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WAVELET FRAMES FOR DISTRIBUTIONS IN
ANISOTROPIC BESOV SPACES

DOROTHEE D. HAROSKE AND ERIKA TAMASI

Abstract. This paper deals with wavelet frames in anisotropic Besov spaces
Byt(R"), s € R, 0 < p,qg < o0, and a = (a1, ...,a,) is an anisotropy, with
a; >0,1=1,...,n, a1 + -+ a, = n. We present sub-atomic and wavelet
decompositions for a large class of distributions. To some extent our results
can be regarded as anisotropic counterparts of those recently obtained in [38].
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INTRODUCTION

Let 1 < p < oo and (sq,...,5s,) be an n-tuple of natural numbers, then

Wi (") = {f e SR < [, R+ \ < oo} (0.1)
k=1

o’ f "
@\%(R )

is the classical anisotropic Sobolev space on R™. It is obvious that, unlike the
case of the usual (isotropic) Sobolev space (s; = --- = s,), the smoothness
properties of an element from W *(R") depend on a chosen direction in R".

The number s, defined by
1 1/1 1
—=—<—+---+—> (0.2)

s n \ S Sn
is usually called the mean smoothness, and a = (aq, ..., a,),
S S
= —5 ..., Qp = — (03)
S1 Sn,

characterizes the anisotropy. Similar to the isotropic situation, more general
anisotropic Bessel potential spaces (fractional Sobolev spaces) H,“(R"), where
l<p<oo,s€Randa=(a,...,a,) is a given anisotropy, fit in the scales
of anisotropic Besov spaces By*(R") and anisotropic Triebel-Lizorkin spaces
F;é“(R"), respectively. The theory of anisotropic spaces was developed parallel
to the theory for isotropic spaces; we refer in particular to the monographs [25]
and [4] (and the papers referred to therein). It is well known that this theory is
a more or less complete counterpart to the basic facts (definitions, description
via differences and derivatives, elementary properties, embeddings for different
metrics, interpolation) of isotropic spaces B, (R") and F, (R"). We shall use
the Fourier-analytical definition of By (R™), F»@(R™), where any function f €
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S'(R") is decomposed in a sum of entire analytic functions (¢, f)" and this
decomposition, measured in ¢, and L,(R"), respectively, is used to introduce
these spaces. This concept goes back to [32] and [31], see [27, Chapter 4]. The
theory of isotropic spaces was studied systematically in [33], [34], [35], and,
more recently, in [36].

In the theory of isotropic function spaces it has turned out that other well-
known types of decompositions in simpler building blocks like atoms, quarks or
wavelets, are better adapted to some problems and applications connected with
the study of function spaces. In contrast to sub-atomic decompositions (based
on the so-called quarks) introduced not long ago in [35], see also [36], atomic
decompositions have a history of some twenty years and a historical report on
this topic is given in [34, 1.9], cf. also [1]. We only want to recall that (smooth)
atoms in isotropic spaces By, (R") and F; (R") as defined in [14], [15] (cf. also
[16]) proved to be a powerful tool in the theory of function spaces.

In the last years several authors have been concerned with the problem of
obtaining useful decompositions of anisotropic function spaces, too. A con-
struction of unconditional bases in spaces B5¢(R") and F;*(R") using Meyer
wavelets was obtained in [2], [3]; see, more recent works [18], [17], [19]; a differ-
ent approach, involving the ¢-transform of Frazier and Jawerth (see [15], [16])
was developed in [9], [10], see also [28]. The most recent contributions we know
are made in [7], [21], [22]; see also [5], [6].

Our main aim in the present paper is to prove an anisotropic counterpart
of some recent results on wavelet frames parallel to the isotropic case in [38].
Essential ingredients in our approach are representations by local means, atomic
and sub-atomic decompositions according to [13], [12]; see also [8], [41], [42].
More precisely, let a = (ay,...,a,) be a given anisotropy, | - |, an anisotropic
distance, and k be a non-negative C*°-function in R” such that suppk C {y €
R™: |yla <27, y; >0, j=1,...,n} for some J € N, with

Z k(x —m) =1, ze€R"

mezZn
For 3 €Ny and z € R", put k%(z) = (277%0)%k(x), and let for f € S'(R™),
BN = [0S+ ty)dy, 120, R, (04)
Rn

be the corresponding (anisotropic) local means (see [34, 2.4.6/1] for the isotropic

version and [13] for its anisotropic counterpart). Let w € S(R™) with suppw C

(—m,m)", w(z)=1if |z|, <2. Parallel to the isotropic case we introduce
1819 JaB ,

W (z) = Wz’gw(a}) and  Q%(z) = Z (W)Y (m)e ™=,

where z € R", f € Nj. Assume that g is some C*°-function on R” with ¢y(x) =

Lif |z|, <1, and @o(z) = 0if |z|, > 2; put p(z) = po(x) — o(2°z). For

3 € N7 we introduce (anisotropic) father wavelets ®%(x) and mother wavelets

meZn
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B
(I)M(x) by

(27) © =w©2©, (3%) ©=p©2@©), ccr
and use the abbreviation
s _oh(x —m), if j =0,
(@) = {@@(21% —m), ifjeN, (0:5)

B €Ny, j € Ny, m € Z". Our first main result now establishes a quarko-
nial (sub-atomic) decomposition in the sense that for given 0 < p < oo,

$ > nmax (% -1, 0), 0 > 0, and an anisotropy a, f € S'(R") is an element of
By#(R") if and only if it can be represented as

F=> Z > N K@ —m), zeR, (0.6)

BeNG j=0 mez™

the series being absolutely convergent in Lyax(p,1)(R™), with

00 p 1/p
( 33T e |y ) -~
BEND j=0 mezZn

Moreover, for f € B5a(R"), (0.6) with X}, replaced by X, (f) = 29"(f,® ),
B e€Ng, 7 € Ng, m € Z", is an optimal representation, i.e.,

1/p
p
B ~ (35 3 g )
BEND j=0 mezZn

jm ()

In the case of negative s we have a parallel “dual” result, namely that for
1 < p < oo, s <0, and a given anisotropy a, f € S'(R") is an element of
By#(R") if and only if it can be represented as

f=> f: dooa b zeR” (0.7)

BEN? j=0 mezZn

the series being unconditionally convergent in S'(R"), with

( Z i Z 93 (s=n/p)p o p)l/p < 00.

BEND j=0 mezZn
Again, we have an optimal representation for f € B*(R") if in (0.7) we replace
the coefficients /\fm by k;fm(f) = kP(279, f)(277%m), j € Ny, m € Z", 3 € N&,
see (0.4).

The paper is organized as follows. In Section 1 we collect fundamentals about
anisotropic Besov spaces and recall the atomic decomposition in such spaces.
Our main results are presented in Section 2, whereas all the proofs (and some
auxiliary assertions) are given in Section 3.
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1. PRELIMINARIES

1.1. General notation. Asusual, R"” denotes the n-dimensional real Euclidean
space, N the collection of all natural numbers, No = NU {0}, C stands for com-
plex numbers, and Z"™ means the lattice of all points in R with integer-valued
components. We use the equivalence “~” in ¢(z) ~ ¢ (z) always to mean that
there are two positive numbers ¢; and ¢y such that

c1(x) < Y(x) < 2 ()
for all admitted values of x, where ¢, ¥ are non-negative functions. If a € R,

then ay := max(a,0). Let a = (o, ..., a,) € Nj be a multi-index, then
lal =14+ 4+ a,, al=ay! -, a e Ny, (1.1)
the derivatives D* have the usual meaning, % means z® = z7*---22" for

x = (r1,...,2,) € R" and ay = ayy + -+ + @Y, 7 € R”, stands for the
scalar product in R"™.

Given two quasi-Banach spaces X and Y, we write X — Y if X C Y and the
natural embedding of X in Y is continuous. All unimportant positive constants
will be denoted by ¢, occasionally with additional subscripts within the same
formula. We shall always deal with function spaces on R"; so for convenience
we shall usually omit the “R™” in their notation.

1.2. Anisotropic function spaces. Let a = (a4,...,a,) be a fixed n-tuple
of positive numbers with a; + - - - + a,, = n, then we call a an anisotropy. We
denote api, = min{a; : 1 < i < n} and apax = max{a; : 1 < i < n}. If

a=(1,...,1) we speak about the “isotropic case”.
The action of t € [0,00) on z € R" is defined by the formula
t'r = (t"xq, ... t"x,). (1.2)

For t > 0 and s € R we put t**x = (¢*)%. In particular we write t %z = (t7!)%
and 2779 = (279)%.

Definition 1.1. An anisotropic distance function is a continuous function
u : R" — R with the properties u(z) > 0 if z # 0 and u(t*z) = tu(x) for all
t>0and all z € R".

Remark 1.2. Tt is easy to see that uy : R” — R defined by

ux(z) = (zn: z; ai-)m (1.3)

=1

is an anisotropic distance function for every 0 < A < 00, uy is usually called an
anisotropic distance from z to the origin, see [27, 4.2.1]. It is well known, see
[10, 1.2.3] and [41, 1.4], that any two anisotropic distance functions v and «’ are
equivalent (in the sense that there exist constants ¢, > 0 such that cu(z) <
uw'(x) < du(z) for all z € R™) and that if u is an anisotropic distance function
there exists a constant ¢ > 0 such that u(z+y) < c(u(z)+u(y)) for all z,y € R™.
We are interested in using smooth anisotropic distance functions. Note that for
appropriate values of A one can obtain arbitrary (finite) smoothness of the
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function wy from (1.3), cf. [10, 1.2.4]. A standard method concerning the
construction of anisotropic distance functions in C*°(R™\{0}) is given in [30].

For z = (z1,...,2,) € R",  # 0, let |z|, be a unique positive number ¢ such
that
2 2
'II xn _
“2ar R 12, =1 (1.4)

and let |0], = 0; then | - |, is an anisotropic distance function in C*°(R"\{0}),
see [41, 1.4/3,8]. Plainly, in the isotropic case |z|, is the Euclidean distance
from x to the origin.

Before introducing the function spaces to be considered we need to recall some
notation. By & we denote the Schwartz space of all complex-valued, infinitely
differentiable and rapidly decreasing functions on R™ and by &’ the dual space
of all tempered distributions on R". Furthermore, L, with 0 < p < oo, stands
for the usual quasi-Banach space with respect to the Lebesgue measure quasi-

normed by
1/p
T ( / |f(w)\pdx) |
RTL

with the obvious modification if p = co. If ¢ € S, then

B(6) = (F)(©) = (2m) ™" / o) dz, TER,  (L5)

Rn

denotes the Fourier transform of ¢. As usual, F =1y or ¢V stands for the inverse
Fourier transform given by the right-hand side of (1.5) with 4 in place of —i.
Here x€ denotes the scalar product in R”. Both F and F~! are extended to &’
in standard manner. Let ¢y € S be such that

wo(x) =1 if |z|, <1 and supppy C {x € R": |z|, <2}, (1.6)
and for each j € N let
P} (x) = @o(277%2) — o (27 V), @ e R™ (1.7)

Then the sequence (¢$)52, forms a smooth anisotropic dyadic resolution of
unity, cf. [27, 4.2]. Let f € &, then the compact support of gpjf implies by

~

the Paley-Wiener-Schwartz theorem that (¢ f)" is an entire analytic function
on R™.

Definition 1.3. Assume 0 <p <00, 0 < g <00, s € R, a be an anisotropy,
and (¢)52, a smooth anisotropic dyadic resolution of unity. Then

o N 1/q
B;’q“—{feS’:llle;’q“llw—<Z2’sq||(<p?f)vleHq) <oo} (1.8)
7=0

(with the usual modification if ¢ = o0).



642 D. D. HAROSKE AND E. TAMASI

Note that there is a parallel definition for spaces of type F*, 0 < p < oo,
0 < g < o0, s €R, aan anisotropy, when interchanging the order of ¢,- and
L,- quasi-norms in (1.8). It is obvious, that the quasi-norm (1.8) depends on
the chosen system (¢7);en,, but not the space B;;* (in the sense of equivalent
quasi-norms); therefore in the sequel we omit the subscript ¢ in our notation.
It is well known that B;;" are quasi-Banach spaces (Banach spaces if p > 1 and
q > 1), and, as in the isotropic case, S — B, < &' for all admissible values
of p, q, s, see [33,2.33]. f se Rand 0 < p < 00, 0 < ¢ < 00, then § is dense
in By, see [41, 3.5] and [10, 1.2.10]. Note that we have indicated the only
(formal) difference from the isotropic counterparts of (1.8) by the additional
superscript at the smooth anisotropic dyadic resolution of unity (¢%)32,.

Remark 1.4. A systematic treatment of the theory of (isotropic) Bj, (and
F;.) spaces can be found in the monographs [33], [34], [35] and [36]; see also [11]
and [26]. A survey on the basic results for the (anisotropic) spaces B* (and
Fsi@) is given in [27, 4.2.1-4.2.4] and [20, 2.1-2.2]. In addition to the literature
mentioned in our introduction, in the sequel we essentially rely on [13] and [12].

For convenience, in the case of p = ¢ we shall stick to the notation
By* = By' where 0<p<oo, s€ER, (1.9)

in the sequel.
To prove our main theorems, we need the following proposition, which is
interesting in itself; thus we state it here separately.

Proposition 1.5. Let 0 < p < 00, s € R, a be an anisotropy, and (¢$)32, a
smooth anisotropic dyadic resolution of unity. Then for each f € By*,

L e
(ZZ2](8—"/p>p|<so;f>V<2—ﬂam>|p) ~ B (110)

j=0 mezn

(with the usual modification if p = oc), where the equivalence constants are
independent of s and f.

1.3. Decomposition of anisotropic function spaces. Our main results for-
mulated in Section 2 concern sub-atomic and wavelet representations of aniso-
tropic spaces. The arguments given there are essentially based on the (known)
corresponding atomic decompositions. Thus we recall some basic facts about
anisotropic atoms and mainly rely on [13] in that context; see also [12].

Let a = (a1,...,a,), v € Ng, and m = (mq,...,m,) € Z", then we denote
by R2 . the rectangle in R"™ centered at 27"%m = (27*'my, ..., 27 % m,,) which
has the sides parallel to the axes and side lengths 2771 ... 277% respectively.

Note that R, is the cube with side length 1. If R} is such a rectangle in R"
and ¢ > 0, then cR¢, , is the rectangle in R" concentric with R, and with side
lengths c277* ..., c27"% respectively.
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Definition 1.6.

(i) Let K € R, ¢ > 1. A function ¢ : R* — C for which there exist all
derivatives D7 if ay < K (continuous if K < 0) is called an anisotropic
1x-atom if

suppo C cRyg,, forsomem €Z", (1.11)
|ID7o(z)| <1 if ay< K, yeNj, zeR™ (1.12)
(ii) Let s € R, 0 < p < o0, K,L € R. A function g : R” — C for which

there exist all derivatives D7p if ay < K (continuous if K < 0) is called
an anisotropic (s, p)k,r-atom if

supppo C cR;, ~ forsome v € N, m €Z", (1.13)
IDVo(z)] < 27VC 8 i gy < K, yeNI, xeR” (1.14)
/xﬁg(x)dx =0 if af<L, [eNg. (1.15)

Rn

If the atom p is located at R?, (that means supp o C cR%  with v € Ny,
m € Z", ¢ > 1), then we denote it by ¢%,,.

Remark 1.7. The value of ¢ > 1 in (1.11) and (1.13) is unimportant; it only
indicates that at level v some controlled overlapping of the supports of g% has
to be allowed. The moment conditions (1.15) can be rewritten as

DP5(0) =0 if aB <L,

which shows that a sufficiently strong decay of p at the origin is required. If
L < 0 then (1.15) should be interpreted in the sense that there are no moment
conditions. The normalizing factors in (1.12), (1.14) imply that there exists
a constant ¢ > 0 such that for all these atoms we have [|o| By¢|| < ¢, see
Theorem 1.9 below. Hence, as in the isotropic case, atoms are normalized
building blocks satisfying certain moment conditions.

This construction generalizes isotropic atoms (cf. [14], [15] and the survey
[16]). Tt is also slightly related to the concept of anisotropic building blocks
(compactly supported and satisfying some norming and some moment condi-
tions) used in [29] to define anisotropic Hardy spaces and to study the relation
of these spaces to anisotropic Lipschitz and Campanato—Morrey spaces. As al-
ready mentioned, we use the presentation from [13], which itself was motivated

by the isotropic counterparts in [34], [35].
Suitable anisotropic sequence spaces can be introduced as follows.

Definition 1.8. Let 0 < p < o0, 0 < ¢ < 00, and a be an anisotropy. Then
by, is the collection of all sequences A = {\,,, € C: v € Ny, m € Z"} such

that , 1)
Wl = (3 (3 b)) (1.16)

v=0 >meZ"
(with the usual modification if p = oo and/or ¢ = o0) is finite.
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Again, note that there is a counterpart for spaces of type F,%; the corre-
sponding sequence spaces f; can be introduced similarly, but we do not need
them in the sequel. One can easily check that b,, are quasi-Banach spaces. For

0 < p < oo we introduce the abbreviation

o, = n(% - 1) . (1.17)

Theorem 1.9. Let 0 <p<o00,0<qg< 00, s€R andlet K,L € R be such
that
K> apax+s if s>0, (1.18)

L>o,—s. (1.19)
Then g € &' belongs to By if and only if it can be represented as

9= Nmlom: (1.20)

v=0 mezZn

the series being unconditionally convergent in S', where o2, are anisotropic
1x-atoms (v = 0) or anisotropic (s,p)k r-atoms (v € N) and \ € b,, with
A={lm: veENy, meZ"}. Moreover,

ian)"bpqua

where the infimum is taken over all admissible representations (1.20), is an
equivalent quasi-norm in By

Remark 1.10. The proof of this theorem — and of its counterpart for spaces
Fy@ —is given in [13, Section 5.1]. The convergence in &’ can be obtained as a
by-product of the proof using the same method as for its isotropic counterpart
in [35, 13.9]. As already mentioned, it generalizes atomic decomposition results
in [14], [15], [35] to anisotropic function spaces.

Our main object is to study the anisotropic counterpart of the results from
[38]; hence we closely follow that presentation, adapting it to our context when
necessary, and keeping similar notation if possible. Let

RY, ={yeR":y=(y1,...,Yn), y; >0 forall j} (1.21)
and let k£ be a non-negative C*°-function in R™ with
suppk C {y e R" : |yl, <2/} NR7,, (1.22)
for some J € N, and
Y k(x-m)=1 z€R" (1.23)
mezn
Recall that % = 2" - .. 29" where = (z1,...,2,) € R* and 3 € NZ, and put
kP (z) = (277%2)°k(z) >0, z€R" 3Ny (1.24)

Let
A={\,eC:jeNy, meZ" BeN;} (1.25)
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For s € R, 0 < p < oo, and ¢ > 0, we introduce b,¢ by

0 1/p
H)\’b}Z’QH — ( Z Z Z anﬁpﬂ(sn/p)p‘)\j@m‘p) ' (1.26)

BENT j=0 mezn

Let
weS, suppw C (—m,m)", w(x)=1 if |z|, <2, (1.27)
and, taking into account (1.1), let
W (z) = a7 2Pw(x) forx e R", [eNj. (1.28)
2r) ’
Finally, let
V()= D W (m)e™, zeR", BeN (1.29)
mezn

Definition 1.11. Let ¢y be a C"*°-function in R"™ with

wo(zr) =1 if |z|, <1, and ¢o(z)=0 if |z|, > 3

> (1.30)

and let o(z) = @o(x) — po(2°z) and § € N2 Father wavelets ®7(z) and mother
wavelets ®7 () are given by

(#2) © = eo©9%(©), cer (131)
(#%) " © = p©2©), cer (132

\% V
Remark 1.12. Our assumption w® € S implies that (@‘;) , (@@) , and hence

Y ®Y  too, are elements of S. Moreover, ®7 and @7, are entire analytic func-
tions with vanishing moments of arbitrary order for Cbﬂ because (1.30) implies

\
supp C {z € R* : 1 <|z|, < 2}, and thus (1.32) yields D° <<I>§4> (0) =0,
a € Njj, which can be rewritten as

/@@(5}&15 =0, a€cN (1.33)

Rn

By construction, we have

Op(z) = > (W) (m)pa(z +m), xeR, (1.34)
o (x) = > (W) (m)@(x+m), xeR" (1.35)

For fundamentals about wavelets we refer, for instance, to [24] and [40].
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2. MAIN RESULTS

Let @g and CI>§4, B € Nf, be given by Definition 1.11, and introduce for
j € Ng, m € Z™, the wavelets

&7 (z —m), if j =0,
o0 () = q)g( i ) -7 (2.1)
(2% —m), if j € N.

According to the dual pairing (S,S’) we put, for given f € &',
ADL(f)y =220 [ f), jeNy, meZ", BeN. (2.2)
Finally, let
B =B 0<p<oo.
5>0

Recall our notation (1.17) and (1.9).
Theorem 2.1. Let 0 < p < o0, s > 0,, 0 >0, and a be an anisotropy.

(i) Then f € 8" is an element of By if and only if it can be represented as

f= Z Z Z )\ﬁ k(270 —m), x€R", (2.3)

BeNG j=0 mezn

with || A|by?|| < oo, the series being absolutely convergent in Liax(1,p)-
Moreover,
1B ~ inf [ A[52], (2.4)
where the infimum is taken over all admissible representations (2.3).
(i) Let )\fm(f) be given by (2.2). Then f € B can be represented as

f=> Z >N K@ —m), (2.5)

BeNG j=0 mezm

the series being absolutely convergent in L1y, and, in addition, f €
By if and only if [|A(f)|b;°]| < co.
(iii) Let f € By, then (2.5) is an optimal representation, i.e.,

IFIBR N~ IACH) o3l (2.6)
where the equivalence constants are independent of f.

Remark 2.2. The isotropic version of this result can be found in [38] which
in turn is a specification and modification of [36, Theorem 2.9], where further
references and approaches are discussed. Note that (i) represents the so-called
sub-atomic (or quarkonial) decomposition in B;*; we refer also to [13, Theo-
rem 3.7].

As already mentioned in the introduction, we study the “dual” situation, i.e.,
spaces B with s < 0, too. For that purpose, denote the counterpart of B; @
by

B,* =By, 0<p<oco (2.7)
s<0
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Let k and k” be given by (1.23) and (1.24), and consider the corresponding
local means,
BN = [Bfasendy 120, seR, @8)
Rn
where x + t*y = (x1 + t"yy, ..., T, + t*y,), and put
k() = K277, ))(27"m), j € No, m € Z". (2.9)

We use the norm given by (1.26) with ¢ = 0, denoted simply by b, = b;’o for
convenience. Let k(f) = {k;fm(f) :j €Ny, meZ" [ eNp}, hence

HkW{ZZZWWWUW. 2.10)

BeNG j=0 mezZn

=

Recall our notation (2.1).

Theorem 2.3. Let1 < p < oo, s < 0.
(i) Then f € 8" is an element of By if and only if it can be represented as

F=> Z > N0, zeR” (2.11)
BeNG j=0 mezn

with [[Aby]| < oo, the series being unconditionally convergent in S'.
Moreover,

/1By ~ inf [[AlB]], (2.12)

where the infimum is taken over all admissible representations (2.11).
(ii) Any f € B, can be represented as

BeNG j=0 mezn

the series being unconditionally convergent in ', and, in addition, f €
By if and only if [[k(f)|b;|| < oo.
(iii) Let f € By, then (2.13) is an optimal representation, i.e.,

LFIBy N~ RCHIB,], (2.14)
where the equivalence constants are independent of f.

Remark 2.4. Parallel to Remark 2.2 we refer to the isotropic version of the
above result in [38] with further discussions (about local means) in [34] and [36].



648 D. D. HAROSKE AND E. TAMASI

3. PROOFS

We now collect all proofs and make use of the notation and concepts intro-
duced before.

Proof of Proposition 1.5. We want to show that
0o ' N ' 1/p
(X X 2emriepre s mr)  ~ Igel. G
=0 mezZ"

Taking into account definition (1.8),

>© . 1/p
1£1By = (ZT”II(SO?J“)V!LpII”) : (3.2)
=0
the assertion reduces to
~ . . ~ p
DY m) P~ 2 | (95 F)Y Ly (3.3)

mezZn

with equivalence constants independent of j € Ny and f € S’. Here we use
an isotropic result given in [33, Section 1.3.3]: adapted to our above notation,
it states that for 0 < p < oo there exist some numbers vy > 0 and ¢; > ¢; > 0
such that for all v > 1y, and all p € § with supp F¢ C €2 there holds

a Y Je@rm)[” < 2ol < o Y e (27m)|", (34)
mezZn mezZn

where  C R" is compact. (This should be properly modified when p = 00.)
In addition, it is known, cf. [33, Remark 1.3.3] or [32, 1.3.5], that if for some
suitably chosen 3" € R™ and b > 0,

QC{yGR”:|yj—y?|§ b,jzl,...,n}, (3.5)

~

then 1 can be taken such that 20 ~ b. Thus, with ¢ = (¢;f)" this implies
b ~ 27 in the isotropic case, i.e., (3.4) with ¢ = ((pjf)v and v = j yields the
desired (isotropic) result. In order to prove (3.3) we slightly modify the above
argument: let ¢ € § with

supp Fyp C Q* C {yER" : |yj—yj1-| < b, jzl,...,n},
for suitably chosen y!' € R™ and b > 0, then we define
o(te) == (tz), t>0, xeR" (3.6)
Obviously, ¢ € S, Fo(tf) = Fu (t°€), t >0, £ € R", and consequently
suppFo C {y eR" :|y; — 9| < b, j=1,...,n}
(with y° = b'7%y'). Hence the application of (3.4) and (3.6) leads to

a Y @ m)[ < 2 elL < e Y e @m). (3T)

mezZn mezZn
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On the other hand, with a; + --- + a, = n,

Il Ll = /\90 Wda = t"/\so )P dy
/ ()P dy = / WP dz = [WILIP.  (38)

Finally, (3.7) and (3.8) with ¢ = (¢§ )V, b~ 2 and v = j finish the proof. [J

Proof of Theorem 2.1.

Step 1. We assume that f is given by (2.3) with [|[A|b5¢]| < oo for some
0 > 0. We want to show that f € B,* and that there exists a constant ¢ > 0
such that

1£1B,%] < cl|Albye]]- (3.9)
We rewrite (2.3) as
F=Y07 with f2=> "\ k(20 —m). (3.10)
B J:m

By definition (1.22), the support of k is contained in an open ball centered at
the origin and of radius 27~¢ for some € > 0. Using the atomic decomposition
for the spaces By* with 0 < p < oo and s > ¢, described in Theorem 1.9, we
find by Definition 1.6 that

{2eBg=isn/D) B (23 —m) . j €Ny, meZ"}, €N, (3.11)

are admissible systems of anisotropic atoms, and hence f% € B, for all 8 € N,

with
s 1/p
Hfﬁ|B;,aH < c Q—Mﬁ(Z Z 2j(8—n/p)p|)\jﬁm|p) 7 (3.12)
7=0 meZ"
and ¢ independent of 8 € Nj. Summation over 3 proves f € B, and (3.9).
The absolute convergence follows in the same way as discussed in [38] and [36,
1.4, 2.7).
Step 2. Let f € By® with 0 < p < oo and s > 0;,; we shall show that we
can decompose it as (2.5). Note that this covers then (i) as well.
Let R}, j € Ny, be a rectangle in R™ centered at the origin with side-length
212% where 2/¢ = (2/%,...,2/%). Let ¢} be given by (1.7), that is, with
supp ¢ C Rj. Now we can write that

=) #@f(@), zeR,
5=0
and expand gp?fin R into a Fourier series,

(goj Z bjm exp(—i277"m¢), £ € R}, (3.13)

mezZn
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We calculate bj,,,, j € Ny, m € Z", by

(7)Y (279m) = (27)~% / () exp(i2 9 my) dy

R‘.z

ijk/exp (i277%(m — k)y) dy

KEZ'
= QW)’% Z bjk/exp (z’ZQj‘” (my — kl)yl> dy.
k€Z' =1
J

Substitute in the last formula § = 27Juy,  then d¢ = 27 7(mt-tan) qy =
277" dy, and we arrive at

(¢5 1)V (279" m) = 27" (2 Zbk/ elmhEq g, (3.14)
kezn On

where @), is the cube of side-length 27 in each direction. For the last term in

(3.14) we thus have
/ei(m—k)ﬁ d£ _ (27T) , M= k;
0, m # k,

Qr
which by (3.14) finally leads to

b = (27)F 27 (2 )Y (27 90m)
=m0 [P el me) de (3.15)

By Proposition 1.5 and (3.15) we thus have for 0 < p < oo,

1/p
1F1Be ~ (22“ W g 3 ) | (3.16)

meZn

(with the usual modification if p=o00). Let w be given by (1.27) and w;(z) =
w(279%x); then w; has a compact support in R and it follows by (3.13) that

= Z bim w) (x —279%m)

meZn

= 2in Z bjm w' (2% —m), =z €R™ (3.17)
meZn

Let k be given by (1.22), (1.23). We expand the analytic function w" (272 —m)
at 27791, [ € Z™, and obtain

BT — " (2 —m) = Y (DY) (1 = m)(w — 2790) k(2 — )
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jaf
-y %(D%V)u _ m)29eB (@ — [YPk(20% — 1)
BENE
2Jaﬁ )
=) 7(D%V)(z —m)k? (2% — 1), (3.18)
BENT

where we applied (1.24) to the last line. By (1.23), (3.17) and (3.18) we obtain

(o) (x) = > 2" > k(202 — 1w (272 — m)

meZn lezn
=Y Y E@w-n > zﬂnbjm Dﬂ Y1 —m).
BENE leZn mezn

Hence, as (go‘;) is a resolution of unity,

f= i SN K@ -1\ (3.19)

j=0 BeN{ leZ™

Jj€No

with
B in 2Jaﬂ B, Vv
Noy=> 2" by I (DPw¥) (I — m). (3.20)
mezZn

We first check that )\fl are optimal coefficients, and verify their representation
(2.2) afterwards. We thus claim that for ¢ > 0 we can find a constant ¢ such
that with A = {\};: 8 € Ni, j € No, 1 € Z"} given by (3.20),

IABZ2) < ¢l f1Bs*|| forall f e By (3.21)

We use an isotropic result [37, 3.1.1], which states that for any £ > 0 there are
constants ¢ > 0 and ¢, > 0 such that

DY (z)| < c. 2V (1 4+ |z*)™® for z€R", [eNp, (3.22)

where c is independent of x, €, and 3, and ¢, independent of x, 3. Furthermore,
note that there are constants co > ¢; > 0 such that for all £ € R”,

e (LHENY™™ < 1t gl < e (L4 [EDY™™,
cf. [23]. On the other hand, we have amyin| 5| < af < amax|B|, thus (3.22) implies
DY (z)| < ¢ 299 (14 |z|,)™° for zeR", [eNI (3.23)
Let p > 1. We interpret )\fl as a convolution in ¢,: let | € Z™ and

a; = E Cmdi—m,

meZn
JapB

2
then [Jay|6y|| < [|dilCa|lem| 6ol Put di = — (D°w")(k), then (3.23) leads to

J+cap
207 < ¢fp) 27 (etaB,

el < €. =—— <



652 D. D. HAROSKE AND E. TAMASI

if € > 0 is chosen appropriately. The last inequality results from an estimate
of B! = B!+ 5, by Stirling’s formula, n! = I'(n + 1) ~ \/ﬁ(%)n, n € N.
Consequently, (3.20) with a; = )\fl and ¢,, = 29" bj,, implies, that for ¢ > 0
there is a constant ¢(p) such that

1/p

( S |p) v < c(g)2—<@+1>a5( > |2J'"bﬂ|P> : (3.24)

lezn lezn

If p < 1, then one uses the p-triangle inequality. Now (3.21) follows from (3.24)
and (3.16).

Step 3. We need to prove that )\Jﬁ.l can be represented as (2.2). By (3.15)
and the properties of the Fourier transform we have

20y, = (2m)" / ()@ m — ) dy, jeNo  (3.25)

R

where ¢ is given by Definition 1.11. Now ¢%(x) = ¢(277z) leads to

2, = (20) 2" [V =2 f) Ay, JEN. (320
Rn
Recall that (D%w")(€) = il¥l (2w (x))V(£). Thus (1.28) implies for j € N,

) 2Jaﬁ
Ni= 2 Py (D) (U= m)

meZn
2Jaﬁ
= Z 2" b 7 ;1P (-TﬁW(x‘))v(l —m)
meZn .
2748 2 |
— ;ﬂ 2" i 3l ;1P (iZRQJaﬁﬁ (Wﬁ)v(l—m)
_ 2]"/f<y) Z <w5>\/(l _ m) SOV(TTL B 2jay) dy (3'27>
Rn mezZn

Replacing [ — m by m and using ¢"(z2) = p(—z) we get

N = g / F) S (@) )@@y — 1+ m) dy=2"(95, ), jeN, (3.28)
RTL

mezZm

where we used (1.35) and (2.1). The argument for j = 0 works analogously, so
the proof is finished. O

We begin the proof of Theorem 2.3 with some preparation. Let [ € Z",
K, L € R, and a; € C¥ be anisotropic atoms given by Definition 1.6 with
suppa; C {y € R" : |y|, < ¢} for some appropriate ¢ > 0. We know by (1.15)
that

/xﬁal(x) de=0 if af <L. (3.29)

Rn
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Let 1 = (j41)1ez» denote the decay factors,
|DYay(z)| <y, ay <K, x€eR" (3.30)

We define now (special) anisotropic molecules

= Z a(z—1), zeR" (3.31)
lezr
and

bim(z) = 277070 p(2% —m), jeNy, meZ', reR" (3.32)

Remark 3.1. The normalized (isotropic) molecules share the decay proper-
ties and moment conditions with the normalized (isotropic) atoms, but lack the
assumption concerning a compact support, see (the isotropic counterparts of)
(1.11), (1.13). This assumption is replaced by sufficiently strong decay assump-
tion. In the isotropic case the counterpart of Theorem 1.9 remains valid if one
uses molecular decompositions instead of atomic ones, cf. [16, Section 5]. There
are also anisotropic versions of that result in the literature, see [7]. However,
because of the special property of building blocks we shall use, we do not need
this assertion in its full generality, but only a special case which is simpler to
prove. Hence we consider this case below separately and give its direct proof.

Proposition 3.2. Let s e R, 0 < p < o0, 0 < g <00, and p = ()iezn €
lin(1p)- Let f € S be given by

/= i > N bjam, (3.33)

j=0 mezn

where A = {\j,, € C: j €Ny, meZ"}, X € by, and bj,,,, 7 € Ng, m € 2",
are given by (3.32). Then

1Bl < ¢ [[Albpgll- (3.34)

Proof. We owe the idea of this proof to some discussions with Prof. H. Triebel.
By definition and (3.31), (3.32),

f = Z Z )‘j,m bj,m

j—O meZn
_22 750N N (2 — m)
meZn
:Z 8_7 Z)\J’ ZCLZ2J[E— —l)
j=0 mezn lezn
:Z SiizZA]klalQJl'—k})
Jj=0 kezZn lezn
S S 335
=0 kezn
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where we have put
Vik = Z mlNjr—| >0, jeNy, kelZ"
lezn
and
2) =Yp Y Mo a2z —k), jEN,, keZ', xR (3.36)
lezn

We claim that 277¢~5) d;r, are anisotropic atoms according to Definition 1.6.
Assume first 7 = 0, then

|do.k ()] < o Z [ Aog—t] - =1,
lezZn

and likewise for all derivatives DVdy ., v € Nj, ay < K, according to (3.30). In
the case of 7 € N and v € Njj we conclude similarly that

‘DV (2—j<8—%> dj,k(x)) \ < 279670 S sl [(D7a) (270 — k)| 277
lezn
< 9—i(s—7)+jay ”ng Z ’)\jk l’ =2" J(S—*)‘HG’Y
lezn

where ay < K. The corresponding moment conditions (1.15) are satisfied

by (3.29), and condition (1.13) is guaranteed by construction (3.36). Hence

97 is=%) d; «, are anisotropic atoms and Theorem 1.9 gives the anisotropic atomic

decomposition

f= ZZW 279673 ;) with 1F1Be|l < e 117]bpgll -

j=0 kezn

It remains to estimate |||byq|| by [|A|bpgll, where the assumption on the decay
factors, i.e., p € Lyinp,1) is now involved. We first assume that p > 1, then
interpret v; as a convolution in £, and obtain

<Z '”’“'p) () (2 'Aﬂvmi”); = el (3 |Aj,m|p>é

kezn lezn mezn mezn

If 0 < p < 1, we have by the p-triangle inequality

S bl < 30w ol < el S il

kezn k,lezn mezn
This results in

H'Vlbpq” <c Hluwmin(l,l’)” ||)‘|bpq||

as desired, i.e., ||[f1Bs| < cllvlbpgll < ¢ || pllmincp ] [IABpgll- O
Proof of Theorem 2.3.

Step 1. We assume that f is given by (2.11) with [[A[b5|| < co. We want to
show that f € Bp* and that there exists a constant ¢ > 0 Such that

1B < el A (3.37)
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Recall our particular construction (1.34), (1.35), (2.1) with ¢ € S given by
Definition 1.11. Then for each 3 € N,

{200P27075)@0 o jeNy, mez} (3.38)

where 5@? = jezn bz — )@ﬂ are admissible anisotropic special molecules in
By® in the sense of (3.29)—(3. 32) satisfying, in addition, the decay assumption
p € lminep)- Thus we can apply Proposition 3.2 with ¢ = p and then (3.37)
follows in the same way as in Step I in the proof of Theorem 2.1. This covers
the unconditional convergence, too.

Step 2. Let k(f) = {k:fm(f) : €Ny, j€Ny, meZ"} be given by (2.8),
(2.9), i.e

K (f) = K (279, f) (279%m) = / K9(y) £ (279%m 1 279%) dy

= 2in / EP(29% —m) f(y)dy = 29" (kﬁ(Zja - —m), f). (3.39)
Rn
We are to show that there is some ¢ > 0 such that for all f € B},

IE(HIBI < e || £y - (3.40)

Using (2.10) with ¢ = 0 (recall our convention b5 = b3°), (3.39) can be rewritten
as

kgl = | 3 25
B,3,m
:' > AT (BP0 —m), f) |6, (3.41)
B.3m

By duality, ¢, = ({,)" with % -+ z% =1 for 1 < p < oco. Taking additionally into

account that 2/C7 5" = 29675 e are led to
gl = | £ 209 00 m. 1),
B,j.m
= sup > N (K@ -m). f), (3.42)

Mo <1 Bjm

where the supremum in (3.42) is taken over all sequences A\ = {Afm
Ng, 7 € Ny, m € Z"} such that the right-hand side of (3.42) is non-negative,
and [|A[b,°]| < 1. Consequently,

[E(HIB]| < sup (g, f)l, where g(x) =) X, k*(2"z —m). (3.43)

)\|b1;,S <1 B,3,m
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Note that our assumptions s < 0 and 1 < p < oo imply —s > 0 = o,y such that
Theorem 2.1 can be applied to g € B;S’a. Thus we arrive at

[EHIB|| < sup {I(g. P =9 € B,™, llg|B, || < ¢}, (3.44)
where ¢ > 0 is independent of g € B ;. Now we use the duality
(B,7(R")) = BJ*(R"), 1<p <oo, o€R, (3.45)

see [39], and obtain
kgl < < B (3.46)
Step 3. Let 1 <p<oo,s<0and f € By It is sufficient to verify (2.13)

in order to complete the proof Let v € S be arbitrary, then Theorem 2.1, in
particular (2.5) with (2.2) yields

= V@, 0) k(2 —m) (3.47)
B.3m
with unconditional convergence in any space Bg,’a with ¢ > 0. Hence, by (3.39),

)= (X e ) o), ) (Z 0. (3.9

B,jsm B,3,m
that is
f= Z
B.jm
in §’. By (i) and our preceding remarks it follows that (2.13) converges uncon-
ditionally in &' O
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