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PROBLEMS OF STATICS OF TWO-COMPONENT ELASTIC
MIXTURES

LEVAN GIORGASHVILI AND KETEVAN SKHVITARIDZE

Abstract. A general representation of solutions by six harmonic functions is
obtained for a system of homogeneous equations of statics of two-component
mixtures. The problems are investigated when the normal components of
partial displacement vectors and the tangent components of partial rotation
vectors are given on the boundary. Uniqueness theorems are proved. So-
lutions are obtained in terms of absolutely and uniformly convergent series.
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Introduction

The effective solution of various boundary value and contact problems of the
elasticity theory (of classical and and generalized models) is very important
from theoretical and practical standpoints. Unfortunately, exact solutions of
these problems can be constructed explicitly only for a rather limited number
of bodies of concrete geometrical form. Here an essential role is played by the
fact that a general solution of the system of complex differential equations that
correspond to a mechanical model can be represented by solutions of simpler
differential equations (of Laplace and Helmholtz). In the classical elasticity
theory, to this topic the well-known works are devoted by such authors as W.
Kelvin, J. Hadamard, J. Boussinesq, M. Pankovich, E. Trefftz, M. Slobodyanski,
N. Muskhelishvili, where the displacement vector is represented by harmonic
and biharmonic functions. Such a representation makes it possible to develop
the Fourier method of the partitioning of variables (with respect to the definite
system of coordinates) of the elasticity theory in the case of canonical media.

The present paper deals with the representation of solutions of a system of
differential equations of statics for elastic mixtures, with the construction of
explicit solutions of a nonclassical problem for a ball and a hollow sphere, and
with mathematical investigation of these solutions.

1. Basic Equations and Formulation of the Boundary Value
Problem

In the three-dimensional linear theory of elastic two-component mixtures, a
system of homogeneous differential equations of statics is written in the form

ISSN 1072-947X / $8.00 / c© Heldermann Verlag www.heldermann.de



620 L. GIORGASHVILI AND K. SKHVITARIDZE

([4], [7], [10])

a1∆u′ + b1 grad div u′ + c∆u′′ + d grad div u′′ = 0,

c∆u′ + d grad div u′ + a2∆u′′ + b2 grad div u′′ = 0,
(1.1)

where u′ = (u′1, u
′
2, u

′
3), u′′ = (u′′1, u

′′
2, u

′′
3) are partial displacement vectors,

a1 = µ1 − λ5, b1 = µ1 + λ5 + λ1 − ρ2

ρ
α′, a2 = µ2 − λ5,

b2 = µ2 + λ2 + λ5 +
ρ1

ρ
α′, c = µ3 + λ5, α′ = λ3 − λ4,

d = µ3 + λ3 − λ5 − ρ1

ρ
α′, ρ = ρ1 + ρ2,

ρ1, ρ2 are partial densities of the mixture; λ1, λ2, . . . , λ5, µ1, µ2, µ3 are the elastic
moduli characterizing the mechanical properties of the mixture, which satisfy
the conditions [7]

µ1 > 0, µ1µ2 − µ2
3 > 0, λ5 < 0, λ1 +

2

3
µ1 − ρ2

ρ
α′ > 0,

(
λ1 +

2

3
µ1 − ρ2

ρ
α′

) (
λ2 +

2

3
µ2 +

ρ1

ρ
α′

)
>

(
λ3 +

2

3
µ3 − ρ1

ρ
α′

)2

.

From these inequalities it follows that [7]

d1 = (a1 + b1)(a2 + b2)− (c + d)2 > 0, d2 = a1a2 − c2 > 0. (1.2)

Denote by Ω+ the ball bounded by the spherical surface ∂Ω with center at
the origin and radius R, i.e. Ω+ = {x : x ∈ R3, |x| < R}, ∂Ω = {x : x ∈ R3,
|x| = R}, Ω− = R3 \ Ω+.

Problem (N). Find, in the domain Ω+ (Ω−), a regular solution U(x) of
system (1.1) that satisfies the following conditions on the boundary ∂Ω:

[n(z) · u′(z)]
±

= f
(1)
4 (z), [n(z) · u′′(z)]

±
= f

(2)
4 (z),

[n(z)× rot u′(z)]
±

= f (1)(z), [n(z)× rot u′′(z)]
±

= f (2)(z),
(1.3)

where U = (u′, u′′), f (j)(z) = (f
(j)
1 (z), f

(j)
2 (z), f

(j)
3 (z)), j = 1, 2, f

(j)
k (z), j = 1, 2,

k = 1, 2, 3, 4, are the functions given on ∂Ω, n(z) is the outward normal vector
with respect to Ω+ at a point z ∈ ∂Ω.

Denote by (N)+ the internal problem, and by (N)− the external one.
In the case of problem (N)−, the vector U(x) near the point at infinity should

satisfy the following conditions:

u′j(x) = O(|x|−1), u′′j (x) = O(|x|−1), (1.4)

∂u′j(x)

∂xk

= o(|x|−1),
∂u′′j (x)

∂xk

= o(|x|−1), j, k = 1, 2, 3. (1.5)

Note that estimates (1.5) follow from estimates (1.4) (see [1]).

Definition 1.1. The vector U = (u′, u′′) defined in the domain Ω± is called
regular if u′k, u

′′
k ∈ C2(Ω±) ∩ C1(Ω±), k = 1, 2, 3.
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2. The Uniqueness Theorem

Theorem 2.1. If ∂Ω ∈ Λ1(α), 0 < α ≤ 1, then the homogeneous problem
(N)±0 has only a trivial solution in the class of regular vectors.

Proof. Let us introduce the matrix differential operator A(∂x):

A(∂x) =




A(1)(∂x)
... A(2)(∂x)

. . . . . . . . . . . . . . . . . . . . .

A(3)(∂x)
... A(4)(∂x)




6×6

,

A(i)(∂x) =
[
A

(i)
kj (∂x)

]
3×3

, i = 1, 2, 3, 4,

A
(1)
kj = a1δkj∆ + b1

∂2

∂xk∂xj

,

A
(i)
kj = cδkj∆ + d

∂2

∂xk∂xj

, i = 2, 3,

A
(4)
kj = a2δkj∆ + b2

∂2

∂xk∂xj

,

where δkj is the Kronecker’s symbol and ∆ is the Laplace operator.
Using these notations, we rewrite system (1.1) as A(∂x)U(x) = 0.
Let us consider the scalar derivative

U · A(∂x)U = (a1u
′ + cu′′) ·∆u′ + (cu′ + a2u

′′) ·∆u′′

+ (b1u
′ + du′′) · grad div u′ + (du′ + b2u

′′) · grad div u′′. (2.1)

Assume that u = (u1, u2, u3) and v = (v1, v2, v3) are three-component vectors.
Then, after performing some transformations, we obtain

u ·∆v = div(u div v)− div u div v + div[u× rot v]− rot u · rot v,

u · grad div v = div(u div v)− div u div v.

Substituting these equalities into (2.1), we have

U · A(∂x)U = div
[
((a1 + b1)u

′ + (c + d)u′′) div u′ +
(
(c + d)u′

+ (a2 + b2)u
′′] div u′′ + a1(u

′ × rot u′) + c(u′ × rot u′′)

+ c(u′′ × rot u′) + a2(u
′′ × rot u′′)

]− E(U,U), (2.2)

where

E(U,U) =
1

a1 + b1

[
((a1 + b1) div u′ + (c + d) div u′′)2

+ d1(div u′′)2
]

+
1

a1

[
(a1 rot u′ + c rot u′′)2 + d2(rot u′′)2

]
. (2.3)

Applying the Gauss–Ostrogradski theorem, from (2.2) we obtain∫

Ω+

U · A(∂x)U dx =

∫

∂Ω

[U(z)]+ · [P (∂z, n)U(z)]+ds−
∫

Ω+

E(U,U) dx, (2.4)
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where

U · P (∂z, n)U = (n · u′) [(a1 + b1) div u′ + (c + d) div u′′]

+ (n · u′′) [(c + d) div u′ + (a2 + b2) div u′′]−
− (a1u

′ + cu′′) · [n× rot u′]− (cu′ + a2u
′′) · [n× rot u′′]. (2.5)

Here we have used the identity

n · [u× rot v] = −u · [n× rot v].

Quite analogously, considering the domain Ω− and taking into account that
the vector U = (u′, u′′) satisfies condition (1.4)–(1.5), we obtain∫

Ω−

U · A(∂x)U dx = −
∫

∂Ω

[U(z)]− · [P (∂z, n)U(z)]−ds−
∫

Ω−

E(U,U) dx. (2.6)

Let us consider the homogeneous problem (N)±0 (f
(j)
4 (z) = 0, f (j)(z) = 0,

j = 1, 2). Applying the boundary conditions of problem (N)±0 to formula (2.5),
we obtain

[U(z)]± · [P (∂z, n)U(z)]± = 0, z ∈ ∂Ω.

Using this equality in (2.4) and (2.6), we have∫

Ω±

U · A(∂x)U dx = −
∫

Ω±

E(U,U) dx.

Since (1.1) implies that A(∂x)U(x) = 0, x ∈ Ω±, the latter equality yields∫

Ω±

E(U,U) dx = 0. (2.7)

Taking into account that a1 > 0, a1 + b1 > 0, d1 > 0, d2 > 0, from (2.3) it
follows that E(U,U) ≥ 0. By virtue of this fact, (2.7) implies

E(U,U) = 0, x ∈ Ω±.

Hence, taking into account (2.3) we obtain

div u′(x) = 0, div u′′(x) = 0, rot u′(x) = 0, rot u′′ = 0, x ∈ Ω±.

A solution of this system has the form

u′(x) = grad Ψ1(x), u′′(x) = grad Ψ2(x), x ∈ Ω±, (2.8)

where Ψj(x), j = 1, 2, is an arbitrary harmonic function.
Since [n(z) · u′(z)]± = 0, [n(z) · u′′(z)]± = 0, the harmonic functions Ψj(x),

j = 1, 2, satisfy, on the boundary ∂Ω, the Neumann condition
[
∂Ψj(x)

∂n(z)

]±
= 0, z ∈ ∂Ω.

As is known, the homogeneous Neumann problem has the solution Ψj(x) =
Cj = const, j = 1, 2, x ∈ Ω±. Substituting this value of Ψj(x) into (2.8), we
obtain u′(x) = 0, u′′(x) = 0, x ∈ Ω±.
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Thus the homogeneous problem (N)±0 has only a trivial solution. Hence it
follows that problem (N)± admits no more than one regular solution. ¤

3. Representation of a Solution of System (1.1)

Theorem 3.1. For the vector U = (u′, u′′) to be a solution of the system of
differential equations (1.1) in the domain Ω ⊂ R3, it is necessary and sufficient
that it be represented in the form

u′(x) = grad Φ1(x) + grad r2

(
r

∂

∂r
+ 1

)
[α1Φ2(x) + β1Φ3(x)]

+ rot rot(xr2Φ2(x)) + rot(xΦ5(x)),

u′′(x) = grad Φ4(x) + grad r2

(
r

∂

∂r
+ 1

)
[β2Φ2(x) + α2Φ3(x)]

+ rot rot(xr2Φ3(x)) + rot(xΦ6(x)),

(3.1)

where Φj(x), j = 1, 2, . . . , 6, are scalar harmonic functions, x = (x1, x2, x3),
r = |x|, r ∂

∂r
= x · grad, α1 = 1

d1
[c(c + d) − a1(a2 + b2)], β1 = 1

d1
(a2d − cb2),

β2 = 1
d1

(a1d− cb1), α2 = 1
d1

[c(c + d)− a2(a1 + b1)].

Proof. Applying the operation div to both equations of system (1.1), we obtain

(a1 + b1)∆θ′ + (c + d)∆θ′′ = 0,

(c + d)∆θ′ + (a2 + b2)∆θ′′ = 0,
(3.2)

where we have introduced the notations

div u′ = θ′, div u′′ = θ′′. (3.3)

Since d1 = (a1 + b1)(a2 + b2) − (c + d)2 > 0, from (3.2) we obtain ∆θ′ = 0,
∆θ′′ = 0.

Rewrite system (1.1) as

a1∆u′ + c∆u′′ = −b1 grad θ′ − d grad θ′′,

c∆u′ + a2∆u′′ = −d grad θ′ − b2 grad θ′′.

Having solved this system, we obtain

∆u′ =
1

d2

[
(cd− b1a2) grad θ′ + (cb2 − a2d) grad θ′′

]
,

∆u′′ =
1

d2

[
(cb1 − a1d) grad θ′ + (cd− a1b2) grad θ′′

]
.

Hence we have
u′(x) = x(σ1θ

′ + σ2θ
′′) + Ψ′(x),

u′′(x) = x(σ3θ
′ + σ4θ

′′) + Ψ′′(x),
(3.4)

where Ψ′(x), Ψ′′(x) are arbitrary harmonic vectors,

σ1 =
1

2d2

(cd− b1a2), σ2 =
1

2d2

(cb2 − a2d),
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σ3 =
1

2d2

(cb1 − a1d), σ4 =
1

2d2

(cd− a1b2).

The substitution of the vectors u′(x) and u′′(x) from (3.4) into (3.3) gives[
σ1

(
r

∂

∂r
+ 3

)
− 1

]
θ′ + σ2

(
r

∂

∂r
+ 3

)
θ′′ = − div Ψ′,

σ3

(
r

∂

∂r
+ 3

)
θ′ +

[
σ4

(
r

∂

∂r
+ 3

)
− 1

]
θ′′ = − div Ψ′′.

(3.5)

The following statement is true [3].

Theorem 3.2. For the vector Ψ(x) to be harmonic in the domain Ω ⊂ R3,
it is necessary and sufficient that it be represented in the form

Ψ(x) = grad Ψ1(x) + grad r2Ψ2(x)− x

(
2r

∂

∂r
+ 3

)
Ψ2(x) + rot(xΨ3(x)),

where Ψj(x), j = 1, 2, 3, are harmonic scalar functions, i.e., ∆Ψj(x) = 0,
j = 1, 2, 3, x = (x1, x2, x3), r ∂

∂r
= x · grad, r = |x|.

Taking this theorem into account, we can write

Ψ′(x) =grad Φ1(x)+grad r2Ψ′
2(x)−x

(
2r

∂

∂r
+ 3

)
Ψ′

2(x)+rot(xΦ5(x)),

Ψ′′(x) =grad Φ4(x)+grad r2Ψ′′
2(x)−x

(
2r

∂

∂r
+ 3

)
Ψ′′

2(x)+rot(xΦ6(x)),

(3.6)

where ∆Φj(x) = 0, ∆Ψ′
2(x) = 0, ∆Ψ′′

2(x) = 0, j = 1, 4, 5, 6.
From (3.6) we have

div Ψ′(x) = −
(

2r
∂

∂r
+ 3

)(
r

∂

∂r
+ 1

)
Ψ′

2(x),

div Ψ′′(x) = −
(

2r
∂

∂r
+ 3

)(
r

∂

∂r
+ 1

)
Ψ′′

2(x).

Using these equalities in (3.5), we obtain[
σ1

(
r

∂

∂r
+3

)
−1

]
θ′+σ2

(
r

∂

∂r
+3

)
θ′′=

(
2r

∂

∂r
+3

)(
r

∂

∂r
+1

)
Ψ′

2,

σ3

(
r

∂

∂r
+3

)
θ′+

[
σ4

(
r

∂

∂r
+3

)
−1

]
θ′′=

(
2r

∂

∂r
+3

)(
r

∂

∂r
+1

)
Ψ′′

2.

(3.7)

Equalities (3.7) are fulfilled if the functions θ′, θ′′, Ψ′
2, Ψ′′

2 are chosen as
follows:

θ′(x) =

(
2r

∂

∂r
+ 3

)(
r

∂

∂r
+ 1

)
Φ′

2(x),

θ′′(x) =

(
2r

∂

∂r
+ 3

)(
r

∂

∂r
+ 1

)
Φ′

3(x),

Ψ′
2(x) =

[
σ1

(
r

∂

∂r
+ 3

)
− 1

]
Φ′

2(x) + σ2

(
r

∂

∂r
+ 3

)
Φ′

3(x),
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Ψ′′
2(x) = σ3

(
r

∂

∂r
+ 3

)
Φ′

2(x) +

[
σ4

(
r

∂

∂r
+ 3

)
− 1

]
Φ′

3(x),

where ∆Φ′
j(x) = 0, j = 2, 3.

Substituting these values of the functions θ′, θ′′, Ψ′
2, Ψ′

3 into (3.6) and (3.4),
we obtain

u′(x) = grad Φ1(x)− x

(
2r

∂

∂r
+ 3

)
[(2σ1 − 1)Φ′

2(x) + 2σ2Φ
′
3(x)]

+
1

2
grad r2

(
r

∂

∂r
+ 3

)
[(2σ1 − 1)Φ′

2(x) + 2σ2Φ
′
3(x)]

+
1

2
grad r2

(
r

∂

∂r
+ 1

)
Φ′

2(x) + rot(xΦ5(x)),

u′′(x) = grad Φ4(x)− x

(
2r

∂

∂r
+ 3

)
[2σ3Φ

′
2(x) + (2σ4 − 1)Φ′

3(x)]

+
1

2
grad r2

(
r

∂

∂r
+ 3

)
[2σ3Φ

′
2(x) + (2σ4 − 1)Φ′

3(x)]

+
1

2
grad r2

(
r

∂

∂r
+ 1

)
Φ′

3(x) + rot(xΦ6(x)).

(3.8)

Let us introduce the notations

(2σ1 − 1)Φ′
2(x) + 2σ2Φ

′
3(x) = 2Φ2(x),

2σ3Φ
′
2(x) + (2σ4 − 1)Φ′

3(x) = 2Φ3(x).

A solution of this system has the form

Φ′
2(x) = 2α1Φ2(x) + 2β1Φ3(x),

Φ′
3(x) = 2β2Φ2(x) + 2α2Φ3(x),

(3.9)

where

α1 =
1

d1

[c(c + d)− a1(a2 + b2)], β1 =
1

d1

(a2d− cb2),

β2 =
1

d1

(a1d− cb1), α2 = [c(c + d)− a2(a1 + b1)],

Φ2(x), Φ3(x) are scalar harmonic functions.
Substituting the values of Φ′

2(x) and Φ′
3(x) from (3.9) into (3.8), we obtain

u′(x) = grad Φ1(x) + grad r2

(
r

∂

∂r
+ 1

)
[α1Φ2 + β1Φ3(x)]

+ rot rot(xr2Φ2(x)) + rot(xΦ5(x)),

u′′(x) = grad Φ4(x) + grad r2

(
r

∂

∂r
+ 1

)
[β2Φ2 + α2Φ3(x)]

+ rot rot(xr2Φ3(x)) + rot(xΦ6(x)).

The proof of the first parts of the theorem is thereby completed.
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The second part is proved by a direct verification, using the following identi-
ties:

(a1 + b1)α1 + (c + d)β2 = −a1,

(a1 + b1)β1 + (c + d)α2 = −c,

(c + d)α1 + (a2 + b2)β2 = −c,

(c + d)β1 + (a2 + b2)α2 = −a2.

This completes the proof of Theorem 3.1. ¤

In proving Theorem 3.1, we have used the following fact [7].

Theorem 3.3. A regular solution of system (1.1) has continuous partial
derivatives of any order at an arbitrary point not belonging to ∂Ω.

4. Solution of Problem (N)+

A solution of this problem will be sought for in form (3.1), where the harmonic
functions Φj(x), j = 1, . . . , 6, are presented in the form [8]

Φj(x) =
∞∑

k=0

k∑

m=−k

( r

R

)k

Y
(m)
k (ϑ, ϕ)A

(j)
mk, j = 1, . . . , 6, (4.1)

where A
(j)
mk are the constants we seek for, (r, ϑ, ϕ) are the spherical coordinates

of a point x ∈ Ω+,

Y
(m)
k (ϑ, ϕ) =

√
2k + 1

4π
· (k −m)!

(k + m)!
P

(m)
k (cos ϑ)eimϕ,

P
(m)
k (cos ϑ) is the adjoint Legendre function of k-th kind and m-th order.
We require of the harmonic functions Φj(x), j = 1, 4, 5, 6, to satisfy the

condition ∫

∂Ω′

Φj(x) ds = 0, j = 1, 4, 5, 6, (4.2)

where ∂Ω′ is the sphere with center at the origin and radius R1 (0 < R1 < R).
Putting the values of the function Φj(x), j = 1, 4, 5, 6, from (4.1) into (4.2)

and taking into account the equalities

∫

∂Ω′

Y
(m)
k (ϑ, ϕ) ds =

{
2
√

π R2
1, k = m = 0,

0 for other values of k and m,

we obtain A
(j)
00 = 0, j = 1, 4, 5, 6.
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The substitution of the values of the function Φj(x), j = 1, . . . , 6, from (4.1)
into (3.1) gives

u′(x) =
∞∑

k=0

k∑

m=−k

{
u

(1)
mk(r)Xmk(ϑ, ϕ) +

√
k(k + 1)

[
v

(1)
mk(r)Ymk(ϑ, ϕ)

+ w
(1)
mk(r)Zmk(ϑ, ϕ)

]}
,

u′′(x) =
∞∑

k=0

k∑

m=−k

{
u

(2)
mk(r)Xmk(ϑ, ϕ) +

√
k(k + 1)

[
v

(2)
mk(r)Ymk(ϑ, ϕ)

+ w
(2)
mk(r)Zmk(ϑ, ϕ)

]}
,

(4.3)

where ([2], [6], [9])

Xmk(ϑ, ϕ) = erY
(m)
k (ϑ, ϕ), k ≥ 0,

Ymk(ϑ, ϕ) =
1√

k(k + 1)

(
eϑ

∂

∂ϑ
+

eϕ

sin ϑ

∂

∂ϕ

)
Y

(m)
k (ϑ, ϕ), k ≥ 1,

Zmk(ϑ, ϕ) =
1√

k(k + 1)

(
eϑ

sin ϑ

∂

∂ϕ
− eϕ

∂

∂ϑ

)
Y

(m)
k (ϑ, ϕ), k ≥ 1,

|m| ≤ k, er, eϑ, eϕ are the unit orthogonal vectors:

er = (cos ϕ sin ϑ, sin ϕ sin ϑ, cos ϑ),

eϑ = (cos ϕ cos ϑ, sin ϕ cos ϑ,− sin ϑ),

eϕ = (− sin ϕ, cos ϕ, 0),

u
(j)
mk(r) =

k

R

( r

R

)k−1

A
(3j−2)
mk + R(k + 1) [(k + 2)(αj + 1)− 2]

( r

R

)k+1

A
(j+1)
mk

+ βjR(k + 1)(k + 2)
( r

R

)k+1

A
(4−j)
mk , k ≥ 0,

v
(j)
mk(r) =

1

R

( r

R

)k−1

A
(3j−2)
mk + R [(k + 1)(αj + 1) + 2]

( r

R

)k+1

A
(j+1)
mk

+ βjR(k + 1)
( r

R

)k+1

A
(4−j)
mk , k ≥ 1,

w
(j)
mk(r) =

( r

R

)k

A
(j+4)
mk , k ≥ 1, j = 1, 2.

Since n(x) = er we obtain

n(x) ·Xmk(ϑ, ϕ) = Y
(m)
k (ϑ, ϕ), n(x) · Ymk(ϑ, ϕ) = 0,

n(x) · Zmk(ϑ, ϕ) = 0.
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Taking this into account, from (4.3) we obtain

n(x) · u′(x) =
∞∑

k=0

k∑

m=−k

u
(1)
mk(r)Y

(m)
k (ϑ, ϕ),

n(x) · u′′(x) =
∞∑

k=0

k∑

m=−k

u
(2)
mk(r)Y

(m)
k (ϑ, ϕ).

(4.4)

Applying the operation rot to both sides of each equation of system (4.3), we
obtain

n(x)× rot u′(x)

=
∞∑

k=1

k∑

m=−k

√
k(k + 1)

[
ṽ

(1)
mk(r)Ymk(ϑ, ϕ) + w̃

(1)
mk(r)Zmk(ϑ, ϕ)

]
,

n(x)× rot u′′(x)

=
∞∑

k=1

k∑

m=−k

√
k(k + 1)

[
ṽ

(2)
mk(r)Ymk(ϑ, ϕ) + w̃

(2)
mk(r)Zmk(ϑ, ϕ)

]
,

(4.5)

where

ṽ
(j)
mk(r) = −2(2k + 3)

( r

R

)k

A
(j+1)
mk ,

w̃
(j)
mk(r) = −k + 1

R

( r

R

)k−1

A
(j+4)
mk , k ≥ 1, j = 1, 2.

Since on the sphere Σ1 the sets {Y (m)
k (ϑ, ϕ)}|m|≤k, k=0,∞ and {Xmk(ϑ, ϕ),

Ymk(ϑ, ϕ), Zmk(ϑ, ϕ)}|m|≤k, k=0,∞ form a complete orthonormal system in the
space L2 and using the sufficient condition of smoothness, we can represent the

function f
(j
4 (z) and the vector f (j)(z) as Fourier series

f
(j)
4 (z) =

∞∑

k=0

k∑

m=−k

α
(j)
mkY

(m)
k (ϑ, ϕ), (4.6)

f (j)(z) =
∞∑

k=0

k∑

m=−k

{
α̃

(j)
mkXmk(ϑ, ϕ) +

√
k(k + 1)

[
β

(j)
mkYmk(ϑ, ϕ)

+ γ
(j)
mkZmk(ϑ, ϕ)

]}
, j = 1, 2, (4.7)

where α̃
(j)
mk, α

(j)
mk, β

(j)
mk, γ

(j)
mk are Fourier coefficients. Taking into account that

n(z) · f (j)(z) = 0, j = 1, 2, from (4.7) we obtain

f (j)(z) =
∞∑

k=1

k∑

m=−k

√
k(k + 1)

[
β

(j)
mkYmk(ϑ, ϕ) + γ

(j)
mkZmk(ϑ, ϕ)

]
, j = 1, 2. (4.8)

Passing on both sides of equalities (4.4) and (4.5) to the limit as x → z ∈ ∂Ω
and taking into account the boundary condition of Problem (N)+ and also
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formulas (4.6) and (4.8), for the unknown constants A
(j)
mk, j = 1, . . . , 6, we

obtain the following systems of algebraic equations:

α1A
(2)
00 + β1A

(3)
00 =

1

2R
a

(1)
00 ,

β2A
(2)
00 + α2A

(3)
00 =

1

2R
a

(2)
00 ,

(4.9)

k

R
A

(1)
mk + R(k + 1)[(k + 2)(α1 + 1)− 2]A

(2)
mk

+ β1R(k + 1)(k + 2)A
(3)
mk = α

(1)
mk,

k

R
A

(4)
mk + β2R(k + 1)(k + 2)A

(2)
mk

+ R(k + 1)[(k + 2)(α2 + 1)− 2]A
(3)
mk = α

(2)
mk,

2(2k + 3)A
(2)
mk = −β

(1)
mk,

2(2k + 3)A
(3)
mk = −β

(2)
mk,

k + 1

R
A

(5)
mk = −γ

(1)
mk,

k + 1

R
A

(6)
mk = −γ

(2)
mk, k ≥ 1.

(4.10)

By solving systems (4.9) and (4.10) we have

A
(2)
00 =

d1

2Rd2

(
α2α

(1)
00 − β1α

(2)
00

)
,

A
(3)
00 =

d1

2Rd2

(
α1α

(2)
00 − β2α

(1)
00

)
,

A
(2)
mk = − 1

2(2k + 3)
β

(1)
mk, A

(3)
mk = − 1

2(2k + 3)
β

(2)
mk,

A
(5)
mk = − R

k + 1
γ

(1)
mk, A

(6)
mk = − R

k + 1
γ

(2)
mk,

A
(1)
mk =

R

k
α

(1)
mk +

(k + 1)R2

2k(2k + 3)
[((k + 2)(α1 + 1)− 2)β

(1)
mk + β1(k + 2)β

(2)
mk],

A
(4)
mk =

R

k
α

(2)
mk +

(k + 1)R2

2k(2k + 3)
[β2(k + 2)β

(1)
mk + ((k + 2)(α2 + 1)− 2)β

(2)
mk].

The substitution of these values of the constants A
(j)
mk, j = 1, . . . , 6, into (4.3),

(4.4) and (4.5) gives

u′(x) =
∞∑

k=0

k∑

m=−k

( r

R

)k+1
{

α
(1)
mkXmk(ϑ, ϕ) +

√
k(k + 1)

[
1

k
α

(1)
mk

+
R

k(2k + 3)
(((k + 1)α1 − k)β

(1)
mk + β1(k + 1)β

(2)
mk)

]
Ymk(ϑ, ϕ)
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−
√

k(k + 1)
R2

r(k + 1)
γ

(1)
mkZmk(ϑ, ϕ)

}

+
R2 − r2

R3

∞∑

k=1

k∑

m=−k

( r

R

)k−1 [
kXmk(ϑ, ϕ)

+
√

k(k + 1) Ymk(ϑ, ϕ)
]
A

(1)
mk, (4.11)

u′′(x) =
∞∑

k=0

k∑

m=−k

( r

R

)k+1
{

α
(2)
mkXmk(ϑ, ϕ) +

√
k(k + 1)

[
1

k
α

(2)
mk

+
R

k(2k + 3)
(β2(k + 1)β

(1)
mk + ((k + 1)α2 − k)β

(2)
mk)

]
Ymk(ϑ, ϕ)

−
√

k(k + 1)
R2

r(k + 1)
γ

(2)
mkZmk(ϑ, ϕ)

}

+
R2 − r2

R3

∞∑

k=1

k∑

m=−k

( r

R

)k−1 [
kXmk(ϑ, ϕ)

+
√

k(k + 1) Ymk(ϑ, ϕ)
]
A

(4)
mk,

n(x) · u′(x) =
∞∑

k=0

k∑

m=−k

( r

R

)k+1

α
(1)
mkY

(m)
k (ϑ, ϕ)

+
R2 − r2

R3

∞∑

k=1

k∑

m=−k

k
( r

R

)k−1

Y
(m)
k (ϑ, ϕ)A

(1)
mk,

n(x) · u′′(x) =
∞∑

k=0

k∑

m=−k

( r

R

)k+1

α
(2)
mkY

(m)
k (ϑ, ϕ)

+
R2 − r2

R3

∞∑

k=1

k∑

m=−k

k
( r

R

)k−1

Y
(m)
k (ϑ, ϕ)A

(4)
mk,

(4.12)

n(x)× rot u′(x)

=
∞∑

k=1

k∑

m=−k

√
k(k + 1)

( r

R

)k
[
β

(1)
mkYmk(ϑ, ϕ) +

R

r
γ

(1)
mkZmk(ϑ, ϕ)

]
,

n(x)× rot u′′(x)

=
∞∑

k=1

k∑

m=−k

√
k(k + 1)

( r

R

)k
[
β

(2)
mkYmk(ϑ, ϕ) +

R

r
γ

(2)
mkZmk(ϑ, ϕ)

]
.

(4.13)

The following statement is true [2]
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Theorem 4.1. The vectors Xmk(ϑ, ϕ), Ymk(ϑ, ϕ), Zmk(ϑ, ϕ) admit the fol-
lowing estimates for any k ≥ 0:

|Xmk(ϑ, ϕ)| ≤
√

2k + 1

4π
, k ≥ 0,

|Ymk(ϑ, ϕ)| <
√

2k(k + 1)

2k + 1
, k ≥ 1,

|Zmk(ϑ, ϕ)| <
√

2k(k + 1)

2k + 1
, k ≥ 1.

(4.14)

Moreover, as is known [8],

|Y (m)
k (ϑ, ϕ)| ≤

√
2k + 1

4π
, k ≥ 0. (4.15)

By virtue of these estimates, series (4.11)–(4.13) will be absolutely and uni-
formly convergent in the domain Ω+ if we prove the convergence of the majoriz-
ing series

α

∞∑

k=k0

k
3
2

[
|α(j)

mk|+ k(|β(1)
mk|+ |β(2)

mk||γ(j)
mk|)

]
, j = 1, 2, (4.16)

where α is a positive constant not depending on k.

Series (4.16) converges if we require of the coefficients α
(j)
mk, β

(j)
mk, γ

(m)
mk , j = 1, 2,

to have order

α
(j)
mk = O(k−3), β

(j)
mk = O(k−4), γ

(j)
mk = O(k−4), j = 1, 2. (4.17)

The following theorem is true [2].

Theorem 4.2. If f (j)(z) ∈ C l(∂Ω), j = 1, 2, then the coefficients α̃
(j)
mk, β

(j)
mk,

γ
(j)
mk admit the following estimates:

α̃
(j)
mk = O(k−l), β

(j)
mk = O(k−l−1), γ

(j)
mk = O(k−l−1), l ≥ 1. (4.18)

Analogously, if f
(j)
4 (z) ∈ C l(∂Ω), j = 1, 2, then the estimate

α
(j)
mk = O(k−l), j = 1, 2, (4.19)

is valid [5].
With these properties of Fourier coefficients taken into account, we conclude

that the coefficients α
(j)
mk, β

(j)
mk, γ

(j)
mk, j = 1, 2, admit estimates (4.17) if the

boundary vector functions satisfy the following sufficient conditions:

f
(j)
4 (z) ∈ C3(∂Ω), f (j)(z) ∈ C3(∂Ω), j = 1, 2.

Passing on both sides of equalities (4.12) and (4.13) to the limit as x → z ∈
∂Ω (r → R), we obtain

[n(z) · u′(z)]
+

=
∞∑

k=0

k∑

m=−k

α
(1)
mkY

(m)
k (ϑ, ϕ) = f

(1)
4 (z),
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[n(z) · u′′(z)]
+

=
∞∑

k=0

k∑

m=−k

α
(2)
mkY

(m)
k (ϑ, ϕ) = f

(2)
4 (z),

[n(z)× rot u′(z)]
+

=
∞∑

k=1

k∑

m=−k

√
k(k + 1)

[
β

(1)
mkY

(m)
k (ϑ, ϕ) + γ

(1)
mkZmk(ϑ, ϕ)

]
= f (1)(z),

[n(z)× rot u′′(z)]
+

=
∞∑

k=1

k∑

m=−k

√
k(k + 1)

[
β

(2)
mkY

(m)
k (ϑ, ϕ) + γ

(2)
mkZmk(ϑ, ϕ)

]
= f (2)(z).

Thus, if f
(j)
4 (z) ∈ C3(∂Ω), f (j)(z) ∈ C3(∂Ω), j = 1, 2, then the vector U =

(u′, u′′) represented by (4.11) is a regular solution of Problem (N)+.

5. Solution of Problem (N)−

A solution of this problem will be sought for in form (3.1), where the harmonic
functions Φj(x), j = 1, . . . , 6, are presented in the form [8]

Φj(x) =
∞∑

k=0

k∑

m=−k

(
R

r

)k+1

Y
(m)
k (ϑ, ϕ)A

(j)
mk, j = 1, . . . , 6, (5.1)

where A
(j)
mk are the constants we seek for.

We assume that these harmonic functions satisfy the conditions
∫

∂Ω′

Φj(z) ds = 0, j = 2, 3, 5, 6, (5.2)

where ∂Ω′ is the sphere with center at the origin and radius R1 (R < R1 < +∞).
Putting the values of the function Φj(x), j = 2, 3, 5, 6, from (5.1) into (5.2),

we obtain A
(j)
00 = 0, j = 2, 3, 5, 6.

The substitution of the values of the function Φj(x), j = 1, . . . , 6, from (5.1)
into (3.1) enables us to represent the vectors u′(x) and u′′(x) as series (4.3),
where

u
(j)
mk(r) = −k + 1

R

(
R

r

)k+2

A
(3j−2)
mk

+ Rk [(k − 1)(αj + 1) + 2]

(
R

r

)k

A
(j+1)
mk

+ βjk(k − 1)R

(
R

r

)k

A
(4−j)
mk , k ≥ 0,

v
(j)
mk(r) =

1

R

(
R

r

)k+2

A
(3j−2)
mk −R [k(αj + 1)− 2]

(
R

r

)k

A
(j+1)
mk (5.3)
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− βjkR

(
R

r

)k

A
(4−j)
mk , k ≥ 1,

w
(j)
mk(r) =

(
R

r

)k+1

A
(j+4)
mk , k ≥ 1, j = 1, 2.

Calculating n(x) · u′(x), n(x) · u′′(x), n(x) × rot u′(x), n(x) × rot u′′(x) with

the aid of (4.3) and (5.3), we obtain equalities (4.4) and (4.5), where u
(j)
mk(r),

j = 1, 2, has form (5.3), and

ṽ
(j)
mk(r) = 2(2k − 1)

(
R

r

)k+1

A
(j+1)
mk ,

w̃
(j)
mk(r) =

k

R

(
R

r

)k+2

A
(j+4)
mk , k ≥ 1, j = 1, 2.

(5.4)

By the boundary conditions of problem (N)−, for the constants A
(j)
mk, j =

1, . . . , 6, we obtain the following system of algebraic equations:

A
(1)
00 = −Rα

(1)
00 , A

(4)
00 = −Rα

(2)
00 ,

− k + 1

R
A

(1)
mk + Rk[(k − 1)(α1 + 1) + 2]A

(2)
mk + β1k(k − 1)RA

(3)
mk = α

(1)
mk,

− k + 1

R
A

(4)
mk + β2k(k − 1)RA

(2)
mk + Rk[(k − 1)(α2 + 1) + 2]A

(3)
mk = α

(2)
mk,

2(2k − 1) A
(2)
mk = β

(1)
mk, 2(2k − 1) A

(3)
mk = β

(2)
mk,

k

R
A

(5)
mk = γ

(1)
mk,

k

R
A

(6)
mk = γ

(2)
mk, k ≥ 1.

A solution of this system has the form

A
(2)
mk =

1

2(2k − 1)
β

(1)
mk, A

(3)
mk =

1

2(2k − 1)
β

(2)
mk,

A
(5)
mk =

R

k
γ

(1)
mk, A

(6)
mk =

R

k
γ

(2)
mk,

A
(1)
mk = − R

k + 1
α

(1)
mk

+
R2k

2(k + 1)(2k − 1)
[((k − 1)(α1 + 1) + 2)β

(1)
mk + β1(k − 1)β

(2)
mk],

A
(4)
mk = − R

k + 1
α

(2)
mk

+
R2k

2(k + 1)(2k − 1)
[β2(k − 1)β

(1)
mk + ((k − 1)(α2 + 1) + 2)β

(2)
mk].

(5.5)
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The substitution of the values of the constant A
(j)
mk, j = 1, . . . , 6, from (5.5)

into (5.3), (5.4), (4.3)–(4.5) gives

u′(x) =
∞∑

k=0

k∑

m=−k

(
R

r

)k {
α

(1)
mkXmk(ϑ, ϕ)−

√
k(k + 1)

[
1

k + 1
α

(1)
mk

+
R(k(α1 − 1)− 1)

(k + 1)(2k − 1)
β

(1)
mk +

Rkβ1

(k + 1)(2k − 1)
β

(2)
mk)

]
Ymk(ϑ, ϕ)

+
√

k(k + 1)
R2

kr
γ

(1)
mkZmk(ϑ, ϕ)

}
+

R2 − r2

R3

∞∑

k=0

k∑

m=−k

(
R

r

)k+2

× [− (k + 1)Xmk(ϑ, ϕ) +
√

k(k + 1) Ymk(ϑ, ϕ)
]
A

(1)
mk,

u′′(x) =
∞∑

k=0

k∑

m=−k

(
R

r

)k {
α

(2)
mkXmk(ϑ, ϕ)−

√
k(k + 1)

[
1

k + 1
α

(2)
mk

+
Rkβ2

(k + 1)(2k − 1)
β

(1)
mk +

R(k(α2 − 1)− 1)

(k + 1)(2k − 1)
β

(2)
mk)

]
Ymk(ϑ, ϕ)

+
√

k(k + 1)
R2

kr
γ

(2)
mkZmk(ϑ, ϕ)

}
+

R2 − r2

R3

∞∑

k=0

k∑

m=−k

(
R

r

)k+2

× [− (k + 1)Xmk(ϑ, ϕ) +
√

k(k + 1) Ymk(ϑ, ϕ)
]
A

(4)
mk;

(5.6)

n(x) · u′(x) =
∞∑

k=0

k∑

m=−k

(
R

r

)k

α
(1)
mkY

(m)
k (ϑ, ϕ)

− R2 − r2

R3

∞∑

k=0

k∑

m=−k

(k + 1)

(
R

r

)k+2

Y
(m)
k (ϑ, ϕ)A

(1)
mk,

n(x) · u′′(x) =
∞∑

k=0

k∑

m=−k

(
R

r

)k

α
(2)
mkY

(m)
k (ϑ, ϕ)

− R2 − r2

R3

∞∑

k=0

k∑

m=−k

(k + 1)

(
R

r

)k+2

Y
(m)
k (ϑ, ϕ)A

(4)
mk;

(5.7)

n(x)× rot u′(x)

=
∞∑

k=1

k∑

m=−k

√
k(k + 1)

(
R

r

)k+1 [
β

(1)
mkYmk(ϑ, ϕ) +

R

r
γ

(1)
mkZmk(ϑ, ϕ)

]
,

n(x)× rot u′′(x)

=
∞∑

k=1

k∑

m=−k

√
k(k + 1)

(
R

r

)k+1 [
β

(2)
mkYmk(ϑ, ϕ) +

R

r
γ

(2)
mkZmk(ϑ, ϕ)

]
.

(5.8)
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Series (5.6)–(5.8) are absolutely and uniformly convergent when f
(j)
4 (z) ∈

C3(∂Ω), f (j)(z) ∈ C3(∂Ω), j = 1, 2.
Passing on both sides of equalities (5.7) and (5.8) to the limit as x → z ∈ ∂Ω

and taking into account formulas (4.6) and (4.8), we obtain

[n(z) · u′(z)]
−

= f
(1)
4 (z), [n(z) · u′′(z)]

−
= f

(2)
4 (z),

[n(z)× rot u′(z)]
−

= f (1)(z), [n(z)× rot u′′(z)]
−

= f (2)(z), x ∈ ∂Ω.

As r →∞, formulas (4.3) and (5.3) imply

u′(x) = O(r−1), u′′(x) = O(r−1),

∂u′(x)

∂xk

= O(r−2),
∂u′′(x)

∂xk

= O(r−2), k = 1, 2, 3.

Thus if f
(j)
4 (z) ∈ C3(∂Ω), f (j)(z) ∈ C3(∂Ω), then the vector U = (u′, u′′)

represented by (5.6) is a solution of problem (N−).
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