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EXTENSION OF MULTIRESOLUTION ANALYSIS AND THE
CONSTRUCTION OF ORTHOGONAL MULTIWAVELETS

SHOUZHI YANG

Abstract. A procedure of the extension of orthogonal multiresolution
analysis is introduced by assuming that φ1(x) ia an orthogonal uniscaling
function and constructing a new orthogonal multiscaling function Φ(x) =
[φ1(x), φ2(x)]T. Moreover, an explicit formula of the orthogonal multiwavelets
associated with Φ(x) is obtained. Finally, a construction example is given.
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1. Introduction

Multiresolution analysis is one of the most important methods used in con-
structing wavelets. A variety of uniwavelets such as the well-known Daubechies’
orthogonal wavelets ([1], [2]) and semi-orthogonal spline wavelets by Chui and
Wang et al. [3] are constructed on the basis of multiresolution analysis. Mul-
tiwavelets possess some nice features that uniwavelets do not and thus multi-
wavelets have interesting applications in signal processing and some other areas
([4], [5]). In recent years, multiscaling functions and multiwavelets have been
studied extensively ([6]–[13]). Similar to the construction of a uniscaling func-
tion, one can construct a multiscaling function of “multiple” multiresolution
analysis. The main difficulty in constructing of multiwavelets is the verification
of the convergence of the infinite product of two-scale matrix symbols (see [14],
[15]). Is there any easier method of constructing orthogonal multiwavelets? Can
multiwavelets be constructed on the basis of uniwavelets? The objective of this
paper is to describe a procedure of the extension of orthogonal multiresolution
analysis and to construct the multiwavelets.

The paper is organized as follows: In Section 2, we briefly recall the concept of
multiresolution analysis. In Section 3, a procedure of the extension of orthogonal
multiresolution analysis and the construction of orthogonal multiwavelets is
introduced. In Section 4, explicit formula of the orthogonal multiwavelets is
established. In Section 5, we give a construction example.

2. Basic Concept and the Lemma

2.1. Orthogonal uniwavelet. Let φ(x) be a scaling function satisfying the
following two-scale equation:

φ(x) =
∑
n∈Z

pnφ(2x− n), (1)
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where {pn}n∈Z is a two-scale sequence.
(1) can be rewritten as

φ̂(w) = p
(w

2

)
φ̂
(w

2

)
,

where

p(w) =
1

2

∑
n∈Z

pn e−inw (2)

is the two-scale symbol of the two-scale sequence {pn}n∈Z of φ.
Define a subspace V u

j ⊂ L2(R) by

V u
j = ClosL2(R)〈φj,n(x), n ∈ Z〉, (3)

where φj,n(x) = 2j φ(2jx− n).
As usual, φ(x) defined in (1) generates a uni-multiresolution analysis

(u-MRA) {V u
j }j∈Z of L2(R) if {V u

j }j∈Z defined in (3) satisfies the following
properties:

(1) · · · ⊂ V u
0 ⊂ V u

1 ⊂ V u
2 · · · ;

(2) ClosL2(R)(∪j∈ZV u
j ) = L2(R);

(3) ∩j∈ZV u
j = {0};

(4) ∀f(x) ∈ V u
j ⇔ f(2x) ∈ V u

j+1;
(5) the family {φj,n(x) : n ∈ Z} is a Riesz basis for V u

j .
We call φ(x) an orthogonal scaling function if 〈φ(x), φ(x− n)〉 = δ0,n, n ∈ Z.

The associated multiresolution analysis is said to be an orthogonal uni-multi-
resolution analysis.

Let W u
j , j ∈ Z, denote the complementary subspace of V u

j in V u
j+1. According

to the wavelet analysis theory (see [1], [2], [16]), there exists a function ψ(x)
whose translation and dilation form a Riesz basis for W u

j , i.e.,

W u
j = ClosL2(R)〈ψj,n(x) : n ∈ Z〉, j ∈ Z. (4)

From condition (4), it is clear that ψ(x) is in W0 ⊂ V1. Hence there exists a
sequence of {qn}n∈Z such that

ψ(x) =
∑
n∈Z

qn φ(2x− n). (5)

By the two-scale relation (5) we have

ψ̂(w) = q
(w

2

)
φ̂
(w

2

)
,

where q(w) = 1
2

∑
n∈Z

qne−inw.

Theorem A ([1], [2]). Let φ(x) be an orthogonal scaling function, ψ(x) be
orthogonal wavelet associated with φ(x); p(w) and q(w), respectively, be the two-
scale symbols of the two-scale sequences {pn}, {qn}; then p(w) and q(w) satisfy
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the following identities:

p(w) p(w) + p(w + π) p(w + π) = 1, (6)

p(w) q(w) + p(w + π) q(w + π) = 0, (7)

q(w) q(w) + q(w + π) q(w + π) = 1. (8)

Equivalently, the two-scale sequences {pn}, {qn} satisfy
∑
i∈Z

pi pi+2k = 2δ0,k, (9)

∑
i∈Z

pi qi+2k = 0, (10)

∑
i∈Z

qi qi+2k = 2δ0,k. (11)

2.2. Orthogonal multiwavelets. Let Φ(x) = (φ1, φ2)
T , φ1, φ2 ∈ L2(R), sat-

isfy the equation

Φ(x) =
∑

k∈Z

Pk Φ(2x− k) (12)

for some 2× 2 matrices sequence {Pk}k∈Z called the two-scale matrix sequence.
Then Φ(x) is called a multiscaling function of multiplicity 2.

Applying the Fourier transform to both sides of (12) we have

Φ̂(w) = P
(w

2

)
Φ̂

(w

2

)
, (13)

where P (w) = 1
2

∑
k∈Z

Pke
−iwk is called the two-scale matrix symbol of the two-

scale matrix sequence {Pk}k∈Z of Φ(x).
By repeated applications of (13) we obtain

Φ̂(w) =

( ∞∏
j=1

P
(w

2j

))
Φ̂(0). (14)

If the infinite product
∞∏

j=1

P ( w
2j ) converges, then Φ̂(w) is well-defined and we say

that Φ̂(w) is generated by P (w).
We now introduce the following theorem to ensure the convergence of the

above infinite product.

Theorem B ([17]). The infinite matrix product
( ∞∏

j=1

P ( w
2j )

)
converges uni-

formly, on compact sets, to a continuous matrix-valued function if and only if
P (0) has eigenvalues λ1 = 1, |λ2| < 1.

Define a subspace V m
j ⊂ L2(R) by

V m
j = closL2(R)〈φ`:j,k : ` = 1, 2, k ∈ Z〉, j ∈ Z. (15)

Here and in what follows for f` ∈ L2 we denote f`:j,k = 2
j
2 f`(2

jx− k).



564 SHOUZHI YANG

Φ(x) defined in (12) generates a multiresolution analysis of multiplicity 2 (m-
MRA) {V m

j }j∈Z of L2(R) if {V m
j }j∈Z defined in (15) satisfies the following

properties:
(1) · · · ⊂ V m

0 ⊂ V m
1 ⊂ V m

2 · · · ;
(2) closL2(R)(

⋃
j∈Z

V m
j ) = L2(R);

(3)
⋂

j∈Z

V m
j = {0};

(4) f(x) ∈ V m
j ⇔ f(2x) ∈ V m

j+1, j ∈ Z;
(5) the family {φ`:j,k : ` = 1, 2; k ∈ Z} is a Riesz basis for V m

j .
Let Wm

j , j ∈ Z, denote the complementary subspace of V m
j in V m

j+1, and the

vector-valued function Ψ(x) = (ψ1, ψ2)
T , ψ` ∈ L2, ` = 1, 2, form a Riesz basis

for Wm
j , i.e.,

Wj = closL2(R)〈ψ`:j,k : ` = 1, 2; k ∈ Z〉, j ∈ Z. (16)

Since ψ1(x), ψ2(x) ∈ W0 ⊂ V1, there exists a sequence of 2 × 2 matrices
{Qk}k∈Z such that

Ψ(x) =
∑

k∈Z

Qk Φ(2x− k). (17)

By the two-scale relation (17) we have

Ψ̂(w) = Q
(w

2

)
Φ̂

(w

2

)
, (18)

where

Q(w) =
1

2

∑

k∈Z

Qk e−ikw. (19)

Theorem C ([8], [9]). Let Φ(x) be orthogonal multiscaling function of mul-
tiplicity 2, Ψ(x) be orthogonal multiwavelet associated with the orthogonal mul-
tiscaling function Φ(x); P (w) and Q(w) be the two-scale matrix symbols, then

P (w) P (w)∗ + P (w + π) P (w + π)∗ = I2, (20)

P (w) Q(w)∗ + P (w + π) Q(w + π)∗ = O2, (21)

Q(w) Q(w)∗ + Q(w + π) Q(w + π)∗ = I2, (22)

where O2 and I2 denote the zero matrix and the unity matrix, respectively.
Here and in what follows the asterisk denotes the conjugate transpose of the

matrix.

3. Extension of Multiresolution Analysis

In this section, we introduce a procedure of extension of orthogonal MRA.
The extension is from orthogonal u-MRA to m-MRA of multiplicity 2. The gen-
erated elements of the new orthogonal MRA of multiplicity 2 are two functions,
one of which is the known uniscaling function, while the other is the function
to be constructed. We give the construction method of the function.
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Next we consider the extension of MRA of multiplicity 2. For simplicity, let
P (w) be the two-scale lower triangle matrix symbol, i.e.,

P (w) =

[
A(w) 0
B(w) C(w)

]
. (23)

As in known (see [7] or [8]), if P (w) is the two-scale matrix symbol associated
with orthogonal multiscaling function of multiplicity 2, then it satisfies the
equation

P (w)P (w)∗ + P (w + π)P (w + π)∗ = I2. (24)

This means that A(w), B(w), C(w) satisfy the following three equations:

|A(w)|2 + |A(w + π)|2 = 1, (25)

A(w)B(w) + A(w + π)B(w + π) = 0, (26)

|B(w)|2 + |B(w + π)|2 + |C(w)|2 + |C(w + π)|2 = 1. (27)

To construct P (w), i.e., A(w), B(w), C(w), we need

Lemma 1. Let s(w), h(w) (where s(w)h(w) 6= 0) be π-periodic functions
and satisfy the equation |s(w)|2 + |h(w)|2 = 1; then |s(w)| < 1, |h(w)| < 1.

Theorem 1. Let φ1(x) be an orthogonal uniscaling function, ψ1(x) be orthog-
onal uniwavelet associated with the orthogonal uniscaling function φ1(x); p1(w)
and q1(w), respectively, be the two-scale symbols of φ1(w), ψ1(w); p2(w) be the
two-scale symbol of the orthogonal uniscaling function φ2(x); s(w), h(w) be two
functions satisfying the condition of Lemma 1. Define

P (w) =

[
p1(w) 0

s(w)q1(w) h(w)p2(w)

]
, (28)

then

P (w)P (w)∗ + P (w + π)P (w + π)∗ = I2. (29)

Proof. Since p1(w), p2(w) and q1(w) are two-scale symbols associated with
φ1(x), φ2(w) and ψ1(w), respectively, by Theorem A we have

|p1(w)|2 + |p1(w + π)|2 =1,

p1(w) q1(w) + p1(w + π) q1(w + π) =0,

|q1(w)|2 + |q1(w + π)|2 =1,

|p2(w)|2 + |p2(w + π)|2 =1.

Since s(w), h(w) are π-periodic functions, and satisfy |s(w)|2 + |h(w)|2 = 1, we
obtain

P (w)P (w)∗ + P (w + π)P (w + π)∗

=

[
p1(w) 0

s(w)q1(w) h(w)p2(w)

] [
p1(w) s(w) q1(w)

0 h(w) p2(w)

]
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+

[
p1(w + π) 0

s(w + π)q1(w + π) h(w + π)p2(w + π)

]

×
[

p1(w + π) s(w + π) q1(w + π)

0 h(w + π) p2(w + π)

]
=




1∑
k=0

|p1(w + kπ)|2 J(w)

J(w) H(w)


 = I2,

where

J(w) =
1∑

k=0

s(w + kπ)p1(w + kπ)q1(w + kπ),

H(w) =
1∑

k=0

[|s(w + kπ)|2|q1(w + kπ)|2 + |h(w + kπ)|2|p2(w + kπ)|2]. ¤

Theorem 2. Under the condition of Theorem 1, P (w) defined in (28) is the
matrix symbol, then the matrix P (0) has two eigenvalues λ1 = 1, |λ2| < 1.

Proof. Since p1(w), p2(w) are two-scale symbols associated with φ1(x), φ2(w),
respectively, we have p1(0) = p2(0) = 1. Hence

P (0) =

[
p1(0) 0

s(0)q1(0) h(0)p2(0)

]
=

[
1 0
0 h(0)

]
.

This means that P (0) has two eigenvalues λ1 = 1, λ2 = h(0). By Lemma 1,
|h(0)| < 1. ¤

Remark 1. In Theorem 1, p1(w), p2(w) may be either equal or not equal each
other, i.e., p1(w), p2(w) may be related the two-scale symbols associated with
the same orthogonal uniscaling function or by two varying two-scale symbols
associated with two varying orthogonal uniscaling functions. Additionally, in
Theorem 1, s(w), h(w) are required to satisfy the following conditions: (1):
s(w), h(w) are π-periodic functions; (2): s(w)h(w) 6= 0; (3): |s(w)|2 + |h(w)|2 =
1. There exist a lot of functions satisfying the above conditions, for example

h(w) = 2−sin 2w
4

, s(w) =

√
12+4 sin(2w)−sin2 2w

4
.

Since P (0) =

[
p1(0) 0

s(0)q1(0) h(0)p2(0)

]
=

[
1 0
0 h(0)

]
, we know that the infinite

product
∞∏

j=1

P ( w
2j ) converges by Theorem B. Thus a vector function Φ̂(w) is

well-defined and satisfies

Φ̂(w) =
[
φ̂1(w), φ̂2(w)

]T
=

[
p1(w) 0

s(w)q1(w) h(w)p2(w)

] [
φ̂1

(w

2

)
, φ̂2

(w

2

)]T

.

Therefore

φ̂1(w) = p1
(w

2

)
φ̂1

(w

2

)
, φ̂2(w) = s

(w

2

)
q1

(w

2

)
φ̂1

(w

2

)
+h

(w

2

)
p2

(w

2

)
φ̂2

(w

2

)
.

We summarize the above discussion and have the following theorem.
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Theorem 3. Let p1(w), p2(w) be two two-scale symbols associated with two
orthogonal uniscaling functions φ1(x), φ2(x); ψ1(x), ψ2(x) be two orthogonal
uniwavelets associated with two orthogonal uniscaling functions φ1(x), φ2(x);
q1(w), q2(w) be two two-scale symbols associated with two orthogonal uniwavelets
ψ1(x), ψ2(x), respectively; s(w), h(w) be two functions satisfying the conditions
of Lemma 1. Then the refinable vector function Φ(x) = [φ1(x), φ2(x)]T gen-
erated by the two-scale matrix symbol P (w) defined in (28) is an orthogonal
multiscaling function of multiplicity 2.

Remark 2. Theorem 3 tells us how to use an orthogonal uniwavelet to con-
struct orthogonal multiwavelets of multiplicity 2. At the same time, it also
introduces a method of extension of the orthogonal multiresolution analysis.
Obviously, the orthogonal multiresolution analysis of multiplicity 2 includes the
corresponding orthogonal uni-multiresolution analysis.

We next discuss a special setting. Let p1(w), p2(w) be the two-scale symbol
of the well-known Daubechies’ orthogonal uniscaling function φN(x), i.e.,

p1(w) = p2(w) =

(
1 + e−iw

2

)N

SN(w), (30)

where SN(w) is the Laurent polynomial satisfying

|SN(w)|2 = PN

(
sin2 w/2

)
, PN(y) =

N−1∑

k=0

(
N − 1 + k

k

)
yk. (31)

Theorem 4. Let p1(w), p2(w) defined in (30) be the two-scale symbols of the
well-known Daubechies’ orthogonal uniscaling function φN(x); s(w), h(w) be two
functions satisfying the condition of Lemma 1. Suppose |h(w)| ≤ 1

2N | sin w|N .
Then the refinable function Φ(x) = [φ1(x), φ2(x)]T generated by P (w) defined
in (28) is an orthogonal multiscaling function of multiplicity 2 and its Fourier
transform has a decay estimate

|φ̂i(w)| ≤ Ci

(1 + |w|)(1− log 3
2 log 2

)N
, i = 1, 2,

where Ci is a constant.

Proof. By Theorem 3, it is easy to show that Φ(x) = [φ1(x), φ2(x)]T gener-
ated by P (w) defined in (28) is an orthogonal multiscaling function. Next we
prove that the Fourier transform of Φ(x) = [φ1(x), φ2(x)]T satisfies the above
inequality.

Since φ1(x) is the well-known Daubechies’ scaling function φN(x), we have

|φ̂1(w)| ≤ C1

(1+|w|)(1−
log 3
2 log 2

)N
.

Now let us consider a decay estimate for φ̂2(w). Note that |s(w)q1(w)|2 ≤
|s(w)q1(w)|2 + |h(w)p2(w)|2 + |s(w + π)q1(w + π)|2 + |h(w + π)p2(w + π)|2 = 1.
Thus we obtain

|φ̂2(w)| =
∣∣∣s

(w

2

)
q1

(w

2

)
φ̂1

(w

2

)
+ h

(w

2

)
p2

(w

2

)
φ̂2

(w

2

)∣∣∣
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≤
∣∣∣φ̂1

(w

2

)∣∣∣ +
∣∣∣h

(w

2

)
p2

(w

2

)
φ̂2

(w

2

)∣∣∣

≤
∣∣∣φ̂1

(w

2

)∣∣∣ +
∣∣∣h

(w

2

)
p2

(w

2

)∣∣∣
∣∣∣φ̂1

(w

4

)∣∣∣ +
∣∣∣h

(w

4

)
p2

(w

4

)
φ̂2

(w

4

)∣∣∣ ≤ · · ·

≤
∣∣∣φ̂1

(w

2

)∣∣∣ +
∞∑

j=1

( j∏

k=1

∣∣∣h
( w

2k

)
p2

( w

2k

)∣∣∣
∣∣∣φ̂1

( w

2j+1

)∣∣∣
)

,

where
( j∏

k=1

∣∣∣h
( w

2k

)
p2

( w

2k

)∣∣∣
∣∣∣φ̂1

( w

2j+1

)∣∣∣
)

=

( j−1∏

k=1

∣∣∣h
( w

2k

)
p2

( w

2k

)∣∣∣
)∣∣∣h

(w

2j

)
p2

(w

2j

)∣∣∣
∣∣∣φ̂1

( w

2j+1

)∣∣∣

=

( j−1∏

k=1

∣∣∣h
( w

2k

)
p1

( w

2k

)∣∣∣
)∣∣∣h

(w

2j

)
p1

(w

2j

)∣∣∣
∣∣∣φ̂1

( w

2j+1

)∣∣∣

≤
( 1

2N

)j−1
( j−1∏

k=1

∣∣∣p1
( w

2k

)∣∣∣
)

1

2N

∣∣∣ sin
w

2j

∣∣∣
N ∣∣∣p1

(w

2j

)∣∣∣
∣∣∣φ̂1

( w

2j+1

)∣∣∣

≤
( 1

2N

)j−1
( j−1∏

k=1

∣∣∣p1
( w

2k

)∣∣∣
)∣∣∣ cos

w

2j+1

∣∣∣
N ∣∣∣p1

(w

2j

)∣∣∣
∣∣∣φ̂1

( w

2j+1

)∣∣∣.

Since |SN(w)| ≥ 1 and, by (30), we have |p1( w
2j+1 )| = | cos w

2j+1 |N |SN(e
iw

2j+1 )| ≥
| cos w

2j+1 |N , we have

( j∏

k=1

∣∣∣h
( w

2k

)
p2

( w

2k

)∣∣∣
∣∣∣φ̂1

( w

2j+1

)
h
∣∣∣
)

≤
( 1

2N

)j−1
( j−1∏

k=1

∣∣∣p1
( w

2k

)∣∣∣
)∣∣∣ cos

w

2j+1

∣∣∣
N ∣∣∣p1

(w

2j

)∣∣∣
∣∣∣φ̂1

( w

2j+1

)∣∣∣

≤
( 1

2N

)j−1
( j+1∏

k=1

∣∣∣p1
( w

2k

)∣∣∣
)∣∣∣φ̂1

( w

2j+1

)∣∣∣ =
( 1

2N

)j−1∣∣φ̂1(w)
∣∣.

Hence φ̂2(w) can be estimated as follows:

∣∣φ̂2(w)
∣∣ ≤

∣∣∣φ̂1

(w

2

)∣∣∣ +
∞∑

j=1

( 1

2N

)j−1∣∣φ̂1(w)
∣∣

= φ̂1

(w

2

)∣∣∣ +
∣∣φ̂1(w)

∣∣
∞∑

j=1

( 1

2N

)j−1

= φ̂1

(w

2

)∣∣∣ +
1

2N − 1

∣∣φ̂1(w)
∣∣ ≤ C2

(1 + |w|)(1− log 3
2 log 2

)N
,
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where C2 is a constant. This completes the proof of Theorem 4. ¤

4. An Explicit Formula of Orthogonal Multiwavelets

In the above section, we have given the method of construction of an or-
thogonal multiscaling function of multiplicity 2 by the matrix symbol P (w). In
this section, we discuss the construction of multiwavelets associated with an
orthogonal multiscaling function generated by P (w).

To give an explicit formula of orthogonal multiwavelets of multiplicity 2,
construct the matrices Q(w),M(w) by

Q(w) =

[
0 q2(w)

h(w)q1(w) −s(w)p2(w)

]
, (32)

M(w) =

[
P (w) P (w + π)
Q(w) Q(w + π)

]
, (33)

respectively.

Theorem 5. Let P (w), Q(w), M(w) defined in (28), (32) and (33), respec-
tively, be three matrices, under the condition of Theorem 3. Then the matrix
M(w) is a unitary matrix.

Further, let Φ(x) = [φ1(x), φ2(x)]T be an orthogonal multiscaling function
generated by P (w), Ψ(x) = [ψ1(x), ψ2(x)]T be the corresponding orthogonal mul-
tiwavelet. Then

Ψ̂(w) = Q(w)Φ̂
(w

2

)
(34)

and therefore

ψ̂1(w)=q2
(w

2

)
φ̂2

(w

2

)
, ψ̂2(w)=h

(w

2

)
q1

(w

2

)
φ̂1

(w

2

)
−s

(w

2

)
p2

(w

2

)
φ̂2

(w

2

)
.

Proof. According to the construction theorem of wavelets we only need to prove
that M(w) is a unitary matrix. Under the conditions of Theorem 3 it is easy
to verify that the following matrix




p1(w) 0 p1(w + π) 0

s(w)q1(w) h(w)p2(w) s(w + π)q1(w + π) h(w + π)p2(w + π)

0 q2(w) 0 q2(w + π)

h(w)q1(w) −s(w)p2(w) h(w + π)q1(w + π) −s(w + π)p2(w + π)




ia a unitary matrix, i.e., M(w) is a unitary matrix. ¤

5. A Construction Example

We will illustrate by an example how to make use of orthogonal uniwavelet
to construct orthogonal multiwaveltets.

Example. Let φ1(x) = φ2(x) be Daubechies’ orthogonal scaling function
with N = 2, ψ1(x) = ψ2(x) be an orthogonal wavelet associated with orthogonal
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Daubechies’ scaling function with N = 2; p1(w), p2(w), q1(w), q2(w) be the two-
scale symbols associated with φ1(x), φ2(x), ψ1(x), ψ2(x), respectively, where





p1(w)=p2(w)=
1

2

(
1 +

√
3

4
+

3 +
√

3

4
e−iw +

3−√3

4
e−2iw +

1−√3

4
e−3iw

)
,

q1(w)=q2(w)=
1

2

(
1 +

√
3

4
e−iw − 3 +

√
3

4
+

3−√3

4
eiw − 1−√3

4
e2iw

)
.

Suppose h(w) = 1
2
, s(w) =

√
3

2
, by Theorem 4 we obtain that the orthogonal

multiscaling functions are





φ1(x) =
1 +

√
3

4
φ1(2x) +

3 +
√

3

4
φ1(2x− 1) +

3−√3

4
φ1(2x− 2)

+
1−√3

4
φ1(2x− 3),

φ2(x) =
3 +

√
3

8
φ1(2x− 1)− 3 + 3

√
3

8
φ1(2x) +

3
√

3− 3

8
φ1(2x + 1)

−
√

3− 3

8
φ1(2x + 2) +

1 +
√

3

8
φ2(2x) +

3 +
√

3

8
φ2(2x− 1)

+
3−√3

8
φ2(2x− 2) +

1−√3

8
φ2(2x− 3).

By Theorem 5, the corresponding orthogonal multiwavelets are





ψ1(x) =
1 +

√
3

4
φ2(2x− 1)− 3 +

√
3

4
φ2(2x) +

3−√3

4
φ2(2x + 1)

−1−√3

4
φ2(2x + 2),

ψ2(x) =
1 +

√
3

8
φ1(2x− 1)− 3 +

√
3

8
φ1(2x) +

3−√3

8
φ1(2x + 1)

−1−√3

8
φ1(2x + 2)− 3 +

√
3

8
φ2(2x)− 3 + 3

√
3

8
φ2(2x− 1)

−3
√

3− 3

8
φ2(2x− 2)−

√
3− 3

8
φ2(2x− 3).

In the above example, we use one orthogonal uniscaling function to construct
orthogonal multiwavelets. For the setting with two varying orthogonal unis-
caling functions, the corresponding orthogonal multiwavelets are constructed
similarly.
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