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EXTENSION OF MULTIRESOLUTION ANALYSIS AND THE
CONSTRUCTION OF ORTHOGONAL MULTIWAVELETS

SHOUZHI YANG

Abstract. A procedure of the extension of orthogonal multiresolution
analysis is introduced by assuming that ¢;(x) ia an orthogonal uniscaling
function and constructing a new orthogonal multiscaling function ®(x) =
[1(x), p2(x)]T. Moreover, an explicit formula of the orthogonal multiwavelets
associated with ®(x) is obtained. Finally, a construction example is given.
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1. INTRODUCTION

Multiresolution analysis is one of the most important methods used in con-
structing wavelets. A variety of uniwavelets such as the well-known Daubechies’
orthogonal wavelets ([1], [2]) and semi-orthogonal spline wavelets by Chui and
Wang et al. [3] are constructed on the basis of multiresolution analysis. Mul-
tiwavelets possess some nice features that uniwavelets do not and thus multi-
wavelets have interesting applications in signal processing and some other areas
([4], [5]). In recent years, multiscaling functions and multiwavelets have been
studied extensively ([6]-[13]). Similar to the construction of a uniscaling func-
tion, one can construct a multiscaling function of “multiple” multiresolution
analysis. The main difficulty in constructing of multiwavelets is the verification
of the convergence of the infinite product of two-scale matrix symbols (see [14],
[15]). Is there any easier method of constructing orthogonal multiwavelets? Can
multiwavelets be constructed on the basis of uniwavelets? The objective of this
paper is to describe a procedure of the extension of orthogonal multiresolution
analysis and to construct the multiwavelets.

The paper is organized as follows: In Section 2, we briefly recall the concept of
multiresolution analysis. In Section 3, a procedure of the extension of orthogonal
multiresolution analysis and the construction of orthogonal multiwavelets is
introduced. In Section 4, explicit formula of the orthogonal multiwavelets is
established. In Section 5, we give a construction example.

2. BAsic CONCEPT AND THE LEMMA

2.1. Orthogonal uniwavelet. Let ¢(z) be a scaling function satisfying the
following two-scale equation:

¢(x) = pad(2x —n), (1)

nez
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where {p, }nez is a two-scale sequence.
(1) can be rewritten as

where

plw) = 5 pe ™ )

nez

is the two-scale symbol of the two-scale sequence {p, }necz of ¢.
Define a subspace V}* C L*(R) by

V" = Closp2(r)(¢jn(x), n € Z), (3)

where ¢;,(z) = 27 (272 — n).

As usual, ¢(z) defined in (1) generates a uni-multiresolution analysis
(u-MRA) {V}*}jez of L*(R) if {V}'};cz defined in (3) satisfies the following
properties:

(1) ...CVOUCv'lqu;...;

(2) ClOSL2(R)(Uj€ZV;-u) = LQ(R),

(3) NV = (0}

(1) Vi) eV e f(2) € Vi

(5)  the family {¢;,(z):n € Z} is a Riesz basis for V.

We call ¢(z) an orthogonal scaling function if (¢p(z), p(z —n)) = don, n € Z.
The associated multiresolution analysis is said to be an orthogonal uni-multi-
resolution analysis.

Let W}, j € Z, denote the complementary subspace of V" in V%, ;. According
to the wavelet analysis theory (see [1], [2], [16]), there exists a function ¥ (z)
whose translation and dilation form a Riesz basis for W}, i.e.,

V[/;L = CIOSLQ(R)<¢j,n(~T) n e Z>, j € Z. (4>

From condition (4), it is clear that ¢(x) is in Wy C Vi. Hence there exists a
sequence of {q, }nez such that

(@) = 3 gu 2z — ). (5)

nez

By the two-scale relation (5) we have

s -o(2)(2).

where g(w) = 3 > gne” ™.
nez
Theorem A ([1], [2]). Let ¢(x) be an orthogonal scaling function, ¥(x) be
orthogonal wavelet associated with ¢(x); p(w) and q(w), respectively, be the two-
scale symbols of the two-scale sequences {p,},{qn}; then p(w) and q(w) satisfy



EXTENSION OF MRA 563

the following identities:

p(w) p(w) + p(w + ) p(w +7) = 1, (6)
p(w) q(w) + p(w + ) g(w + 1) = 0, (7)
q(w) g(w) + ¢g(w+7) g(w + ) = 1. (8)
Equivalently, the two-scale sequences {p,}, {q.} satisfy
Zpi Diyar = 200, (9)
i€z
Zpi Qi = 0, (10)
i€z
Z Qi Qiyor = 200,k (11)
i€z

2.2. Orthogonal multiwavelets. Let ®(z) = (¢1,2)7, ¢1, 02 € L*(R), sat-
isfy the equation

O(x)=> P02z — k) (12)

keZ
for some 2 x 2 matrices sequence { Py }rez called the two-scale matrix sequence.
Then ®(x) is called a multiscaling function of multiplicity 2.
Applying the Fourier transform to both sides of (12) we have
A (W

o= r(2)o(2). ®

where P(w) = £ > Pye~™* is called the two-scale matrix symbol of the two-

keZ
scale matrix sequence { Py }rez of ®(z).

By repeated applications of (13) we obtain

b(w) = (ﬁ P(%))@)(O). (14)

j=1

If the infinite product [] P(57) converges, then d(w) is well-defined and we say
j=1
that ®(w) is generated by P(w).
We now introduce the following theorem to ensure the convergence of the
above infinite product.

Theorem B ([17]). The infinite matriz product ( [] P(%)) converges uni-
j=1

formly, on compact sets, to a continuous matriz-valued function if and only if
P(0) has eigenvalues Ay = 1, |Xo| < 1.
Define a subspace V;™ C L*(R) by

V" = clospep)(deje : £ =1,2, k€ Z), je Z. (15)

J

Here and in what follows for f, € L? we denote f.;) = Q%fg<2j$ — k).
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®(x) defined in (12) generates a multiresolution analysis of multiplicity 2 (m-
MRA) {V/"};ez of L*(R) if {V/"}cz defined in (15) satisfies the following
properties:

(1) C{/E)mcvlmc{/ém”. :

(2)  clospe(ry( UZ V") = L*(R);

je
3) NV ={0}

JEZ
(1) 1(x) €V & f(20) € Vi, €
(5) the family {¢p;1 : { =1,2; k € Z} is a Riesz basis for V™.
Let W™, j € Z, denote the complementary subspace of V™ in V1, and the
vector-valued function W(z) = (1y,19)T, ¢y € L2, £ = 1,2, form a Riesz basis
for Wi, ie.,

W; = ClOSLz(R)<¢£:j,k =1,2keZ), jeZ. (16)

Since 11(x),e(x) € Wy C Vi, there exists a sequence of 2 x 2 matrices
{Qk}keZ such that

U(r) =) Qp®(2x— k). (17)

keZ

By the two-scale relation (17) we have

. WY\ 2 /W

U(w) = Q(—) <I>(§>, (18)
where

Qw) = % > Qre ™ (19)

keZ

Theorem C ([8], [9]). Let ®(x) be orthogonal multiscaling function of mul-
tiplicity 2, V(z) be orthogonal multiwavelet associated with the orthogonal mul-
tiscaling function ®(z); P(w) and Q(w) be the two-scale matriz symbols, then

P(w) P(w)* 4+ P(w + m) P(w + m)* = I, (20)
Pw)Qw)” + P(w + ) Qw +7)" = Oy, (21)
Qw) Q(w)" + Q(w + m) Q(w + m)" = I, (22)

where Oy and I, denote the zero matrix and the unity matriz, respectively.
Here and in what follows the asterisk denotes the conjugate transpose of the
matrix.

3. EXTENSION OF MULTIRESOLUTION ANALYSIS

In this section, we introduce a procedure of extension of orthogonal MRA.
The extension is from orthogonal u-MRA to m-MRA of multiplicity 2. The gen-
erated elements of the new orthogonal MRA of multiplicity 2 are two functions,
one of which is the known uniscaling function, while the other is the function
to be constructed. We give the construction method of the function.
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Next we consider the extension of MRA of multiplicity 2. For simplicity, let
P(w) be the two-scale lower triangle matrix symbol, i.e.,

_|A(w) 0
P(w) = {B(w) C’(w)} . (23)

As in known (see [7] or [8]), if P(w) is the two-scale matrix symbol associated
with orthogonal multiscaling function of multiplicity 2, then it satisfies the
equation

Pw)P(w)* + P(w +m)P(w + m)* = I,. (24)
This means that A(w), B(w), C(w) satisfy the following three equations:
[A(w)]* + [A(w + m)* =1, (25)
A(w)B(w) + A(w + 7)B(w + ) = 0, (26)
|B(w) > + | B(w + m)|* + |C(w)|* + |C(w + ) > = 1. (27)

To construct P(w), i.e., A(w), B(w), C(w), we need

Lemma 1. Let s(w), h(w) (where s(w)h(w) # 0) be w-periodic functions
and satisfy the equation |s(w)|? + |h(w)|* = 1; then |s(w)| < 1, |h(w)] < 1.

Theorem 1. Let ¢'(x) be an orthogonal uniscaling function, ' (x) be orthog-
onal uniwavelet associated with the orthogonal uniscaling function ¢*(z); p*(w)
and q*(w), respectively, be the two-scale symbols of ¢*(w), ¥'(w); p*(w) be the
two-scale symbol of the orthogonal uniscaling function ¢*(z); s(w), h(w) be two
functions satisfying the condition of Lemma 1. Define

[ opHw) 0
PO = sy (w) h(w)pw)]” (28)

then
P(w)P(w)" + P(w+ m)P(w + )" = Is. (29)

Proof. Since p'(w),p*(w) and ¢'(w) are two-scale symbols associated with
o' (x), ¢*(w) and ¢! (w), respectively, by Theorem A we have

I (w)]? + Ip*(w + m)* =1,
p'(w) ¢"(w) + p'(w + ) ¢"(w + 7) =0,
¢ (w)[* + [¢" (w + m)* =1,
p*(w)? + |p*(w + ) =1.

Since s(w), h(w) are m-periodic functions, and satisfy |s(w)|> + |h(w)|? = 1, we
obtain

P(w)P(w)* + P(w + m)P(w + 7)*
p'(w) s(w) ql(ﬂ))]
0 h(w)p*(w)
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N p'(w + ) 0
s(w+m)gt(w+ ) h(w + m)p(w + )
[P swr e m] S s kP gw) ] .
0 Wernern]l |7 Tw Huw)|
where

J(w) = Z s(w + km)p'(w + km)gt (w + k),

H(w) = [|s(w + km)|*|¢" (w + km)|* + |h(w + k7)) *|p*(w + km)|?]. O
k=0
Theorem 2. Under the condition of Theorem 1, P(w) defined in (28) is the
matriz symbol, then the matriz P(0) has two eigenvalues Ay = 1, |Ao| < 1.

Proof. Since p*(w), p*(w) are two-scale symbols associated with ¢'(x), ¢?(w),
respectively, we have p'(0) = p*(0) = 1. Hence

_ [ »'0) O (=]t 0
PO =150y (0) h(U)pQ(O)} N [0 h(o)]'

This means that P(0) has two eigenvalues A\; = 1, Ay = h(0). By Lemma 1,
h(0)] < 1. O

Remark 1. In Theorem 1, p*(w), p?(w) may be either equal or not equal each
other, i.e., p'(w), p*(w) may be related the two-scale symbols associated with
the same orthogonal uniscaling function or by two varying two-scale symbols
associated with two varying orthogonal uniscaling functions. Additionally, in
Theorem 1, s(w), h(w) are required to satisfy the following conditions: (1):
s(w), h(w) are m-periodic functions; (2): s(w)h(w) # 0; (3): |s(w)|[*+|h(w)|* =
1. There exist a lot of functions satisfying the above conditions, for example

h(w) = 2—si4n2w’ s(w) = \/12+4sin(jw)—sin2 20

. T pY0) o ] 1 o e
Since P(0) = [S(O)ql(O) h(O)p2(0)] = [0 h(O)]’ we know that the infinite

product [] P(35) converges by Theorem B. Thus a vector function d(w) is
=1

Well—deﬁne_d and satisfies

b(w) = [dn(w), dalw)] = L(il)g?gw) h(w)(;z(w)} {ésl(
Therefore

b= (D)a(2). w1 =s(2)e (26 () H(DA(2)o(2).

We summarize the above discussion and have the following theorem.
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Theorem 3. Let p*(w), p*(w) be two two-scale symbols associated with two
orthogonal uniscaling functions ¢*(z), ¢*(z); V'(z), V*(x) be two orthogonal
uniwavelets associated with two orthogonal uniscaling functions ¢'(z), ¢*(x);
¢ (w), ¢*(w) be two two-scale symbols associated with two orthogonal uniwavelets
Pl(x), v2(x), respectively; s(w), h(w) be two functions satisfying the conditions
of Lemma 1. Then the refinable vector function ®(z) = [¢1(x), ¢a2(2)]T gen-
erated by the two-scale matriz symbol P(w) defined in (28) is an orthogonal
multiscaling function of multiplicity 2.

Remark 2. Theorem 3 tells us how to use an orthogonal uniwavelet to con-
struct orthogonal multiwavelets of multiplicity 2. At the same time, it also
introduces a method of extension of the orthogonal multiresolution analysis.
Obviously, the orthogonal multiresolution analysis of multiplicity 2 includes the
corresponding orthogonal uni-multiresolution analysis.

We next discuss a special setting. Let p'(w), p?(w) be the two-scale symbol
of the well-known Daubechies’ orthogonal uniscaling function ¢y (), i.e.,

) =) = (F5) sylw), (30)

where Sy (w) is the Laurent polynomial satisfying

Sw()? = Py(sinw/2), Py) =3 (N - +k) "

k=0

(31)

Theorem 4. Let p*(w), p*(w) defined in (30) be the two-scale symbols of the
well-known Daubechies’ orthogonal uniscaling function ¢n(x); s(w), h(w) be two
Junctions satisfying the condition of Lemma 1. Suppose |h(w)] < 5x|sinw|™.
Then the refinable function ®(z) = [¢1(x), pa2(2)]T generated by P(w) defined
in (28) is an orthogonal multiscaling function of multiplicity 2 and its Fourier
transform has a decay estimate

Biw)] < ———

(1 )22

i=1,2,

where C; 1s a constant.

Proof. By Theorem 3, it is easy to show that ®(z) = [¢1(x), d2(z)]" gener-
ated by P(w) defined in (28) is an orthogonal multiscaling function. Next we
prove that the Fourier transform of ®(x) = [¢(x), ¢2(x)]T satisfies the above
inequality.

Since ¢1(x) is the well-known Daubechies’ scaling function ¢y (z), we have

|¢51(UJ)| S Cj log 3
(L))~ 21082

Now let us consider a decay estimate for ¢y(w). Note that |s(w)q!(w)
[s(w)g" (w)[* + [h(w)p? ()| + [s(w + m)g" (w+7)[* + [h(w + 7)p* (w + )|
Thus we obtain

ol =[s(3)e (3)0(3) +1(5)r(3)2 ()]

)N

’ 2

A



O (2)in(2)
ERORCEIGROROIES
S (TR 5))

<>
=
—
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IN

where

s 2] (2] ()
) eos e o' ()61 ()|

Since [Sy(w)| > 1 and, by (30), we have |p'(547)| = | cos 5%+ NSy (em )| >

| cos 2]%|N we have
(TG () o))
Y
(R

< (30) (11 G2 2 ()

Hence ¢o(w) can be estimated as follows:

Batw)] <] () +fj () ortw)

@G
:<LN) |61 (w)]-

T (1 )Y
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where (Y is a constant. This completes the proof of Theorem 4. O

4. AN ExpriciT FORMULA OF ORTHOGONAL MULTIWAVELETS

In the above section, we have given the method of construction of an or-
thogonal multiscaling function of multiplicity 2 by the matrix symbol P(w). In
this section, we discuss the construction of multiwavelets associated with an
orthogonal multiscaling function generated by P(w).

To give an explicit formula of orthogonal multiwavelets of multiplicity 2,
construct the matrices Q(w), M(w) by

respectively.

Theorem 5. Let P(w), Q(w), M(w) defined in (28), (32) and (33), respec-
tively, be three matrices, under the condition of Theorem 3. Then the matriz
M(w) is a unitary matriz.

Further, let ®(x) = [¢1(x), do(x)]T be an orthogonal multiscaling function
generated by P(w), ¥(z) = [t (x),o(2)]T be the corresponding orthogonal mul-
tiwavelet. Then

W (w) = Qw)d () (34)

and therefore

= (D)6 (2). 1= (2)0 (2)6(2) (DA (2)o2)

Proof. According to the construction theorem of wavelets we only need to prove
that M(w) is a unitary matrix. Under the conditions of Theorem 3 it is easy
to verify that the following matrix

p'(w) 0 p(w + ) 0
s(w)g'(w)  hw)p*(w)  s(w+m)g" (w+m)  h(w+m)p*(w+ )
0 ¢ (w) 0 ¢*(w + )

h(w)g' (w) —s(w)p*(w) h(w+7)g" (w+7) —s(w+7)p*(w + 7)

ia a unitary matrix, i.e., M(w) is a unitary matrix. O

5. A CONSTRUCTION EXAMPLE

We will illustrate by an example how to make use of orthogonal uniwavelet
to construct orthogonal multiwaveltets.

Example. Let ¢'(z) = ¢*(z) be Daubechies’ orthogonal scaling function
with N = 2, ¢! (z) = ¢*(z) be an orthogonal wavelet associated with orthogonal
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L(w), ¢*(w) be the two-

Daubechies’ scaling function with N = 2, pH(w), p*(w), ¢
2 (), respectlvely, where

scale symbols associated with ¢'(x), ¢*(z), V! (z),

1/1+V3 3+V3 . 3—-V3 . 1-V3 _
1 2 _ —iw —2iw —3iw
p'(w)=p (w)—2( Tt e e e
1 3 _, 3 3 3—V3 . 1—-+3 .
ql (UJ) :qQ(U}) = 5 (+T\/_ e~ W +4\/— + 4\/_ et 4\/_ 62111)) )

Suppose h(w) = 1, s(w) = \/7§, by Theorem 4 we obtain that the orthogonal

multiscaling functions are

(1(0) = 222 4 25V 00 1)+ 220 0
)
bofa) = +8f o= 1) = 2V 00y VOB )
B3 )+ B e+ B )
k +3_8\/§¢2(2x—2)+ 1_8“3@(2;5—3).
By Theorem 5, the corresponding orthogonal multiwavelets are
(n(o) = Y g0 - 1) - 208 00y 4 BV 00 )
! 4\f 6220 +2),
o) = 5 60— 1) - B gy B a0
! —8\/3 (20 +2) - ° +8f 6s(22) — # ba(20 — 1)
\ —$¢2(2I—2)— \/_8 G222 — 3).

In the above example, we use one orthogonal uniscaling function to construct
orthogonal multiwavelets. For the setting with two varying orthogonal unis-
caling functions, the corresponding orthogonal multiwavelets are constructed
similarly.
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