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ON LINEAR CONJUGATION PROBLEMS WITH A DOUBLY
PERIODIC JUMP LINE (THE CASE OF OPEN ARCS)

NINO KHATTASHVILI

Abstract. The linear conjugation problem for the class of exponentially
doubly quasi-periodic functions is considered, when the jump line is doubly-
periodic and consist of open arcs. Effective solutions are obtained by means
of a Cauchy type integral with Weierstrass kernel.
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INTRODUCTION

The linear conjugation problem for different classes of functions when the
jump line consists of a countable number of contours was considered by numer-
ous authors [1], [3]-]6], [8], [10], [13]. We will consider the linear conjugation
problem for the class of exponentially doubly quasi-periodic functions. The case
of closed arcs is considered by the author in [9].

1. THE DoOUBLY-PERIODIC AND DOUBLY QUASI-PERIODIC FUNCTIONS

Consider a complex z-plane C, z = x + iy, and two complex numbers w; and
iwsy satisfying the condition Im 2 > 0. Let us introduce some definitions.

Definition 1.1. A line L is called a doubly-periodic line if it is a union of
a countable number of smooth nonintersecting contours L . j = 1,2,...,k;

m,n = 0,=%1, ..., doubly-periodically distributed with periods 2w; and 2iw, in
the whole z-plane

00 k
L= Y Ly Lpn=) L, Li,NL: =@, ji#j. (1.1)
j=1

m,n=—00

In the sequel we will deal with lines of this type with open contours L7 . By
S we denote the z-plane cut along L.

Let us recall some definitions from the theory of elliptic functions [2], [7], [10],
[14].

Definition 1.2. A set D C C is called doubly-periodic set if z € D implies
Z 4 2mwy + 2niwy € D, m,n = 0,%1,... . Points z and z 4+ 2mw; + 2niw,,
m,n = 0,=£1,..., are called congruent points.

Note that C\ L is doubly-periodic set.
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Definition 1.3. A function Fj(z) defined on the doubly-periodic set D is
called doubly quasi-periodic with periods 2w; and 2iws if the following condition
is fulfilled:

Fo(z + 2mw; 4 2niws) = Fy(z) + my1 + nye, myn=0,%+1,... . (1.2)

~v1 and v, are definite constants, called addends.
If 44 = 72 = 0, then a function Fy(z) is called a doubly-periodic function.

Definition 1.4. A doubly-periodic meromorphic function is called an elliptic
function.

The parallelogram with vertices 0, 2wy, 2wy + 2iws, 2iws is called the funda-
mental parallelogram. The interior of this parallelogram is denoted by Spo.

The number of poles of an elliptic function in the fundamental parallelogram
is called the order of an elliptic function.

Theorem 1.1 (Liouville). An elliptic function, holomorphic in every bounded
domain of the z-plane, is a constant.

Theorem 1.2. A non-zero elliptic function of first order does not exist.

Theorem 1.3 (Liouville). Every elliptic function of n-th order takes each of
its value n times in the fundamental parallelogram.

Definition 1.3 implies

Theorem 1.4. If a doubly quasi-periodic function is differentiable in its
domain of definition, then the first derivative of this function is a doubly-periodic
function.

By Theorems 1.1 and 1.4 we immediately get

Theorem 1.5. A doubly quasi-periodic function, holomorphic in every
bounded domain of the z-plane, is representable in the form

Fy(z) = Az + B,

where A and B are arbitrary constants, the addends of this function are v, =
2Aw1 and vy = 2Aiws,.

Let us fix the lattice T = {7}, = 2mw; +2niw,, m,n =0, £1, ...} and recall
the definitions of Weierstrass (-function and o-function for this lattice.

Definition 1.5. The function representable by the double series

1 > 1 1 2
C(2) = (1) o 2. Z_Tmn+Tmn+T%n (1.3)
(m,n)#(0,0)

is called the Weierstrass (-function.

Series (1.3) converges uniformly in every closed region of the z-plane not con-
taining the points of 7'. The Weierstrass (-function has the following properties:
1. It is a meromorphic function with simple poles T},,, m,n =0,+1,...;
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2. ((z) is doubly quasi-periodic,
(ot 2w0) = C(2) + 81, (e + 2iwn) = C(2) + 6
(51 = QC(wl), (52 = QC(iWQ), iw251 — w152 = 7Ti,

where ¢; and d, are the addends of (-function.

(1.4)

Definition 1.6. The function o(z) given by the infinite product

(T = s R 2 22
o(z)=0(z,T)==z2 mnl:[_m ( — Tmn> exp T + TN
(m,m)#(0,0)

is called the Weierstrass o-function.
o-function is a meromorphic function with simple zeros at the points z € T'.
The Weierstrass o-function has the following properties:
1. o(z+42w) = —o(z) exp(d12 + dywr),
2. 0(z+ 2iwy) = —0(z) exp(daz + daiws). (15)

Though the o-function is not doubly quasi-periodic, it can be used in con-
structing any elliptic function.

Theorem 1.6. Every elliptic function F(z) of n-th order with zeros aw, . . . o,
and poles (1, Ba, ..., B, in the fundamental parallelogram can be represented in
the form

olz—a)o(z—ag) 0(z—ay)
o(z—P1)o(z—06a) -a(z—0,)’
where ay = (B + P+ -+ Bn) — (e + -+ - + ay), C is a definite constant.

F(z)=C

Let us introduce a new class of functions.

Definition 1.7. A function ®(z) defined in the doubly-periodic set is called
exponentially doubly quasi-periodic if the following conditions are fulfilled

L ®(z 4 2w;) = O(2) exp(Pr, (2)),
2. ®(z+ 2iwy) = P(2) exp(Qr,(2)),

where P, and ()i, are the definite polynomials of orders k; and ks, respectively.
We denote this class of functions by P.(k), k = max(ky, k2).
In the case Py, = Qr, = 0, the sub-class of the class P.(0) is denoted by
Po(0), this is the class of doubly-periodic functions.

Definition 1.8. A function ®(z) is called sectionally holomorphic, exponen-
tially doubly quasi-periodic with jump line L if it has the following properties:

1. It is holomorphic in each bounded region not containing points of the line
L;

2. ®(z) is left and right continuous on L with a possible exception for the
ends ¢y, ¢, . .., ¢q, near which the following condition is fulfilled:

() < —C

— |Z—C|Oé7
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where ¢ is one of the points ¢, ca,..., ¢4, and C' and « are the definite real
constants, o < 1;
3. The function ®(z) is of the class P.(k) ,

O(242w;) =P (2) exp{ Py, (2)}, P(2+2iwe) =P (2) exp{Qk,(2)}, 2z €S,

where Py, , Q, are polynomials of degree ky, ko, respectively.

2. A CauchHy TYPE INTEGRAL WITH THE WEIERSTRASS KERNEL

Let Ly be the pert of L given by (1.1). Consider the function

1
O(2) = 5 /gp(t)((t z)dt, z €S, (2.1)
Loo
where p(t) is a given doubly-periodic function on L belonging to Muskhelishvili
class H* on Lgo [11], and ( is the Weierstrass (-function for periods 2wy, 2iws
defined by (1.3).
Integrals of this type were first considered by Sedov [13]. Using these integrals
he solved several doubly-periodic boundary value problems of hydrodynamics.
The integral given by (2.1) has the properties of an ordinary Cauchy integral
and is called a Cauchy type integral with the Weierstrass kernel. The following
theorem is true [5].

Theorem 2.1. The function

1
O(z) = T/ga(t)((t—z)dthAz—i-B, (2.2)
g
Loo
where A and B are arbitrary fived constants, represents a sectionally holomor-

phic doubly quasi-periodic function with the jump line L and the addends
01 P .
= —— 2A = —— 2 Aiws. 2.
M 9 p(t) dt +2Awr, 72 5 p(t) dt + 2Aiw, (2.3)
LOO LOO

Function (2.2) is doubly-periodic if and only if A =0 and

/@@ﬁz&

Loo

From Theorems 2.1 and 1.5 it follows that function (2.2) is the general solution
of the following boundary value problem.

Problem 2.1. Find a sectionally holomorphic, doubly quasi-periodic function
®(2) with jump line L satisfying the boundary condition (except the ends of L)

() — D (1) = o), tel, (2.4)

where ©(t) is a given doubly periodic function on L, belonging to the Muskhe-
lishvili H* class on Ly [11].

In the sequel we will use the solutions of the following auxiliary problem.
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Problem 2.2. Find a doubly-periodic function ®(z) with jump line L,
sectionally holomorphic everywhere with a possible exception for the points
B1 4+ 2mwy + 2niws, Ba + 2mwy + 2niws, . . ., B+ 2mwq + 2niwe; m,n = 0, £1, .. .;
Br, B2y ..., By € Soo — Loo; Bi # B;, where (except the ends of L) it may have
simple poles, and also satisfies the following boundary condition

Ot (t) — D (t) = o(t), teL,

where (1) is the given doubly periodic function on L of the Muskhelishvili class
H* on Loo.

The solution of this problem is given by the author in [9].

Theorem 2.2. A solution of Problem 2.2 exists and, in the case of ¢ > 1,
the general solution is given by

1
B(2) =5 [ O~ 2) ~ (B~ 2)) e
i
Loo
o(z—a)o(z—a)---0(z — ay)

+C + (O, 2.5
Yoo =) ol—h) T (25)
where Cy, Cy are arbitrary constants and the constants aq, oo, . .., a4 satisfy the

condition
o tagt - toag=LidPat o+ By
In case of ¢ = 1, a solution of Problem 2.2 is given by (2.5), where C; = 0.

3. BOUNDARY VALUE PROBLEMS IN THE CASE OF OPEN ARCS

Let L be the doubly-periodic line defined in Section 1 and assume that Lgg
is the single open contour with ends ¢y, ¢o. Direction from ¢; to ¢y is chosen as
the positive one.

In the sequel, we will consider functions of the class P.(0), i.e., the class
of functions ®(z) defined on doubly-periodic set with periods 2w; and 2iws
satisfying the conditions

P(z+2wy) = P(2)expyr, D(z+ 2iwy) = D(2) exp e, (3.1)
where ~; and v, are the definite constants.

Problem 3.1. Find a sectionally holomorphic function ®(z) of the class
P.(0) with jump line L, satisfying the following condition
Ot (t) =Gt)D (t) + g(t), teL, (3.2)
where G(t) is a doubly-periodic function given on L, belonging to the Holder
class on Lgg, G(t) # 0, while g(¢) is a function of the class P.(0) given on L,
which belongs to the Holder class on Ly,
L g(t+2wi) = g(t)expm,
2. g(t+ 2iwy) = g(t)expyqe, t€ L.

Condition (3.2) holds everywhere on L except the ends.
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We classify solutions of Problem 3.1 with respect to the ends of the line L
and find solutions in the Muskhelishvili-Kveselava classes [11], but first we need
to consider an auxiliary problem.

—_—~—

Let us introduce a new class of functions P.(0).

Definition 3.1. A function ®((z) defined in S is said to be of the class

P.(0) if

1. it belongs to the class P.(0);

2. it may have simple isolated zeros not belonging to the line L;

3. it may have simple poles at the isolated points a; + 2mw; + 2niws, as +
2mwy + 2niws, . . ., ag+ 2mwy + 2niws; ay,as, . . ., ag € Soo \ Loo (¢ is the definite
non-negative integer), m,n = 0, +1, £2

4. ®g(2) is sectionally holomorphic with jump line L except the points a; +
2mwy + 2niws, ag + 2mwy + 2niws, . . ., ag + 2mw; + 2niw,.

P

Problem 3.2. Find a function ®(z) of the class P.(0) satisfying the bound-
ary condition

Of(t) = Gt)P, (1), teL, (3.3)

where G(t) (G(t) # 0) is a doubly-periodic function given on L belonging to
the Holder class on L.
Condition (3.3) holds everywhere on L except the ends.

We solve this problem by the Muskhelishvili method [11].

Let In G(t) be any branch of this function continuous on Lgg. It is clear that
In G(t) belongs to the class H on Ly, and there exist the following limiting
values;

lim In G(t) =In G(Ck), te Ly, k=12

t—>0k
Consider the integral

1
v(z) = 57 /[lnG(t)]C(t z) dt. (3.4)
Loo
By the results given in Section 2, the integral given by (3.4) is a Cauchy type
integral having limits from the left and from the right of L except the ends of
the line L. Hence the function exp(+y(z)) satisfies the boundary condition (3.3)
except the ends.
The function y(z) has the following behavior near the ends of the line of
integration [11, Ch. 1]:

v(z) = (g +i0k) In(z — cx) + You(2), k=1,2,

where 7oi(z) remains bounded near ¢; and takes a certain value there, a; and
B (k= 1,2) are real constants given by
In G(Cl>

ap +if = T ay + iy =

In G(CQ)

5 (3.5)
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Therefore near the ends ¢; and ¢y we have
exp(7(2)) = (2 — ) TPy (2), k=1,2,

where (;(z) is a non-vanishing bounded function which assumes the definite
value at the point cy.

According to Muskhelishvili [11], we select integers A\; and \q satisfying the
conditions

—1<Q’1+>\1<1, —1l<ag+ X <1 (36)

The ends for which «ay, is an integer are called special ends, for this ends A
is uniquely determined: A\, = —ay,.

For non-special ends the numbers A\, are determined apart from the terms
+1 and, in fact, A\, can be chosen such that aj + Ay > 0 or ay, + A, < 0.

The choice of Ay will be completely determined if one more condition is in-
troduced. This condition will now be stated.

Solutions of Problem 3.2 will be admitted which become infinite at the ends
with degree less than 1. Sometimes it is required that the unknown solution be
bounded at non-special ends.

Let ¢; and ¢y be non-special ends and let us consider the solutions of the
generalized Muskhelishvili-Kveselava classes [11], i.e.,

1. hg is the class of solutions having singularities less than 1 at the points
¢1,C2; in this case —1 < ap + A\ < 0 (k= 1,2);

2. h(c1) is the class of solutions bounded at the point ¢i; in this case
0< 061~—|— A < 1;

3. h(cy) is the class of solutions bounded at the point co; in this case
—l1 <o+ A <0

4. hy is the class of solutions bounded at the points ¢; and c¢y; in this case
O<ap+A<1(k=12).

Now let us agreed to choose numbers A, in such a way that at the non-special
ends, where the solutions of a given class are bounded, ap + A\, > 0, while at
the remaining non-special ends aj + A\ < 0 (at the special ends o + A\, = 0,
k=1ork=2).

In defining the classes of solutions attention is not paid to the special ends
because, as it will be seen later, each solution of Problem 3.2 is necessarily
bounded near all special ends.

We will consider five cases.

1. For ag >0, ap <0 (A; <0, A2 >0, |[A1] 4+ |A2] # 0), a solution of Problem
3.2 of the corresponding class will be given as

0*2(2 — o) o(z=b) o(z—by)

o M(z—c1) o(z—ay) o(z —ay,)

Oy(2) =C exp{v(z) + Az+ B}, (3.7)
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where C' and B are arbitrarily chosen constants and the constants A, by, bo, . . .,
b_»,,a,...,ay, satisfy the conditions

—51(b1 + - +b_)\1 +)\202 —|->\101 —ay — - —(Z,\Q)
01

21
Loo

—52(b1 + - +b_)\1 +>\101 +>\202 —ayp — - —a,\z)
02

21
Loo

al,...,a,\2,b1,...,b_,\1 ¢ L, a; 7é Qj, bl 7é bj, 1 7é]

Indeed, by Theorem 3.2 the function ®y(z) satisfies the boundary condition
(3.3). Condition (3.6) ensures that ®((z) may become infinite at the ends with
degree less than 1 for the corresponding class, and conditions (3.8) and (1.5)
ensure that ®q(z) belongs to the class P.(0), i.e., satisfies conditions (3.1).

Let us introduce the notation

In G(t)dt + 2Aw; = 4,

In G(t)dt + 2Aiwy = v,

Y1tws — Yowi

1
ayg = )\161 + )\202 + + — In G(t) dt.

e 211
Loo
From (3.8) and (1.4) we obtain
ap+---+ay, —by—---b_y, = ao, (3.81)
Y201 — Y102
A= ——= 3.8
2mi (3:82)

Remark 1. If ¢; or ¢y is a special end, then near special ends, ®y(z) belongs
to the class H}, remaining bounded there.

2. In the case @y <0, ag > 0 (A1 > 0, X2 <0, [A1] + |X2] # 0), a solution of
the corresponding class is given by
Ay — b)) —-b
Bo(2) = 0_)\(2 c1) o(z—=bi)--o(z—b,)
o™ (z—c) o(z—a1) -o(z—ay)

~exp{7y(z) + Az + B}, (3.9)

where C' and B are arbitrary constants, A is given by (3.82) and the constants
aq,...,a5,b1,...,b_y, satisfy the conditions

ar+--+ay —b—--—by, = ay,
al,...,aAl,bl,...,b_)\Q§§L, aiséaj, bl%b] (Z?éj)
3. In the case ay > 0, ap > 0 (A; <0, Ay <0, |A| + [A2| # 0), a solution of
the corresponding class is
(T(Z — bl) s U(Z — b_>\1_)\2)
o M(z =)o (2 — )

(I)O(Z) =C

exp{v(z) + Az + B}, (3.10)

where C' and B are arbitrary constants, A is given by (3.83) and the constants
by,...,b_x,—», satisfy the conditions

bl + -+ b—/\1—>\2 = —AQyo,
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bi, .o sbox—n € L, by #b; (1 # 7).
4. In the case a; <0, ag <0 (A >0, Ay >0)
oM (z —c1)o™(z — ¢)
o(z—ay) - 0(z—axqin)

where C' and B are arbitrary constants, A is given by (3.82) and the constants
ay,...,aN+, satisfy the conditions

Qp(2) =C

exp{7(z) + Az + B}, (3.11)

al + ct +CL)\1+)\2 - a07

5. If =1 < ap <1 (A =0, Ay =0), a solution of the corresponding class is
given by
o(z—by)

o(z—ay)

Dy(z) =C exp{7(z) + Az + B},

where C' and B are arbitrary constants, A is given by (3.82) and ay, by satisfy

the condition
Wy — 1
al—b1:w+—/lnG(t)dt, al,bl¢L.
i) 271
Loo

From representations (3.7), (3.9), (3.10) and (3.11) we can obtain a solutions
of Problem 3.2 with a minimal number of poles:

1. If A — Ay >1or =M\ — X\ = 1, —Qp §é L, then

o(2) = Co™M (2 — )0 (2 — ca)o(z —by) - 0(z — b_x,_»,)
x exp{y(z) + Az + B}, (3.12)

where b1 + -+ b_)\1_>\2 = —AQyop, bz ¢ L, bz 7& bj (l 7é ])

2. If —/\1 — /\2 = ]_, —Qg € L, then
zZ — bl)O'(Z — bz)

o(z—ay)

where al — b1 — bg = Ao, al,bhbg é L, bl 7& bg.
3. If—/\l—/\2<10r /\1+>\2:17(l0¢L, then

Bo(2) = CoM(z—c1)o™ (2 —cy) ol -exp{vy(z)+Az+ B}, (3.13)

oM (2 —¢1)o™ (2 — ¢)
o(z—=a1)--0(z = ax4x,)

where a; + -+ - + ax, 42, = o, @; & L, a; # a; (1 # j).
4. A+ o =1, ag € L, then

oM(z —c1)o™2(z — cp)o(z — by)

o(z—ay)o(z —ay)

Py(z) =C exp{v(z) + Az + B}, (3.14)

Oy(2) =C -exp{v(z) + A2+ B}, (3.15)

where a; + ag — by = ag; a1, a9, & L, ay # as.
5. If —/\1 — )\2 = 0, then

By(2) = Co™M (2 — c1)0™2 (2 — ) % exp{v(z) + Az+ B},  (3.16)
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where a; — by = ag; a1,b1 ¢ L.

Remark 2. The sum —A; — Ay does not depend on a choice of the branch of
the function In G(¢) [11, Ch. 4].

Let us check the uniqueness. Let ®;(z) be a possible solution of Problem 3.2
with simple poles at the points

0 ~ 0 . 0 0 0 0
aj + 2mwy + 2niws, . . ., @y, + 2mwy + 2niwe;  ay, ..., Ay, ¢ L, a; ;éaj,

m,n =0,£1,+2,... |

ny is a natural number. We assume that if ®y(z) has poles, some poles of the

function ®,(z) are equal to some poles of the function ®y(z), i.e., a; = a?,

i=1,...,p (p<m).
By condition (3.3), we have

(B - (22 e

where @ (2) is given by (3.12), (3.13), (3.14), (3.15) or (3.16) and this condition
is fulfilled except the ends.

Consequently, the function g;g; is doubly-periodic holomorphic in every
bounded domain of the z-plane with simple poles a? + 2mw; + 2niw,, . . ., agl +

2mwy+2niws, by+2mwi+2niws, . . ., by+2mwi+2niws (0 < ¢ < =X\ —Xy), where
¢ = —A1 — Ag in the case of (3.12), ¢ = 2 in the case of (3.13), ¢ = 1 in the case
(3.15), (3.16), and with the poles a)), | + 2mw; + 2niw,, . .., a) + 2mw; + 2niw,
in the case of (3.14). Hence Theorem 1.6 implies:

1.IFE =X —Xyg>1or =X — A= 1, —ag ¢ L, then

Py (2)
d*(2) =
( ) q)o(Z)
_c o(z—ay)o(z—ag) -0z — g)zm—,\l—Az) . (3.12)
oz —b1) oGz —bnr)oz —al) -0z — )
where Cj is an arbitrary constant, the constants o, ..., a,, -, satisfy the
conditions
Qg = b+ by, Fal e fa),
A1,y Oy ¢L7 Oéi?éaj (Z#j)
2. If =A\1 =Xy =1, —ag € L, then
P (2) Dq(2) _0 o(z—ay) ' 0(z—a1)0...g(z—anl+1) (313)
Dy (2) o(z—=bi)o(z—by) o(z—al)---0o(z—af))
where

a1+ ar+ -t apgr =bi+b+al+-+a),

al?"'aan1+1¢La ai%aj (Z%])

(the case a; = af is not excluded).
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3. If =AM — X< —lor =\ — Xy =—1, a9 ¢ L, then

()

Dy(2)

o 0(z—aps1) - 0(2 — ar40)0 (2 — 1) -+ (2 — Qny—y—y)
o(z —apy)--o(z—ap,) ’

O (2) =

(3.14%)

where

Q1+ Qoadg T Qi o Aar, = Qg oo Fan
A1y Qnyon—n € L, 05 # 0 (1 F# 7).
4. If =X\ — Ay = —1 and ag € L, then
P (2) = dq(2) _ o(z—ay)o(z—ag)o(z—ay) - 0(z — an 1) G
Dy (2) o(z—b1)o(z—a?) --o(z—al)
where nq > 1,
a+atar+ a1 =b +a)+-+a
ar,...,0m 1 €L, a#F o (i#7)
(the case a; = a?, ay = a9 is not excluded).
5. If =A; — Ay =0, then
Dy(2) o(z—a)o(z—ay) -0z —ay)
Bo(z) o(z—b)olz—al)--o(z—al )’

o (z) = (3.16)

where
a+og 4t ay =b +a) +-+al
ay,...,om €L o Fa; (1#7)
(the case a; = a? is not excluded).

Remark 3. If ®;(z) has no poles, then ®*(z) = C in the case of (3.14*),
(3.15%), (3.16%).

ny?

The above reasoning implies

Theorem 3.1. There exist solutions of Problem 3.2 and solutions of a given
class with a minimal number of poles given by

1. (3 12) Zf —A - )\2 >1o0r —A — X = 1, —aQyg ¢ L,'
2. (3 13) Zf )\1 = 1, —ag € L,'

3. (3 14) Zf —A — < —1 or —)\1—)\2:—1, ag %L,
4. (3.15) if — A, — :—L%eg

5. (

3. 16) Zf )\1 )\2 =0.
A general solution of Problem 3.2 is given by ®1(z) = Po(2)P*(z), where
O (2 ) is given by (3.12%), (3.13%), (3.14*), (3.15*) or (3.16%).

Let us return to Problem 3.1.
In this case, the ends will be called special if they are the special ends of
Problem 3.2. According to Muskhelishvili [11], all possible solutions of Problem
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3.1 are divided into classes ho, h(c1), h(cz), hy by means of the non-special ends
c1 or ¢y, near which the solutions of a given class must be bounded.

A solution of Problem 3.1 belonging to a given class can now be sought.

Consider the function %(ZZ)), where ®(z) is a solution of Problem 3.2 and ®q(z)

is given by (3.12), (3.13), (3.14), (3.15) or (3.16). Taking into account (3.2) and
(3.3), we obtain

o) o) o)
SOOI (3.17)

Condition (3.17) holds except the ends of L.

By condition (3.1) the function %(ZZ)) is doubly-periodic sectionally holomor-

phic with jump line L except:

1. the points by + 2mwy + 2niws, ..., b_x,—x, + 2mw; + 2niw, in the case of
(3.12);

2. the points by + 2mw; + 2niws, by + 2mw; + 2niws in the case of (3.13);

3. the points b; + 2mw; + 2niws in the case of (3.15), (3.16);

In the case of (3.14) the function fo((zg)
By Theorems 2.1 and 2.2 we formulate the following statement.

Theorem 3.2. 1. For —A\;1—Xy > 1 (or —=\j— Xy =1, —ag ¢ L), the solutions
of a given class of Problem 3.1 exist and are given by

has no poles.

ne) [ 50
O(z) = t—z)—C(by—z)|dt
Loo
o(z—aj)---o(z—aZy, )
P L o 1
+Cl 0(Z> U(Z—bl)"'O'(Z—b_)\l_>Q> +C2 0(2)7 (3 8)
where ®y(z) is given by (3.12), the constants of,...,a*, _,, satisfy the condi-

tion
Qb aty o, =i by
If =M1 — Xy > 1, then Cy,Cs are arbitrary constants.
If =\1 = Xo =1, —ag & L, then Cy =0 and Cy is an arbitrary constant.
2. For of =\ — Ao < =1 (or M+ X2 =1, ag ¢ L), a solution of a given class
of Problem 3.1 exists if and only if

g(t)dt
./@ww‘a

/ df(T(Z) [C(t—a) — C(t—ap]dt =0, k=2,...., A + Ao,

Loo

and is given by

D(z)

= 2 [ et 2) -~ glu— an)] 819

where ®o(z) is given by (3.14).
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3. For —=\{ — Ay =1, —ag € L, the solutions of a given class of Problem 3.1
exist and are given by

[C(t—2) = C(by — 2) = C(t —a1) + ((by — ar)]dt

o(z—ay)o(z+ ap)
o(z—b1)o(z—by)’
where o(z) is given by (3.13) and Cy is an arbitrary constant.

4. For \1 + X o = 1 and ag € L, a solution of a given class of Problem 3.1
exists if and only if

[ 0 et =) = (=t = [ (€= 0n) = O — i

Loo Loo
and is given by (3.20), where Cy = 0, and ®y(z) is given by (3.15).

5. For —A\1 — Xy = 0 and ag # 0, a solution of a given class of Problem 3.1
exists and is given by (3.20), where ®y(2) is given by (3.16) and Cy = 0.

6. For —A\1 — Ao = 0 and ag = 0, a solution of a given class of Problem 3.1

exists if and only if
g(t)
dt =0
[ a5

Loo

and 1s given by

D(2) = q)207(rj) / (I;q;ii) (t—2)dt + C1Pg(2),

Loo

where Cy is an arbitrary constant and ®y(z) is given by (3.16) for a; = by.

Remark 4. A doubly-periodic solution of Problem 3.1 exists for v; = 2wiky,
Vo = 2miksy, where ki and ko are the definite integers.

Remark 5. Near special ends, a solution of Problem 3.1 remains bounded
with a possible exception for those ends where the numbers (3, (32) are zero;
near the latter numbers the solutions may be bounded, but they will certainly
be almost bounded (of the logarithmic type) [11].

Remark 6. In the case where the contour L, consists of several non-intersected
open arcs L}y, 7 = 1,2,...,k, a solution of the corresponding Problem 3.2 is
representable by @g(2) = ®1(2)Po(2) - - - Py (2), where ®(2), Po(2), ..., Pr(z) are
the solutions of the corresponding Problems of 3.2 type for Lgo, 7=1,2... k,
respectively, we will chose different zeros and poles for every ®;(z2), j=1,2,... k.

So Theorems 3.1 and 3.2 are true for this case, too.

Remark 7. In the case where line of integration is a segment, an integral with
Weierstrass kernel of type (2.1) was first considered by Sedov for boundary value
problems of hydrodynamics [13]. This type of integrals was used by Chibrikova
5] for solving doubly-periodic boundary value problems.
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