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Abstract. Based on a continuation theorem of Mawhin, periodic solutions
are found for difference equations of the form

Akyn:f(naynvyn—h'" ayn—l)a neJz.

2000 Mathematics Subject Classifications: 39A11.
Key words and phrases: Periodic solution, difference equation, continua-
tion theorem.

1. INTRODUCTION

There are many reasons for studying nonlinear difference equations of the
form

Afz, = f(n,2n, T 1, ..., Tny), n€Z=1{0,+1,42,...}, (1)

where k and w are positive integers and f = f(t,ug, u1,...,u;) is a real contin-
uous function defined on R'*2 such that

ft+wug,...,uw) = f(t,ug,...,w), (t,ug,...,u)€ R

For one reason, (1) is a standard numerical scheme for computing solutions of
differential equations. As another reason, the well known logistic equation

L+l — Tn = an(l - :L“n) (2)

is a particular case of (1).

Let us recall that a solution of (1) is a real sequence of the form {z,}, .,
which renders (1) into an identity after substitution. It is not difficult to see
that solutions can be found when an appropriate function f is given. However,
one interesting question is whether there are any solutions which are w-periodic,
where a sequence {z, }necz is said to be w-periodic if x,,, = =, for n € Z. Such
questions have been raised in the study of (2) and lead to the chaos concepts.

There are several techniques (see, e.g., [1-5]) which can help to answer such
a question. Among these techniques are fixed point theorems such as that of
Krasnolselskii, Leggett—Williams, and others; and topological methods such as
degree theories. Here we will invoke a continuation theorem of Mawhin for
obtaining such solutions. More specifically [6, pp. 39-40], let X and Y be two
Banach spaces and L : Dom L C X — Y is a linear mapping and N : X — Y
a continuous mapping. The mapping L is called a Fredholm mapping of index
zero if dimKer L = codim Im L < +o00, and Im L is closed in Y. If L is a
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Fredholm mapping of index zero, there exist continuous projectors P : X — X
and @ : Y — Y such that Im P = Ker L and Im L = Ker Q = Im (I — Q). It
follows that L|pom Laker p @ (I — P) X — Im L has an inverse which is denoted
by Kp. If € is an open and bounded subset of X, then the mapping NN is called
L-compact on ) provided that QN (Q) is bounded and Kp (I — Q)N : Q — X
is compact. Since Im @) is isomorphic to Ker L there exists an isomorphism
J :Im @) — Ker L.

Theorem A (Mawhin’s continuation theorem). Let L be a Fredholm
mapping of index zero, and let N be L-compact on €. Suppose

(i) for each X\ € (0,1), x € 09, Lx # ANx; and

(ii) for each x € 902N Ker L,QNx # 0 and deg (JQN, 2N Ker,0) # 0.
Then the equation Lx = Nx has at least one solution in QN dom L.

Note that if w = 1, then an w-periodic solution of (1) is a constant sequence
{c},.c that satisfies (1). Hence

f(n,c,...,c) =0, neZ.

Conversely, if ¢ € R such that f(n,c,...,¢) =0 for n € Z, then the constant

sequence {c} ez is an w-periodic solution of (1). For this reason, we will assume

in the rest of our discussion that w is an integer greater than or equal to 2.
For any real sequence {u,} we define a nonstandard “summation” oper-

nez”?
ation
(B
> a < (3,

ﬁ n=o
@un: 0 b=a—1,
n=a a—1

- > u, f[f<a-1L1

L n=06+1

We will need two results and one of them is similar to Rolle’s theorem in
differential calculus.

Lemma 1. If {r,},cz is a real sequence and r, = ry,, where b—a > 2, then
there is | € {a,...,b— 2} such that Ar;- Arq <O0.

The proof is easy but we include it here for the sake of convenience. Suppose
to the contrary that Ar,Ar,; > 0 for n € {a,...,b—2}. There are two cases:
(i) Arg > 0, or (ii) Ar, < 0. Assume without loss of generality that Ar, > 0, we
then have Ar,yq1,...,Arp,_1 > 0. Thus r, < rqyq1 < --+ < 1, which is contrary
to our assumption that r, = ry.

Lemma 2. Let v = {21}, be a real w-periodic sequence. Let m be a positive
integer. If

max |A"x,| < D,
0<n<w—1

for some positive number D, then there exist positive numbers Dy, ..., D,, such
that

J ) -
ogrr?gj;{—l |A xn} <D, j=1,...,m.
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Proof. The case m = 1 is trivially true. If m > 1, let A™ 1z = [ dnax ALy,
and A™ g, = 0<Iriln lAm Yz;, where 0 < ¢,np <w-—1. Let ¢, = ;n;X{C, n} and

m = min{¢,n}. Then

g1—1 g1—1
A" g — Am_lxn = @ A"z, | < @ A"z < wD.
=m =n1

Since {A™ 2z, },c7 is w-periodic, by Lemma 1, we know that A™ 'z_ > 0 and
A™ g, < 0. Thus,

Ay < Am_lxn +wD < wD,
and
Amflxn > Am’%cg —wD > —D.
It follows that
—wD < Am_lxn < Al < Am_lxg <wD, 0<n<w-1,
or,
|Am*1xn| <wD, 0<n<w-—1.

We may thus take D,,_; = wD. By induction, we may show that D; = w™ /D
forj=1,...,m—1. O

2. EXISTENCE CRITERIA

We will establish existence criteria based on combinations of the following
conditions, where D and M are positive constants:
(a1) f(t,xo, 2, ...,2;) >0 fort € R and xg,x, ...,2,> D,

(az) f(t,x0,x,, ) <0 for te R and zg,2, ...,2; > D,
(by) f(t,xo,x,, ...,2;) <0 for t € R and zg,2, ...,y < =D,
(ba) f(t,xo,x, ...,2;) >0 for t € R and zg,2, ...,y < =D,
(c1) f(t, o2y, ..., 1) > =M for (t,xo,z,, ...,77) € R

(co) f(t,xo, 2, ...,m) <M for (t,zg,z, ...,7;) € R

Theorem 1. Suppose either one of the following set of conditions hold:
(i) (a1),(b1) and (c1), or,

(ii) (a2),(b2) and (c1), or,

(iii

(i

1) (a1),(br) and (), or,
Then (1) has an w-periodic solution.

V) (az), (ba) and (c).

We only give the proof in case (a1), (b1) and (¢;) hold, since the other cases
can be treated in similar manners.
First of all, it is easy to see if {2, }nez is an w-periodic solution of the equation

ARy, = AFlg + @f (i, 20,2, ..., 1), né€EZ, (3)
i=0
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then {x,},ez is an w-periodic solution of (1). We will therefore seek an w-
periodic solution of (3).

Let X, be the Banach space of all real w-periodic sequences of the form
x = {xp}nez, and endowed with the usual linear structure as well as the norm
|z]|, = maxo<i<w—1 |7i|. Let Y, be the Banach space of all real sequences of
the form y = {y,}nez = {na + hy,}, ., such that yo = 0, where o € R and
{hp}nez € X, and endowed with the usual linear structure as well as the norm
llyll, = || + [|R||; - Let the zero element of X, and Y, be denoted by #; and 6,
respectively.

Define the mappings L : X, — Y, and N : X, — Y,, respectively by

(Lx), = Aty — AFley, ne Z (4)
and
n—1
(N$)n:@f(imeaxl,'--,ajl), ne . (5)
i=0
Let
n—1 n w—1
hn: f(/l.7x0’x17"'7xl>_;@f(i7x07x1,-.-7xl)7 nEZ (6)
=0 i=0

Since h = {hn}nez € X, and hy = 0, N is a well-defined operator from X, to
Y,. Let us define P : X, — X, and ) : Y, — Y, respectively by

(Px), =x0, n€Z, (7)
for x = {x, }nez € X, and
(Qy)n =na, né€Z, (8)
for y = {na+ h,}nez € Yo.
Lemma 3. Let the mapping L be defined by (4). Then
KerL:{xGXW|xn:xo,nGZ,:pOGR}. (9)

Proof. Tt suffices to show that if {z},., is an w-periodic real sequence which
satisfies AF 1z, = AF~lz, for all n € Z, then {z,}, , is a constant sequence.
Indeed, the case k = 1 is true since A'z,, = z,,. If

Ax, = Axg, né€ Z,

then after summations on both sides, we see that
n—1
T :xo—k@A:}:o, n e z.
k=0

But in view of x, = xg, we must have Axzg = 0, so that z,, = xg for n € Z. The
other cases are proved similarly. O

Lemma 4. Let the mapping L be defined by (4). Then
ImL={yeX,|y=0}CY.. (10)
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Proof. 1t suffices to show that for each y = {y, }nez € X, that satisfies yo = 0,
there is a © = {z, }nez € X, such that

Yp = Ao, — AMlay ne Z (11)
Indeed, if k = 1, that is, if
Yn = Tpn — o, nEZ:

we may let x,, =y, for n € Z. Similarly, if £ > 2, we may let

n—1 mngp_2—1 ng—1ni—1

=@ O -DDw nez

ng—2=0ng_3=0 n1=0 i=0

as can be easily checked. ([l
It follows that Im L is closed in Y,,. Thus the following Lemma is true.

Lemma 5. The mapping L defined by (4) is a Fredholm mapping of index
zero.

Indeed, from Lemma 3, Lemma 4 and the definition of Y, dimKer L =
codim Im L =1 < 4o00. From (10), we see that Im L is closed in Y,,. Hence L
is a Fredholm mapping of index zero.

Lemma 6. Let the mapping L, P and Q be defined by (4), (7) and (8)
respectively. Then Im P = Ker L and Im L = Ker Q.

Indeed, from Lemma 3, Lemma 4 and the defining conditions (7) and (8), it
is easy to see that Im P = Ker L and Im L = Ker Q.

Next we recall that a subset S of a Banach space X is relatively compact if,
and only if, for each € > 0, it has a finite e-net.

Lemma 7. A subset S of X, is relatively compact if, and only if, S is
bounded.

Proof. 1f S is relatively compact in X, then it is easy to see that S is bounded.
Conversely, if the subset S of X, is bounded, then there is a subset

Fi={zeX,| ||, <H}

where H is a positive constant, such that S C I'. It suffices to show that I' is
relatively compact in X . To see that note that for each € > 0, we may choose
numbers yy < y; < --- < y; such that yg = —H, y; = H and y;.1 — y; < € for
1=20,...,0—1. Then

{U = {Un}nEZ e X, | v; € {yo,yl,...,yl_l}, 7J=0,...,0— 1}
is a finite e-net of I'. 0

Lemma 8. A subset W of Y, is relatively compact if, and only if, W is
bounded.
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Proof. It W is relatively compact in Y,,, then it is easy to see that W is bounded.
Conversely, if the subset W of Y, is bounded, then there is a subset
A={y={na+hy}nez €Yo llyll2 <A, h={hi}nez € X, and ho=0},
where A is a positive constant, such that W C A. It suffices to show that A is
relatively compact in Y,,. To see this, note that for each £ > 0, we may choose
numbers yy < y; < --- < y; such that yo = —A, yy = A and yip1 — y; < £/2
for : = 0,...,] — 1. Choose numbers oy < a3 < --- < o such that oy = — A,
ap=Aand a4 —a; <eg/2fori=0,...,0l —1. Then
{w ={na+ hytnez €Y, | @ € {ap, 1, ..., 41},
h’j € {y0ayl7"'7yl—l}7j: 17"'aw_17h'0:0}
is a finite e-net of A. O

Lemma 9. Let L , P and Q be defined by (4), (7) and (8) respectively. Denote
the inverse of the mapping L |pom raker p: (I — P) X, — Im L by Kp. Then
Kp is continuous on Im L.

Proof. The case of k = 1 is easy to see. Assume k > 2. For any y = {y, }nez €
Im L and = {z, }nez € Dom L N Ker P such that Kpy = z, then

Yp = A, — Ay neZ (12)
Since © = {z,, }nez € Dom L N Ker P, 2y = 0. In view of (12),
n—1 n—1
A2, — Ay = Py + @ A . (13)
i=0 i=0
Since {A* 2z, },c7 is w-periodic, it follows that
1 w—1
ARy = — Y. (14)
w
Jj1=0
From (13) and (14), we have
n—1 1 n—1 w—1
AF=2p _ AR=2p @yi - = m (15)
=0 =0 71=0
Let
9 = yn, (16)
and
n—1 A 1 n—1 w—1 1)
. -1 — .
W =P PP, =1 k-1 (17)
i=0 Y iz0 j1=0
By induction (and the fact that xy = 0),
r, = g%V nez (18)

From (16) and (17), we see that
o] < @) Myl d=1. k-1 (19)
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By (18) and (19), we have

k—
1Epyll, = llzll, < (2)" |1yl - (20)
from which we see that Kp in bounded. The proof now follows from the linearity
of K,. O

Lemma 10. Let L and N be defined by (4) and (5) respectively. Suppose
s an open and bounded subset of X,,. Then N is L-compact on €.

Proof. Since € is bounded in X,,, in view of Lemma 7, we know it is relatively
compact. Note that V and @ are continuous mappings, hence N ( ) and QN (Q)
are relatively compact in Y, and by Lemma 8, N(Q) and QN () are bounded
in Y,. By Lemma 9, Kp is continuous, so K p(I @)is continuous. Note that
N(Q) is relatively compact in Y,,, thus Kp(I — Q)N (Q) is relatively compact in
X,, and hence N is L-compact on Q. 0

Now, we consider the equation
n—1
ARty — AR gy = )\@ f,xo,2,, ...;21), né€Z, (21)
=0

where A € (0,1).

Lemma 11. Suppose (ay), (b1) and (¢1) are satisfied. Then there is a positive
constant Dy such that for any w-periodic solution © = {x,}nez of (21),

Jall, = mavx |l < Do (22)

Proof. Let x = {x, }nez be an w-periodic solution of (21). Then

w—1
@f(i,xo,:vl,...,xl) =0. (23)

1=0
If we write
G =max {f(n,zo,2,,...,7),0}, neZ, (24)
and
G, =max{ — f(n,zo, 2, ...,7),0}, neZ (25)
Then {G} }ncz and {G, },cz are nonnegative real sequences and
f(nvx()axl,-'-aml):G;:_G;v TLEZ, (26>
as well as
|f(n,$0,a:17...,xl)‘:G:—i—G;, nez. (27)
In view of (¢;) and (25), we have
G, |=G, <M, nez (28)
Thus

w—1
Pé <wm, (29)
=0
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and in view of (23), (26) and (29),
w—1 w—1
e =Par <wm (30)
=0 =0

By (27) and (30), we know that

w—1
B If G0, 2, ... 21) | < 2wM. (31)
1=0

Let x4 = maxo<i<y,—1 @; and x4 = ming<;<,—1 2;, where 0 < ¢,9 < w —1. Set

¢1:ZInaX{¢a¢@'and’wlzznﬁn{¢a¢}-Let

Ay = max AF iz,
0<i<w—1
and
A1y = min Ak_lxl-,
0<i<w—1

where 0 < 6,1 < w — 1. There are two cases:
Case 1. When k > 2, by (21) and (31), we have

>

-1

AF gy — AF g, = )

D

I
—
o

t—1
f(i,xo,xh...,xl)—@f(z’,xo,xh...,xl)
=0

<2 |f (i,z0,2,, ..., ) | < AwM. (32)
0

i

Noting that {A*2z, },c7 is w-periodic, by Lemma 1, we know that A* 1z >0
and AF 'z, < 0. Thus,

AF gy < AM g, 4 dwM < 4w,
and
ARl > ARy, — 4oM > —4w M.
It follows that
—4wM < APy, < AFp, < AMlpg < H4wM, 0<n<w -1,
that is
}Zxkilxnw 521)k717 0 §§n/§§u)—-1, (33)

where D,_1 = 4wM. In view of Lemma 2, there are positive constants
D+, ..., D;_q such that

max |Aax,| <D;, j=1,... k-1 (34)

0<n<w—1
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If there is some x5, 0 < s < w — 1, such that |zs| < D, then in view of (34),
for any n € {0,1,...,w — 1}, we have
n—1 s—1

|$n|:|l’5|+|l’n— $5|SD+

=0 1=0
w—1
< D+2@P|Az| < D +2wD;.
i=0
It not, by (a1), (b1) and (23), x4 > D and x, < —D. From (34), we have
$1—1
Ty — Ty = @ Az;| <wD;. (35)

=11

From (35), we have

Tp < Xy +wDy < =D+ wbDy,
and

Ty 2 Ty —wDy 2 D —wDy.
It follows that
D—-wD <zy<z,<2y <-D+wD;, <n<w-1,
or,
|z, < D4+wDy, 0<n<w-—1. (36)
Case 2. When k£ =1, by (21) and (31), we have

Ty — Ty =| Ty — Ty |

¢p—1 P—1
:)\ @f(i7a;07xl’...,xl>_ f(’L',(L’O,.Th...,QTZ)
=0 i=0
w—1
S2@|f(i”%,$i_1,...,xl)| < 4dwM. (37)
i=0

If there is some z,,, where 0 < pp < w — 1, such that |z,| < D, then in view of
(21) and (31), for any n € {0,1,...,w — 1}, we have

|| < @]+ |20 — ]

n—1 pn—1
<D+ @f(z,xo,xl’...,xl)—@f(z’,xo,:ch , 1)
=0 1=0
w—1
<D+2@P|f (i,xo,x,, ..., m) | < D+ 4w (38)
i=0

If not, then by (a1), (b1) and (23), z, > D and zy, < —D. From (37), we have
Ty < Xy +4wM < —D + 4w,

and
Ty 2 Ty — 4wM > D — 4wM.
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It follows that
D—4wM <zy <z, <79 < —D+4wM, 0<n<w-—1,
or,
|z, < D4+4wM, 0<n<w-1 (39)
The proof is complete. ([l
Proof of Theorem 1. Let L,N,P and @ be defined by (4), (5), (7) and (8)
respectively. By Lemma 11, there is a positive constant Dy such that (22) holds
for any w-periodic solution z = {x, },ez of (21). By Lemma 11, there is positive
constant Dy such that for any w-periodic solution z = {x,, },cz of (21) such that

(22) holds. Set
Q={zreX,| |zll, <D},

where D is a fixed number which satisfies D > Dj. It is easy to see that
is an open and bounded subset of X,,. Furthermore, in view of Lemma 5 and
Lemma 10, L is a Fredholm mapping of index zero and N is L-compact on €.
By Lemma 11, for each A € (0,1) and = € 010, Lz # ANz. Next note that a
sequence = = {1, }pez € 9Q N Ker L must be constant : {,}nez = {D}nez or

(b = {~Dhez. Hence by (a). (). (5) and (5).

(QNz), @f@mo,..., 0), mEJZ,

SO
The isomorphism J : Im @ — Ker L is defined by (J(nw)), = a for o € R,
n € Z. Then

(JQNz), @f i,Z0,...,00) £0, né€Z, (40)
In particular, we see that if {$n}nez = {D},cz, then
(JQNz), @f (i,D,...,D) >0, n€Z, (41)
and if {7, }pez = {~D}nez, then
(JQNz), @ (i, — ,—-D) <0, nezZ (42)

Consider the mapping
H(z,s)=szx+(1—s)JQNz, 0<s<I1. (43)
From (41) and (43), for each s € [0,1] and {2, }nez = {D}necz, we have

(H (x,8))n = sD + (1 — s)= @f@D ,D)>0, neZ  (44)
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Similarly, from (42) and (43), for each s € [0,1] and {Z,}nez = {—D}nez, We
have

(H (2,8))p, = —sD + (1 — s)i@f (i,-D,...,—D) <0, neZ  (45)

By (44) and (45), H (z,s) is a homotopy. This shows that
deg (JQNx, QNKer L, 61) = deg ( —z,0NKer L, 61) # 0.

By Theorem A, we see that the equation Lz = Nx has at least one solution in
QN Dom L. In other words, (1) has an w-periodic solution = {z, }nez. O

3. EXAMPLE

Consider the difference equation

Aglﬂn = <33n + 2p_1+ Tpo — 2 —sin %)

X exp ( — Ty — Tp_1 — Tp_o + sin %), (46)

we can prove that (46) has a 4-periodic nontrivial solution. Indeed, take k = 3
and

Tt Tt
f(t, o, x1,29) = (x0+x1+x2—2—sin§> exp(—xo—xl —x2+sin?),

and let D =4, M = 9. Then the conditions in (iii) of Theorem 1 are satisfied.
Therefore (46) has a 4-periodic solution. Furthermore, this solution is nontrivial
since f(t,0,0,0) is not identically zero.
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