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SOME BASIC d-ORTHOGONAL POLYNOMIAL SETS

ALI ZAGHOUANI

Abstract. The purpose of this paper is to study the class of polynomial sets
which are at the same time d-orthogonal and ¢-Appell. By a linear change
of variable, the resulting set reduces to ¢-Al-Salam—Carlitz polynomials, for
d = 1. Various properties of the obtained polynomials are singled out: a
generating function, a recurrence relation of order d + 1. We also explicitly
express a d-dimensional functional for which the d-orthogonality holds.
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1. INTRODUCTION AND PRELIMINARIES

During the past few years, there has been a growing interest in multiple or-
thogonal polynomials (see, for instance, [4], [5] ,[6], [13], [27], [28]). However,
it is only recently that examples of multiple orthogonal polynomials have ap-
peared in the literature. A convenient framework to discuss such examples
consists in considering a subclass of multiple orthogonal polynomials known as
d-orthogonal polynomials (see, for instance, [8-12], [14-18], [24], [29]). Many of
these papers generalized some known characterization theorems for orthogonal
polynomials [2] to the d-orthogonality, especially, for continuous and discrete
cases. As far as we know, the basic polynomials are not considered. So, it is
significant to study this case. In this paper, we investigate some d-orthogonal
polynomials related to the g-difference operator (1.4).

Next, we present some basic definitions which we need below.

Let P be the vector space of polynomials with coefficients in C, the set of
complex numbers, and let P’ be its dual. We denote by (u, f) the effect of
a functional u € P’ on a polynomial f € P. Let {P,},>0 be a sequence of
polynomials in P such that deg P, (z) = n for all n. In this case, we also
call {P,}n>0 a polynomial set. The corresponding monic polynomial sequence

{ﬁn}nzo is given by P, = )\nﬁm n > 0, where A, is the normalization coefficient
and its dual sequence {uy,}n>o is defined by (u,, Pn) = dpm, n,m > 0.
Definition 1.1. Let d be an arbitrary positive integer. A polynomial sequence

{P.}n>0 is called a d-orthogonal polynomial sequence (d-OPS, shortly) with
respect to a d-dimensional functional U = *(uo, ..., us1) if it satisfies [24], [29]

(1.1)

(ug, PpP,) =0, m>dn+k ,n >0,
(ug, PyPanir) 70, n >0,
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for each integer k belonging to {0,1,...,d — 1}.

The orthogonality conditions (1.1) are equivalent to the fact that the sequence
{P,}n>o satisfies a (d + 1)-order recurrence relation [29] which we write in the
monic form as

~

Potar1(w) = (¥ = Bonia) Py Z%Hd  Prgac1-u(z), m >0, (1.2)

with the initial conditions
Py(z) =1, P(z)=xz—f and if d>2

D . 1.3
Po(x) = (2 = Bn1) Poa Zvﬁ%ZPnzy(),xngd, (1.3)

and the regularity conditions

72+17é07 n > 0.

When d =1, recurrence (1.2) with (1.3) is the well-known second-order recur-
rence relation

En+2( T) = (x_ﬁnﬂ) n+1( ) — %+1ﬁn(9@)a n >0,
Py(z) =1, Pi(z) =z — Bo.

In the remainder of this paper, all the polynomial sets are assumed monic.
Let ¢ be a real number, Hahn [21] defined a linear operator L, by

flgr) = f(=)

=Dz’
where f is a suitable function for which the second member of this equality
exists. This operator tends to the derivative operator D as ¢g—1.

Let {P,}n>0 be a d-OPS. Put Q,(x) = LyP,+1(z), n > 0. According to
Hahn’s property [21], if the sequence {Q,, } >0 is also d-orthogonal, the sequence
{P,}n>0 is called L,-classical d-OPS.

Throughout this paper, we shall use the following notation, definitions and
formulas related to the g-theory. For details the reader is referred to [19] or
[23]. If n, k are positive integers, we use the notation

Ly(f)(x) = gl # 1, (1.4)

(@) = [ (1 - ac®), (1.5)
4L _ _
[n] == [n], == 1 n]y! == [n][n —1]---[1],[0]! = 1. (1.6)

We define the Gaussian polynomial or the g-binomial coefficient by

W Gods o @ - @=1) (17)
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[n] _{ n ] _Inlln—=1]---n—k+1] [n]! (1)
k], n—kj, (k]! [k]l[n — k]!
It is clear that when ¢—1, m —>(?) and [n],—n.

For positive integers my, ..., m,, we define the Gaussian multinomial coeffi-

cient or the g-multinomial coefficient by
[ml +mo+ -+ mr} — ) ET— (1.9)
mi,ma, - Mme | (G Dm (G Dms (6 Do,
A g-analogue of the exponential function is defined by

eft) =3 = e~ ) (1.10)

= [n]!

with
i 1__[ (1—tg™) " if |ql <1,
e(t) =e(g,t) = @ 0 (1.11)
>0 \& Dn [T (-t™) if Jol>1,
m=1
e(t) ! = §<—1)"q"<”z” ((:;)n . (1.12)
One easily verifies that
Le,(xt) = xey(at) (1.13)
for a fixed real x and
e (t)—e" if (¢—1). (1.14)
For given two functions f and g, we have:
|
LHO) = L ()0 = 2 0). (1.15)
La(f9)(t) = g(t) Le(f)(t) + f(at) Le(g)(t). (1.16)

A polynomial sequence {Pn}nzo is called an Appell polynomial set if
DP,i1(x) = (n+ 1)P,(z), n > 0. A natural generalization of this definition
with the operator L, is given by the following

Definition 1.2. A polynomial set {P, }, ., is called a L,-Appell or a g-Appell
polynomial set if
L,P,i1(z) = [n+1),P.(z), n>0. (1.17)
When g—1, we deal with the Appell polynomials.

Now, let us consider the following problem:

P:  Find all polynomial sets which are at the same time d-OPS and q-Appell.

Such a characterization takes into account the fact that polynomial sets which
are obtainable from one another by a linear change of variable are assumed
equivalent.
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Note that the polynomial sets obtained as solutions of this problem must be
L,-classical d-OPS according to (1.17) and Hahn’s property [21].

This problem, for the limiting case (d,q) = (1,1), was solved by many au-
thors. The obtained solution is the Hermite polynomial set. It should be men-
tioned that Hahn, Al-Salam, Carlitz and Chihara are among the authors who
treated the case d = 1 for arbitrary ¢. The obtained ¢-Al-Salam—Carlitz poly-
nomials are a unique solution [1], [2], [3]. Later, Douak [14] treated the limiting
case (¢—1) for a general positive integer d and obtained certain generaliza-
tions of the Hermite polynomials, containing among others the Gould-Hopper
polynomials [20]. In connection with this problem, Khériji and Maroni [23]
discussed the L, classical orthogonal polynomials. In this paper, we solve the
problem when d is a positive integer. The main result is

Theorem 1.1. The only polynomial sets which are at the same time d-OPS
and q-Appell are given by
t e, (xt)
Po(q;r) — = . ’
2P ) G = et gt

n>0

(1.18)

where xg, 1, . ..,xq € C*:= C\ {0}.

The outline of the paper is as follows. In Section 2, we give some properties
of ¢-Appell polynomials, we recall a characterization of these polynomials by
means of a generating function from which a recurrence relation is deduced.
In Section 3, we prove Theorem 1.1 and derive other results related to the
particular case: g—1.

In Section 4, we explicitly express the d-dimensional functional U =
Y(ug, - -+ ,uq_1) for which we have the d-orthogonality.

2. ¢-APPELL POLYNOMIAL SETS

At first, we mention that the polynomial set {z"},>¢ is a g¢-Appell polynomial
set since
Ly(z") = [n+ 1],2".
Such a polynomial set is generated by

eq(at) = Z x::n : (2.1)

n>0 [ ]|

The polynomial set defined by (2.1) can be used to characterize all g-Appell
polynomial sets. We have in fact

Theorem 2.1 ([25]). Let {P,(q;.)}n>0 be a polynomial set. The following
assertions are equivalent:
(i) {Pu(q; ) }n>0 is a qg-Appell polynomial set.
(ii) There ezists a sequence (ay)>q, independent of n; ag =1, such that
“ nl!
o) =3 ap

k=0
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(iil) {Pn(q; ) tn>0 is generated by

t)eq(xt) ZP q; , (2.2)

n>0

At) = Zaktk, ap =1

k>0

where

Theorem 2.1 allows us to recognize some well known polynomial sets as ¢-
Appell. For instance, the polynomial set { H,(z)},>0, generated by

n

> Hle) g = ealteg(a), (23)

n>0
is g-Appell. Szego6 [26] proved that this set is orthogonal over the unit circle

with respect to the weight function: f(a) = Zt}o qz ema, lg| < 1.
Another example of a ¢-Appell polynomial set is ¢-Al-Salam and Carlitz

polynomials denoted by {U, (a)( )}n>0 and generated by

St _ Gl (2.4)

e L ey(t)eq(at)
As shown in [3], {Uéa) () }n>0 are orthogonal over the real line.
Two interesting properties of g-Appell polynomial sets are given by

Theorem 2.2. Let {P,(q;)}n>0 be a g-Appell polynomial set generated by

(2.2). Put
Z pt™. (2.5)

Then we have:
(i) The polynomial set {P,(q;-)}n>1 satisfies the recurrence relation

Poii(z) = (v + apq") )+ Z apq"” ]‘Pn k(). (2.6)
(ii) The polynomial set {P,(q; ") }n>2 satzsﬁes the q—dzﬁerence equation
(Z ak_lq"_kLI; + (2 + apg" )L, — [n]q> P,(z) =0. (2.7)
k=2

Proof. (i) According to (1.13) and (1.16), if we apply L, to the two members of
(2.2) viewed as functions of the variable ¢, we obtain

> Popi()— = LeA(t)eg(qut) + zA(t)ey(at), (2.8)
n>0
which, according to (2.5) may be rewritten as

Z Pz A(qt)eq(qat) Z a,t" +x Z P.(

n>0 n>0 n>0
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— Zq”PM@%Z@J”—i—fZPA@%. (2.9)

n>0 " n>0 n>0
Finally, by comparing the coefficients of [’;—7], in (2.9), we obtain (2.6).
(ii) By shifting n — n — 1 and multiplying both sides of (2.6) by [n],, we can

deduce that {P,(z)}n>2 satisfies (2.7) since LEP,(z) = %Pn_k. O

Remark. When ¢—1, we have the He-Ricci result [22]: Appell polynomials
{P.(x)}n>0 generated by A(t)e™ satisfy the differential equation

(i ar 1 DF + (v + ap)D — n) P,(z) = 0.

k=2
3. d-ORTHOGONAL ¢-APPELL POLYNOMIAL SETS

In order to characterize all d-OPS and ¢-Appell polynomials, we first state
the following lemma.

Lemma 3.1. The polynomial sequence {P,(q;.)},>, generated by (2.2) is a
d-OPS if and only if the coefficients (au)k>o0; given by (2.5) satisfy the conditions

ap=0 for k>d+1 and a4#0. (3.1)

Proof. According to Definition 1.1, the polynomial set generated by (2.2) is a
d-OPS if and only if these polynomials satisfy a recurrence relation of type
(1.2) — (1.3). Such conditions, by virtue of Theorem 2.2, are equivalent to the
fact that the coefficients (ay)r>0, given by (2.5) satisfy conditions (3.1). O

Proof of Theorem 1.1. Let {P,(q,.)}n>0 be a polynomial set generated by
(2.2). If {P.(q,.)}n>0 is d-orthogonal, then by using Lemma 3.1, condition
(2.5) becomes

LA _ -,
= t" = P(t 0. 3.2
Algh) ;ak ), ag# (32)
Therefore, taking into account that deg P = d and L,A(t) = ﬁ (A(qt)—A(t)),
we deduce from (3.2) that there exist d+ 1 complex numbers xg, z1, ..., xy € C*

such that
A(t) = (1= (1 = @aot)(1 = (1 = @Jant) --- (1 = (1 = g)zat) Algt).  (3.3)
Iterate relation (3.3) m times for |¢| < 1 and let m——o0 to obtain

1
At) = . 3.4
(®) eq(xot) - - - eq(zat) (3.4)
Notice that the same result holds when |g| > 1.
Conversely, assume that the polynomial sequence { P, (g, .) }»>0 satisfies (1.18).
By virtue of the identity e,((1 —¢q)qt) = (1 — (1 —q)t)e,(t), one can easily verify
that

Alt) = (1= (1 = q)zot) -+ (1 = (1 — q)zat) Alqt), (3.5)
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from which we deduce
L,A(t) (1—(1—=q)xot) - (1= (1 —q)zqt) —1

_ = P(t), 3.6

A(qt) (1—q)t ) 36)
where P(t) is a polynomial of degree d. It follows then, according to Lemma
3.1, that the polynomial set {P,},>¢ is d-orthogonal. O

As a consequence of this characterization, we mention that a d-orthogonal and
¢-Appell polynomial set { P, },>¢ satisfies a (d + 1)-order ¢-difference equation
of the type

d+1
(Z 01" L+ (1 apg™ ! - mq)Lq) Pug.x)=0.  (3.7)
k=2

Remarks:
1) For the particular case: d = 1, if {P,(q;.)}n>0 is an orthogonal and also
g-Appell polynomial set generated by (2.2) with (2.5), we have

Poii(z) = (. + apq™) Po(x) + g™ [n] Pu_1(). (3.8)

Note that we can show the existence of two constants ¢ and a in C* as solutions
of the system

aq
— =
(I—q)c®
(&%)
—:—1
= =—(1+a)

such that UL (¢;2) = =P, (q; cx).

We again have the result shown by Al-Salam in ([1, Theorem 4.1]): By a linear
change of variable, the polynomial set {U,S“)(q; )}n>o0 is the only orthogonal
polynomial set and also g-Appell.

2) If a < 0and 0 < ¢ < 1, it is shown in [3] that there exists a distribution
function «a(z) such that

/ *UW (2)da(z) =0 (k=0,1,2,...,n—1) with / da(z) = 1.

The corresponding moments of the distribution function a(x) are given by

C, = 7:B”da(z) - ; {Z] a*. (3.9)

— 00

4. d-DIMENSIONAL FUNCTIONALS

We are now interested in determining an d-dimensional functional for which
we have the d-orthogonality of a ¢-Appell polynomial set. It is convenient
to adopt the technique used in [7] to express the dual sequence of a given
polynomial set. The main result of this section is given in our next theorem.
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Theorem 4.1. The q-Appell polynomial set { P,(q;.) }n>0 generated by

H=%" Pn(x)[%! - (1) , (4.1)

a@o)eq @it) - - eqltal)

is a d-OPS with respect to the d-dimensional functional U = *(ug,uy - ug_1)

given by
fm(0)
(uo, f mZ>OH Lo, X1y L) . fep, (4.2)
1 T
(ur,f):W@o,qu}, r=1,...,d—1, (4.3)
where
_ m io i1 ig

Hp(xo, 21, ..., Ta) = > L'o,il, N ’ZJ Tl (4.4)

(fo+it+...+ig)=m
To prove Theorem 4.1, we need the following lemma.

Lemma 4.1. The polynomial set { P, },>0, generated by

- " eq(2)

= n)l eg(xot)eq (1) - - - eg(xat)
is a d-OPS with respect to the d-dimensional functional U = *(ug, ..., uq_1)
given by
(up, f) = ﬁB(Lq)L;(f)(O), r=1,...,d—1, fep, (4.5)
where

B(t) = e(xzot) - - - e(xq4t).

Proof. Put B(t) := ", bit".
From the relation e, (zt) = B(t)G(:p t) we deduce that

x" _Z k ' n k ZbkLk
- (Zb,@’;) Po(x) = B(Ly) Pa(x). (4.6)

k>0
On the other hand, we have
[Lgxm} e = n]! O, (4.7)
(4.6) and (4.7) allow us to express the dual sequence {u,}n>0 of {P,(q;.)}n>0
by

y, ) = ﬁB(Lq)Lg(fxo), feP, n=01,. .. . 0
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Proof of Theorem 4.1. Observe that B(t) can be written in the form

so=3 (2 [ " )

m>0 (io+...+ig)=m
= ZHm(xO’xl"”’xd)W' (48)
m>0
Replacing t by L, in (4.8) and using (1.15) and (4.5) we derive (4.2). O

We remark that equation (4.3) follows directly from (4.5).
Next, we consider two examples from Theorem 4.1.

Example 1. Consider the case: d = 1, B(t) = e,(t)e4(at), a # 0. That
corresponds to ¢-Al-Salam-Carlitz polynomials.
For this case, according to (4.2), the moments of u are given by

Cn = (up,a") = Z Hnll, ) (@)™, = Ha(1,0) = Z {Z} -

m!
m>0 k=0

We again have the result obtained by Al-Salam-Carlitz in [3] as mentioned in

(3.9).

Example 2. Consider now the case d = 2. Then the polynomial set {P,},,>0
generated by

" eq(xt)
P,(z)— = a , a,beC,
2 PO = e (at)en 80
is a 2-OPS with respect to the 2-dimensional functional U = *(ug,u1), where
the moments of uy and u; are given by

n
(ug, 2"y = H,(1,a,b) = E [n e a™ o
0<n1,ma<n 1,702, 1 2

and
{(ul,m”> = (ug, Lyx™) = [n],Hn-1(1, a,b) it n>1,

ACKNOWLEDGMENTS

The author is very grateful to Professors Youssef Ben Cheikh and Khalfa
Douak for their helpful comments during the preparation of this paper.

REFERENCES

1. W. A. AL-SALAM, ¢-Appell polynomials. Ann. Mat. Pura Appl. (4) 77(1967), 31-45.

2. W. A. AL-SALAM, Characterization theorems for orthogonal polynomials. Orthogonal
polynomials (Columbus, OH, 1989), 1-24, NATO Adv. Sci. Inst. Ser. C' Math. Phys. Sci.,
294, Kluwer Acad. Publ., Dordrecht, 1990.

3. W. A. Ar-SArLaMm and L. CARLITZ, Some orthogonal g-polynomials. Math. Nachr.
30(1965), 47-61.



592

4.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

A. ZAGHOUANI

A. 1. APTEKAREV, Multiple orthogonal polynomials. Proceedings of the VIIIth Sympo-
situm on Orthogonal Polynomials and Their Applications (Seville, 1997). J. Comput. Appl.
Math. 99(1998), No. 1-2, 423-447.

A. 1. APTEKAREV, A. BRANQUINHO, and W. VAN ASSCHE, Multiple orthogonal poly-
nomials for classical weights. Trans. Amer. Math. Soc. (to appear).

J. ARvESU, J. COUSSEMENT, and W. VAN ASSCHE, Some discrete multiple orthogonal
polynomials. Proceedings of the Sizth International Symposium on Orthogonal Polyno-
mials, Special Functions and their Applications (Rome, 2001). J. Comput. Appl. Math.
153(2003), No. 1-2, 19-45.

Y. BEN CHEIKH, On obtaining dual sequences via quasi-monomiality. Georgian Math. J.
9(2002), No. 3, 413-422.

Y. BEN CHEIKH and K. DOUAK, On the classical d-orthogonal polynomials defined by
certain generating functions. I. Bull. Belg. Math. Soc. Simon Stevin 7(2000), No. 1, 107-
124.

Y. BEN CHEIKH and K. DOUAK, On the classical d-orthogonal polynomials defined by
certain generating functions. II. Bull. Belg. Math. Soc. Simon Stevin 8(2001), No. 4,
591-605.

Y. BEN CHEIKH and K. DouAK, On two-orthogonal polynomials related to the Bate-
man’s J¥V-function. Methods Appl. Anal. 7(2000), No. 4, 641-662.

Y. BEN CHEIKH and K. DOUAK, A generalized hypergeometric d-orthogonal polynomial
set. C. R. Acad. Sci. Paris Sér. I Math. 331(2000), No. 5, 349-354.

Y. BEN CHEIKH and A. ZAGHOUANI, Some discrete d-orthogonal polynomial sets. J.
Comput. Appl. Math. 156(2003), No. 2, 253-263.

M. G. DE BRruin, Simultaneous Padé approximation and orthogonality. Orthogonal
polynomials and applications (Bar-le-Duc, 1984), 74-83, Lecture Notes in Math., 1171,
Springer, Berlin, 1985.

K. Douak, The relation of the d-orthogonal polynomials to the Appell polynomials. J.
Comput. Appl. Math. 70(1996), No. 2, 279-295.

K. Douak, On 2-orthogonal polynomials of Laguerre type. Int. J. Math. Math. Sci.
22(1999), No. 1, 29-48.

K. Douak and P. MARONI, Les polynoémes orthogonaux “classiques” de dimension deux.
Analysis 12(1992), No. 1-2, 71-107.

K. Douak and P. MARONI, On d-orthogonal Tchebychev polynomials. 1. Appl. Numer.
Math. 24(1997), No. 1, 23-53.

K. Douak and P. MARONI, On d-orthogonal Tchebychev polynomials. IT. Methods Appl.
Anal. 4 (1997), no. 4, 404-429.

G. GASPER and M. RAHMAN, Basic hypergeometric series. With a foreword by Richard
Askey. Encyclopedia of Mathematics and its Applications, 35. Cambridge University
Press, Cambridge, 1990.

H. W. GouLDp and A. T. HOPPER, Operational formulas connected with two general-
izations of Hermite polynomials. Duke Math. J. 29(1962), 51-63.

W. Hann, Uber Orthogonalpolynome, die g¢-Differenzengleichungen geniigen. Math.
Nachr. 2(1949), 4-34.

M. X. HE and P. E. Riccr, Differential equation of Appell polynomials via the factor-
ization method. J. Comput. Appl. Math. 139(2002), No. 2, 231-237.

L. Kukrul and P. MARONI, The H,-classical orthogonal polynomials. Acta Appl. Math.
71(2002), No. 1, 49-115.



24

25.

26.

27.

28.

29.

SOME BASIC d-ORTHOGONAL POLYNOMIAL SETS 593

. P. MARONI, L’orthogonalité et les récurrences de polynomes d’ordre supérieur a deux.
Ann. Fac. Sci. Toulouse Math. (5) 10(1989), No. 1, 105-139.

A. SHARMA and A. M. CHAK, The basic analogue of a class of polynomials. Riv. Mat.
Univ. Parma 5(1954), 325-337.

G. SZEGO, Ein Beitrag Zur theorie der Thetafunktionen. Preussische Akademie der Wis-
senschaften Sitzung der phys-math. Klasse, 1926, 242-251.

W. VAN AsscHE and E. COUSSEMENT, Some classical multiple orthogonal polynomials.
Numerical analysis 2000, Vol. V, Quadrature and orthogonal polynomials. J. Comput.
Appl. Math. 127(2001), No. 1-2, 317-347.

W. VAN ASSCHE and S. B. YAKUBOVICH, Multiple orthogonal polynomials associated
with Macdonald functions. Integral Transform. Spec. Funct. 9(2000), No. 3, 229-244.

J. VAN ISEGHEM, Vector orthogonal relations. Vector QD-algorithm. J. Comput. Appl.
Math. 19(1987), No. 1, 141-150.

(Received 19.07.2004)

Author’s address:

Institut préparatoire aux études d’ingénieurs de Bizerte
Université de Carthage

7021 Jarzouna, Bizerte

Tunisia

E-mail: zaghouani_ali@yahoo.fr



