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CONVERGENCE IN MEASURE OF LOGARITHMIC MEANS
OF DOUBLE WALSH-FOURIER SERIES

GYORGY GAT, USHANGI GOGINAVA, AND GEORGE TKEBUCHAVA

Abstract. The main aim of this paper is to prove that the logarithmic
means of the double Walsh—Fourier series do not improve the convergence in
measure. In other words, we prove that for any Orlicz space, which is not a
subspace of Llog L(I?), the set of functions for which quadratic logarithmic
means of the double Walsh—Fourier series converge in measure is of first Baire
category.
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1. INTRODUCTION

The partial sums S, (f) of the Walsh—Fourier series of a function f € L(I),
I = [0,1], converge in measure on I [4, Ch. 5]. The condition f € LIn* L(I?)
provides the convergence in measure on I? of the rectangular partial sums
Sn.m(f) of the corresponding double Walsh—Fourier series [11, Ch. 3]. The first
example of a function from classes wider than LIn™ L(I?) with S,, ,,(f) divergent
in measure on I? was obtained in [3]. Moreover, in every Orlicz space wider
than LIn™ L(I?) the set of functions for which quadratic Walsh-Fourier sums
converge in measure on I? is of first Baire category [10]. We prove (Theorem 1)
that a similar proposition is also true for the Norlund logarithmic means. It is
well-known that Cesaro and Abel-Poisson means of the double Walsh—Fourier
series of a function f € L(I?) converge in L-norm [11, Ch. 3]. Thus, in question
of convergence in measure Norlund logarithmic means differ from these means
and are similar to the usual rectangular Walsh—Fourier sums.

The results for subsequences of partial sums of Walsh—Fourier series can be
found in [5, 7, 10].

2. DEFINITIONS AND THE NOTATION

We denote by LY = L°(I?) the Lebesque space of functions that are measur-
able and finite almost everywhere on 12 = [0,1) x [0,1). mes(A) is the Lebesque
measure of the set A C I2. The constants appearing in the article are denoted
by c.
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Let Ly = Lg(I?) be the Orlicz space [6] generated by a Young function @,
i.e.,, @ is a convex continuous even function such that ®(0) = 0 and
® (u) @ (u)

lim =+o0, lim———==0.
U——+00 u u—0 u

This space is endowed with the norm

1l = inf {k >0+ [ @(1fw.) /Hydedy < 1}.

I2

In particular, if ®(u) = wln(l + u), u > 0, then the corresponding space is
denoted by LlIn L(I?).
It is well-known [6] that Lo C Ly < lim 2t

o V()

Recall that the Rademacher system is defined by

> 0.

ro () =19(2"2), n>1, xz€]0,1),
where

ro(x+1) =19 (x).

, if z €[0,1/2),
ro(x) = —1, ifze1/2,1),

Let wp, wy, ... stand for the Walsh functions [8] (i.e., wy (x) = 1 and if k =
2M 4 ... 4 2™ s a positive integer with ny > ny > .-+ > ng > 0, then
wi () = 1y () -7, (2)) and

n—1
D, (z) =Y w(x)
k=0
for the Walsh—Dirichlet kernel. Recall that

o itz efo,1/2m),
Do (x)_{o, if 7 € [1/271). M)

We consider the double system {w,(x) X wy,(y): n,m =0,1,2,...} on the
unit square I2.

Under the rectangular partial sums of the double Fourier series with respect
to the Walsh system the following expansions are meant:

M-1N-1 .
SM,N (f,$7y) = f (man) wm(x)wn(y)y

m=0 n=0

where the number

£ (m.n) = / £ () wn(@)wn(y)dady

is the (m,n)-th Walsh—-Fourier coefficient.
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The logarithmic means of the double Walsh—Fourier series is defined as fol-

lows:
n—1m-—1

1 Sij (f,z,y)
tnam (f2,9) = l ZZ (n —1) xy])’

l
M1 =1

where
n—1

1
.
It is evident that

1

tmﬂﬁ%w—f@w%=/U@@ty®$—f@wm%@Ph@MM&

0

where
n—1

@

IRSVAD
I, n—=k

k=1

and @ denotes the dyadic addition [1, 4, 9].

3. MAIN RESULTS
The main results of this paper are presented in the following proposition.
Theorem 1. Let Lg(I?) be an Orlicz space such that
Lo(I?) ¢ Llog L(I?).

Then the set of functions from the Orlicz space Lg(I%) with quadratic loga-
rithmic means of double Walsh—Fourier series convergent in measure on I? is
of first Baire category in Lg(I?).

Thus, for a function from the Orlicz space, in contrast to other means (for

example Cesaro or Abel means [11]), the logarithmic means of their double
Walsh—Fourier series, in general, do not improve the convergence in measure.

Corollary 1. Let ¢ : [0,00[— [0, 00[ be a nondecreasing function satisfying,
for x — +o00, the condition

o(z) = o(xlog ).
Then there exists a function f € L(I*) such that
2 [ st ldady < o<
72

b) quadratic logarithmic means of the double Walsh—Fourier series of f di-
verge in measure on I*.
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4. AUXILIARY RESULTS

It is well-known for the Dirichlet kernel function that

1
D, —
Da(a)] <

for any 0 < x < 1, which implies that for such x’s we get

1
Fn < —,
Fu)] < -

where n € N is a nonnegative integer. As is well-known, for Walsh—Paley—
Dirichlet kernel functions we have the following lower bound. Let py = 224 +
o+ 22429 (A €N). Then for any 272471 <z <1 and A € N we have

1
Do) 2

Since this inequality plays a prominent role in the proofs of some divergence
results concerning the partial sums of Fourier series, then it seems that it would
be useful to get a similar inequality for the logarithmic kernels as well. We
prove the inequality

log(1/x)

Fyul)] 2 e

rlogpa
for all 1 < A € N, but not for every z in the interval (0,1). We have an
exceptional set such that it is “rare around zero”. For t = tg,to + 1,...,2A4,

! - !
to = inf{t : V[%Zg’l - 215J > 1} the set ¢ := V[%EH - 215J (lu] denotes the
lower integer part of u), and we take a “small part” of the interval [, \ I;41 =
(27171 27%). Thus we have the intervals

PRI T
E | ot+1 9+l - o+t |

We define the exceptional set as

J = [] Jt.

t=to
Lemma 1. For z € (272471 1) \ J we have

1By (2)] = 2B

xlogpa

Before proving the lemma we remark that the exceptional set J does not
seem to be a too important set, since for the upper bound function 1/x on the
set J we have

9—t—1 +27t7§
& 2t+1

1 d 1
[iw=y [ Gw=igmes
J

t=to
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Proof. Suppose that x € (2’2A*1, Q’to) \ J. Then we have a unique t = tg, ¢y +
.,2A such that z € [#4—#,%)

Denote
pa—1
D —k (ZL’)
G, () = Y =22
k=1
Then we have
PA-1— 1 pa—1
Z k: Dy ( Z k: Dy (
k=pa_1

=: BLA(QZ) + By a(x).
Let us first discuss By 4(z). Since k < pa_1,
Dy i () = Da2a (x) + r24(2) Dy (7).
This gives
Bia(x) = Doza (x) by, + 724 (2) Gy, (7). (2)
We apply (2) recursively. This gives

GpA(x)ZDzzA( sy + 724 (%) Gy, (2 )+BzA( )=

S [H )| Dy, 4 3 [H ()| B )
J=[t/2] U=j+1 j=lt/2] Li=j+1
A
+ H ra(z) Gp[t/2j71(x)
I=|t/2]
—: Bi(z) + By(z) + Bs(x).
Since 2 [t/2] <t <2[t/2] + 1, from (1) we have
Bl<x) = 7“2A(£L') - 'T2U/2J+2(x>22Lt/ZJ lth/QJ—l
and
Bs(x) = raa(z) ... riap) (2) Gy g, (0).
Consequently,
|B1(m) + BB("E” > 22“/2”1)@/2%1 - Gp\_t/2j71(0> > 2t_2lth/2J—l'

Now, we are to give an upper bound for the absolute value of éz(x) in the
same way as we give an upper bound for the absolute values of its addends, i.e.,
for By ;(x). Next, we are to apply

A
(Goa@)] 22720 = Y [Bayla)]. (3)
i=1t/2]
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Let us discuss By ;. We recall its definition

Dj 1
1
Byj(r) = ) % Dyt (2).
k

=pj—1
Define k" as k = p;_1 + k. This means £’ € [0,2%). Since
Dy, i (2) = Dyrj_y (x) = Do2j () — wa2j_1 () Dy (),

we get
2271 1
By ; = ———— (D2 — Wo2j_ Dy,
9. () k/zzo pj_1+k"( 92 (1) — wo2i_1 () Dy (7))
227 -1 1
—Dzjl’ l l.l—W2j_:L‘ D/
2 ( )(p] Pj— ) 2 1( ) e pj_1—|-k" k

Hence follows

A A
Z |BQ,17]‘(ZL‘)| <2 Z D22]' (J,’) =2. 22|.t/2J < 2t+1.
=l j=1t/2]

(6)

We give an upper bound for |B; 5 ;|. By means of the Abel transform we have

|BmA@M£§f< 1 ) M)

i \DPj-1 + k Dj—1+ k+1
1

+
p;—1

(2% = 1) | Koz 1 ()|

227

1
o O ()| + Ko ()]
k=1

<

Since [1]
4

4 1 e
‘k’Kk($)’<m+P, ,2136(2 t 1’2 t)7
1

for x € [Qt% + #, 5) we get
|k’Kk ({E)’ < 9214843 + 92t+4 92t+6+4

Consequently,
_22j 2t4+-8+4 1 264844 2t+8-25+9
|Boj(@)] < g 27 4 g 20T < 22T

This inequality gives
A A
S B <22 Y 9vE gy
j=| (t+8)/2]+1 j=|+8/2]+1

(7)
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On the other hand, |Dy(x)| < 2! gives

221 -1 9;

1 24
Bso < —\D <2 =4.2" 8
Fraslol = ; ok DR S o ®)
From (6) and (7) we have
A | (t+8)/2] A
Y Baaj@)= Y [Bagi(@)+ D |Baa(a)
J=[t/2] J=[t/2] i=| (t+8)/2|+1
t -
<4.2 <§+3> +210. 28 <2172 (8t 4 2) . (9)

Combining (3), (5), (6) and (9) we have

|GPA (I)| > 2t_2lp\_t/2j—l — 217 (8;—'_ 213) — 2t 2 2t_3lpu/2j71 2 2't.

Consequently,

|Gpa ()] log (1/x) —24-1
E, (z)| = >c , x€E(2 J1)\ .
Fpafa)] = T 2 0L e (27 1)

This completes the proof of Lemma 1.

O

Corollary 2. Forx € (2*2’4*1, 2*‘4) \J we have an estimation |F,,(r)| > £.

We apply the reasoning of [2] formulated as the following proposition in a
particular case.

Theorem A. Let H : L'(I?) — L°(I?) be a linear continuous operator,
which commutes with the family of translations &, i.e., VE € & Vf € L'(I?)
HEf=FEHf. Let ||f|t12) = 1 and A > 1. Then, for any 1 <r € N, under the
condition mes {(z,y) € I*: |Hf| > A} > L there exist E,...,E, E{,...,E. €
Eande; ==+1,9=1,...,r such that

mes{(x,y) € % ‘H(XT: é‘zf(E@I,E,:y” > )\} >

=1

ol

Lemma 2. Let {H,,}?°_, be a sequence of linear continuous operators, acting
from the Orlicz space Lg(I?) to the space L°(I?). Suppose that there exist a
sequence of functions {&x}32, from the unit ball Se(0,1) of the space Lg(I?)
and increasing sequences of integers {my}p>, and {vg}32, tending to infinity
such that

g = ir]%fmes{(x,y) €1?: |Hp &k (2,9)] > v} > 0.

Then B, the set of functions f from the space Lg(I?), for which the sequence
{Hf} converges in measure to an a.e. finite function, is of first Baire category
in the space Leg(I?).
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Proof. Let a function f € B. Then the sequence {H,,f} converges, on I? in
measure to an a.e. finite function denoted by H f.
Since H f is measurable, for g; there exists an integer A = \(gq) such that

mes{(z,y) € I*: |Hf (z,y)| >} < %. (10)

On the other hand, from the convergence in measure of { H,, f} it follows that
there exists an n such that for m > m,, we have

mes{(,y) € 12 ¢ [Hof (v,y) = H (2,9) | > 1} < 2. (11)
From (10) and (11) we conclude that for m > m,,
mes{(z,y) € I*: |Hpf (z,y) | > 21}
<mes{(z,y) € I? : |Hpnf (v,y) — Hf (x,y) | > v}

tmes{(z,y) € I2: [Hf (2,y) | > 1) < %+ %0 - EZO
Therefore for m > m,,
7€ {g€ Lo mes{(w,y) € I*: |[Hng (2,9)| > 2} < %0} .
Thus, B C U, Use; Dnx, where D,y = (=, Cr, and
Cir = {g : mes{ (v,y) € 17t [Hyn,g (w,9) | > 200} < T}
The set Cjy is closed in the space Lg(I?). Indeed, let for
G €Cry, 1=1,2..., (12)
there exists a function g € Lg(I?) such that
lim g = gill L, 2 = 0. (13)

From (13), under the continuity in measure of the operator H,, follows the
convergence in measure of the sequence {H,,, g;} to the function H,,, g. Hence
also follows the existence of a subsequence {H,,, g;,} which converges to H,,, g
a.e. on I2. Then by virtue of

{(z,y) € I* . |Hpm, g (z,y) | > 202}

g U ﬂ{(fay) S 12 : |Hmkgiq ($7y) | > QVA}
p=1g=p

and taking into account (12), we have g € Cy,.

Thus the set D,, is closed.

We fix arbitrary 1 < n € N, 1 < A e N, f € D,y and o > 0. We put
ko = max{n, infy {22 < 1;}} and h = f + a,.

The conditions of the lemma imply that

mes{(z,y) € I*: | Hoy 1o (2,9) | > 202}

4v
> mes{(x,y) er: ‘Hmkogko (w,y)\ > ?)\}
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—mes{(x,y) € I*: | Hon, f (2, 9) | > 202}
> mes{(x,y) € I*: |Hmk0§k0 (x,y)| > vgy } — if > %
and thus h € S(f,a) \ Dy, i.e., f is not an inner point of the set D,,,. O
Lemma 3. Let Ly be an Orlicz space and let ¢ : [0,00) — [0,00) be a
measurable function with the condition ¢ (x) = o(®(x)) as x — oo. Then

there exists an Orlicz space L, such that w(z) = o(®(z)) as x — oo, and
w(z) > ¢(x) forz>c>0.

Proof. Put yo =0 and for £k =0,1,2,...
d
Tyt :max{yk,sup{xzo:go(:c) > . (x;}}’

yr (1 <k €N) is defined from

1[‘1’;(%)(% —zr) + P(x)] = () .

k k41
Consider the function w (x)
%7 ifykfl <z lem
w(z)=1 %" )
E[(I)Jr(xk (a:—xk)%—fb(wk)}, fo, <<y, k=1,2,....
It is evident that w ( ¢ (x) for > x; = c and the function w (x) is convex.
Moreover, w () <2 for xp < x < 141, k= 1,2,..., and consequently
w(x)zo(q)(a:))as:cﬁoo O

5. PROOF OF THE THEOREM

Proof of Theorem 1. By Lemma 2 the proof of Theorem 1 will be complete
if we show that there exist increasing sequences of integers {my, : £ > 1} and
{v : k > 1} tending to infinity, and a sequence of functions {& : £ > 1} from
the unit bull Sg (0,1) of the Orlicz space Lg (I?), such that for all k

1
mes{(z,y) € I*: |tpmk D ({’k;:z,y)| > gt > 3 (14)

First we prove that there exists ¢ > 0 such that

n
mes{(z,y) € I? : |ty ,p, (Doznt1 @ Doznsr;x,y)| > 2°"} > Co3m (15)
Denote
2n
Ay = g1 + 27717&, b, = 27n7 G, = U (ak, bk) .
k=n
Since

tpn(D22n+1,x) = Synt1 (Fpn,l’) = Fpn (I‘),
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for (z,y) € G, x G, we have from Corollary 2 for quadratic logarithmic means
of Dazu+1 () Da2n+1(y) the estimation

c
‘Fpn(-%)Fpn(y)l = ’tpn,pn<D22"+1 ® D22n+1§37>?/)‘ > :c_y
By virtue of ng > 2, for n > ng + 1 we have

by — ap > ap—1 — by.

Thus, for ki, ke > ng + 1, we get
1
mes(akl,bkl) X (CLk2, ka) > 4_1 mes(akl, akl_l) X (akQ, ak2_1).
Since the function x—ly is decreasing with respect to x and y, we have

mes{(z,y) € I* : |t,, p, (Doznt1 @ Dayzni; 2, 7y)| > 2%}

> mes{(x,y) cG, xqG,: < > 23”}
xry

> ;Lmes {(:r,y) €22 x (27727 — > 23“} ¢ (23>

2
1 c 1 1
> [ — R
2

Hence (15) is proved.
From the condition of the theorem we write [6, Ch.2]

D(u
lim inf (w) = 0.

u—oo  ulogu
Consequently, there exists an increasing sequence of integers {my}32, tending

to infinity, such that
lim @(24)2 4k L =0,  (2') > 24t VL,

k—o00

By (15) we write

m
mes{(z,y) € I*: o pmy, (Do2mit1 @ Dozmyr1; 1, y)| > 23mi > 023772.
Then, by virtue of Theorem A, there exist eq,...,e.,e},...,e. € [0,1] and

€1,...,& = =1 such that

- 1
mes {(x, y) €I | Z Eilpp, pm, (Do2mi+1 @ Dozmys1; €, D1, €, DY)| > 23mk} > —,
i=1 8

where r = [23"%] + 1.

cmy,
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Denote
27mk—1
YT (20
and
24mk71
& (,y) = WM]C (z,y),
where

1 T
My (z,y) = . Z giDyzmy1 (€; ® ) Dozmy+1 (€, B y) .
i=1

Thus we obtain (14).
Moreover, since ® is convex, we have & € S3(0,1). Indeed, the estimations
| M| oo rzy < 242 and || My || 122y < 1 imply that

1 24me | My (2, y)|
1€kl o2y < 5 1 +/<I> ( (i) drdy| < 1.

12
Theorem 1 is proved. 0

The validity of Corollary 1 follows immediately from Theorem 1 and Lemma 3.
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