs  and Bs . C HS.

Now let €2 be a bounded connected domain in R™ with smooth boundary 02,
and its closure be given by Q = QU Q. To define function spaces on € we use
restriction arguments. Let D’(Q2) be the space of distributions on 2. Then we
put

g1

Hy(©) = {f€D(@) : 3geHR") suchthat glo =}

and

s = Inf ] gllm;.

In the same way we define the Besov space
B, (Q) = {f eD/(Q): 3ge B (R") suchthat glo= f}

and

1/l

see for example [5] and [3].

For the proof of Theorem 1 we make use of the following characterization
of generalized Sobolev spaces Hj (Strichartz’ norm) which can be found, for
example, in [5, p. 194].

B3 (@) = ggl:f ; l9llBs,

Lemma 1. Let 0 < s <1 and 1 <p < +oo. Then
Ny(g) = llglly + 1 Ls(9)lp

defines an equivalent norm on H,, where

dh \ 2 |
(/‘gm+h —g(x ‘ |h|n+25> if p2>2,
Ls(g)(x) = 2 g\ /2
(/[ / |g(x + th) — |dh] t%) if 1<p<2
0 nl<t

The second Lemma which will be used in our proof is the following.

Lemma 2. Let 0 < s <1,0< vy <1, 1< p< 400 and set T,(f)(z) =
f(z+ h)— f(x). Then there exists C' > 0 such that

|70 ()| < CIRI || £

HH; HytY

forall f € H3.
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Proof. We are not able to give a reference for this result. For the reader’s
convenience we prove the assertion.

1) The case v = 0:

for s = 0 the lemma is trivial and for s = 1 it is known, see [6, pp. 45-46],
for example;

for 0 < s < 1 we recall that

BS

L/Ux+h |%% < Ol ||f

Since H, C B, , the lemma follows.
2) The case v = 1:

Note that
HTh(f)HH; = [Z HaTh Hp+ HTh<f)Hp:|

and it follows from 1) that

ITw(f) 1 of
HTh(f)HerH o, p§C|h| {‘T%“H5+“f“p}7
and hence
170y < CIRE | F]] -

3) From 1) and 2) we obtain that 7}, is a bounded linear operator from H;
into L? and from H3™ into H), respectively.
Then by interpolation arguments we obtain that 7}, is bounded from H;J”

into H for all 0 <~ <1 and the norm of 7}, is bounded by C|hl®. O
Lemma 3. Let 0 < 0y < 1. There exists C; = C1(0y) > 0 such that
lg(z + k) — g(x)] / dh_1?
<C h) — o
g [Pl < | [latee )=o) it |+ ol

for all g € L*(R™). Moreover, for every 0 < 0 < 0y, there exists a finite
constant Cy = Cy(6y) > 0 such that

dh .1 lg(z +h) — g(2)|
l/wx+h \Wwwpgc{sm> it + gl

for all g € L>*(R™).
In particular, if K € L*(R™ x R"), then H(6y) < +oo implies H(0) < +o00
for all0 <0 < 6y and

|9(z +h) — g(z)| < Clh|"
for all x,h € R™.
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Proof. Indeed, we have
lg(z + ) — g(z)|

ol = ol + sup HEts
and )
dh |2
ol = ol + s | [ late-+0) = o(0) |

Rn

see [5] or [3] for example. The embeddings BQD2 C Bf,, C BY . finish the
proof. O
3. PROOF OF THEOREM 1

To prove Theorem 1 we show first the boundedness of S from Hy(R") into
LP(R™) (the case # = 0) and after that we prove that there exists a positive
constant C' such that

HLg(SU)Hp <C ||u||H3+9
holds for all u € Hi**(R") and 0 < 6 < 6. This implies
ISullug < Cllulpeve.
Indeed, H(0y) < +oo implies H(f) < +o00 by Lemma 3.

3.1. LP-boundedness. To prove the LP-boundedness, we write Su(z) = Sju(z)
+ Seu(x), where

S = [ [ute+2) = utw) = 3 550 0| Koy duce),
H>1 =1 T

Sou(x) = / u(x + z) —u(x) — ZZJ%(U@) K(z,2)du(z).
<1 =t T

First observe that
1S1u(z)] < [|K||oo [g1(2) + g2(2)],

where
= / lu(z + z) — u(z)| du(z)
221
and
Z gn @ [ 1ol du)
= |21>1
Hence

lg1lly < / [/|U($+Z)—U($)|pd$];du(2)

221 R®
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[5 J o]

z|>1

and

lgally < Z |5

Combining now (H3), Lemma 2 with s = 1 and v = 0, we obtain

[S1ully, < Cl[ K |oo l|ullm / 2] dp(2).
|2[>1

Next we give an estimate for ||Syull,. We write

u(a + 2) — uz) — }:]ax }: /‘ (a + tz) ;Z(ﬂﬁ,

7j=1
and it follows that

Syl |<HKuooz//|z|\a (#+12) = )] du(z)a

0 |z|<1

Hence

||S2unp<021|f<uoo//|z\ma (0+12) = )]

0 |zI<1

da:} pd,u(z) dt.

Applying now Lemma 2 with s = a — 1 and v = 0, we obtain

/‘ (2 +12) 8u( )P ou
Ox; Ox;

< Cltz|o ! o
8:c 2] HUHH
Thus

Hal_

d.x} < Otz

1S2ully < ClIK oo [lul g / 2% dp(2).
|z|<1
3.2. Estimation of ||Ly(Su)|[,. In the following, we consider the case where

p > 2 holds. The other case can be handled similarly. We are to prove that
Lo(Su) € LP, where

.

[ |Su(x + h) — Su(z)|’
’h’n+20

As above we put Su = Siu + Ssou, where

Suuta) = [ fute+2)— ) = 35 g 0| Koo

l2[>1

Saula) = [ |uta+2) = e = 305 5 )| Ko 2) o),

lz]<1
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A) Estimation of Ly(Siu). First we write Sju(x+h)—Siu(z) in the following
form:

Siu(x + h) — Syu(z)

= / [u(z +h+2) —u(z+ z) + u(x) — u(z + h) | K(x + h, 2)du(z)

|21>1

+ / [u($ +z)— u(:z)] [K(x +h,z) — K(x, z)}du(z)
|2|>1

+ Z [%(m) - 887”(1‘ + h)] / 2 K(x+ h, z)du(z)
=t ’ |21
’ g—;](x) / 2 [K(x, z) — K(z+h, z)]du(z)
=t 21>1

=Ai(x,h) + As(z, h) + As(x, h) + Ay(z, h).
1) Ai(z, h):
We have

Au(z,h) = / (/lzn:[aa—;j(:v+h+tz)—g—u(x+tz)]zjdt)K(erh,z)dp(z)

1 Lj
lz>1 0 77

which implies

/[ wergtis] ] < ()] ] o]

R |z]>1

2) As(z, h):
In this case we get

n

N

< / ]u(aﬂ—z)—u(m)‘/[|K(a:—|—h,z)—K(x,z)‘2|h|ci%F

|2|>1

<H(0) [ Julo+2) - ula)| du(2)

|2[>1

I/ |A2<x,h>|2w%]gdx];scme)nunp[ [ elaut)|

R Rn |z|>1

and
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3) Ag([E, h)
It is clear that

hﬂ&uh ) <3 11 (g5 [/|Wﬂ}

e

and hence

{J/[;/wfh(x’h”gﬁﬁgﬁﬁ]gdx];55§§;[|f<wmuLe( )| [ telancs)|
R4) 124@, h): 21

In the last case we obtain

[ [[reemrgiis] o] <wo] [ mae] 132,

Rn |z|>1

Summing up we get

2ot <[11+ 7@ | [ 121auta)]

|2[>1

xhwm+§yﬁdgﬁ

Z Haxj

|

We have
H%
Ox;
and 5
u
— < .
205, = Cllulg
It follows finally that
|La(Sun)l, < CLIK I+ HOullger | 12l duto)

|z[>1

B) Estimation of Lg(Sou).
Here we write

Sou(z + h) — Squ(x) = By(x,h) + Ba(x, h),
where

By(z,h) = / [u(x—i—z—i—h) —u(x+ 2) —u(x + h) + u(x)

lz[<1

_ i’zj (g_xuj(x +h) — g—xuj(x)ﬂl((x—l— h,z) du(z)

=1
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and

By(z,h) = / [ (x+2)— z]<8$ ) K(x+h, z)—K(x,z))} du(z).
lzl<1 =1 ’

First we put f7(z) = (:U +tz) — 2% (x) and observe that

8%

|Blash\<2\|m|oo//\z||ftzx+h Fi ()| dt dp(z)

|2|<1 0

Hence we get

2

[ By, h)?

|h’n+29 dh:|

<ZHKHOO JaE / Lo(f)(@) dt dp(2)

|z|<1

Applying now Lemma 2 with s = a — 1 and v = 6, we obtain

‘}Lo(fg;)‘}p < C‘tzya—l“@‘

0 -1
O Il Hg+e

and, consequently,

j Hg+o¢71
R* R" lzl<1

On the other hand, we have

| Ba(z, )| Z/ / |z|‘ x—i—tz ’ | K (z+h, z)—K (2, 2)| du(z) dt.

=10 <1

Using (H2), it follows that

Bo(a, W) 3 / / Ou
Ltk R 1 <
[ |20 ZH 2] ’ (v +t2) 893]-( )‘ du(z) dt.
R |z]<1

Using again Lemma 2 with s = a — 1 and v = 0, we obtain

By, )] 1% 1

22 T " ae|” < CH (B H
[/ [ [h[+20 = d;
Rn Rn

Therefore we have shown that

HL9(52U)Hp < C(HO) + 1K lloo) ull oo

Hal

holds.
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4. PROOF OF THEOREM 2

Step 1: The proof of part 1) follows from Theorem 1 by restriction arguments.
Step 2: Let % +1 < a < 2. We show that

S HS(Q) — LP(Q)

is a compact mapping. We recall that K (z,2) = 0 if 2 + z ¢ Q. Hence there
exists a compact set M C R™ such that

Su(z) = / [u(m +2) — u(z) - i zjg—;(x)} K(z, ) dy(2)

can be interpreted as a mapping acting on functions u defined on €.
Now we introduce for 0 < € < 1 a family of truncation operators given by

S u(r) = / [u(m +z) —u(x) — Z zj%(x)] K(z,2)®.(z, 2) du(2),
M j=1 !

where @, € C*®(Q x R") such that

O (z,2) =0 if |z—2z|<e,
and

O (r,2)=1 if |x—z| > 2.
Furthermore, by Lemma 3 there exists Cy > 0 such that

|K (2, 2) = K(y, 2)| < Colz — yl|%
holds for all x,y € M and all z € R". Hence we can show that
Ss. : CHQ) — C(Q)

is bounded. Since % +1 < a < 2, the embedding Hy'(€2) — C'(Q) is compact

and the embedding C(£2) — LP(Q2) is continuous. We establish that
Se. + H () — Ly(Q)
is compact. As in the proof of Theorem 1, we get
[0 ull, < Cll Koo lull rg ()
Furthermore, we have by Lebesgue’s Theorem,
Se. — 9 as /0

€

with respect to the operator norm in L(H(€2), L,(€2)). Because of the fact that
the compact operators are a closed subspace in L(H(§2), L,(€2)) it follows that

S H(Q) — Ly(Q)

is compact for g +1<a.
Step 3: Now we can finish the proof of Part 2). From Step 1 we can derive
that
S HY(Q) — HI(Q)
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is bounded for all 1 < p < oo and all 0 < 6 < 6y. Using the result of Step 2 we
have
S HJ(Q) — Ly(Q2)
is compact if % +1<a.
Now we can apply a result concerning the complex interpolation of compact
linear operators, see [2], in order to obtain our result. Indeed, Hy(€2) is reflexive

and it is known that H;(Q) = [L*(Q), H§+9(Q)]a where 0 =1 — 255
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