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GENERALIZED BERNOULLI POLYNOMIALS REVISITED
AND SOME OTHER APPELL SEQUENCES

PASCAL MARONI AND MANOUBI MEJRI

Abstract. We study the problem posed by Norlund in terms of dual se-
quences. We determine the functional equation fulfilled by the canonical
form of any generalized Bernoulli sequence. Surprisingly these canonical
forms are positive definite. Some results are given for an Euler sequence.
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INTRODUCTION

The Appell polynomials and their generalization were studied by many au-
thors [7]-[12], [18]-[20], [22]. At the present time there are papers dealing with
Appell polynomials related to quadrature rules [2], [3], some generalizations of
Appell polynomials [4], [6] and Bernoulli polynomials [5]. The present paper
deals with some Appell (in particular Bernoulli and Euler) sequences in terms
of dual sequences. In fact we study the following problem:

Let {Cy}n>0 be an Appell sequence, determine all sequences {B,,},>0 such

that /
Bn+1
— >
(n+ 1> (x) = Bu(z), n >0,

(D Bn+1>(x):C’n(x), n >0,

1
n+1
with D, is the Hahn operator defined by
flr4+w)— f(x
(D)) = LEEZIE s e

w
When C,(z) = B,(z;k) (generalized Bernoulli polynomial), & > 0, with
B,(x;0) = x™, this problem was studied by Nérlund [18]. In this paper we give
new results concerning the dual sequence of generalized Bernoulli sequences. In
particular, it is shown that the canonical form (k) of a generalized Bernoulli
sequence of order k > 1 satisfies a homogeneous kth-order linear equation with
polynomial coefficients and is a positive definite form. Similar results are ob-
tained when C,(z) = H, (monic Hermite polynomial). Analogous considera-
tions are possible if, in (1), we take T} instead of Dy where T, is defined by

(T () = TEED D),

(1)

fePp.
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In this case, for Cy,(x) = E,(z; k) (generalized Euler polynomial), & > 0 with
E,(x;0) = 2™, we show that the canonical form eq(k) of the generalized Euler
sequence of order k is not regular for £ > 0.

Section 1 contains the material of a preliminary and introductory character.
In Section 2 we study the Bernoulli sequence. Section 3 deals with the general
case. I Section 4 we study the Norlund case in terms of dual sequences and the
case where C,,(z) = H,(x). In Section 5 we study the Euler sequence and we
determine the canonical form eq(k) of a generalized Euler sequence of order k.

1. PRELIMINARIES AND THE NOTATION

Let P be the vector space of polynomials with coefficients in C, and P’ be
its dual. We denote by (u, f) the action of u € P’ on f € P. In particular,
we denote by (u), := (u,z™), n > 0, the moments of u. For any form u, any
polynomial h, we let hu and u’ be the forms defined by the duality

(W, f) =~ u, f), (hu, f):=u,hf), feP.
Let {P,}n>0 be a sequence of monic polynomials, deg P, = n, n > 0 (monic
polynomial sequence: MPS) and {u, },>0 be its dual sequence, u,, € P defined
by (Un, Prn) := dpm, n,m > 0.
The dual sequence {ug]}nzo of {P,[Zl]}nzo where PV () == (n+1)"'P, ,(x),
n >0, is given by [14], [15], [17].
(Y = —(n + Dupyy, n>0. (1.1)

n

Similarly, the dual sequence {ii, }n=o of {P,}nz0 With P,(z) := a™"P,(az + b),
n >0, a # 0 is given by [14], [15], [16]

Up = a"(hg-1 0 T_p)uy, n >0, (1.2)
where
(topu, f) = (u,nf) = (u, f(x = b)), weP, feP, beC,
(hou, f) := (u, hof) = (u, f(ax)), weP, feP, acC-{0}.

A form wu is called regular if we can associate with it a polynomial sequence
{P,}n>0 such that

(u, P Py) = m0pm, n,m>0; 1,#0, n>0.
This sequence is orthogonal with respect to u. Since we have u = Aug, A # 0,
and deg P, = n, n > 0, it is always possible to suppose that { P, },>¢ is a (MPS);
{P,}n>0 is unique and satisfies the recurrence relation

{Po(a;) =1, Pi(z)=1x— [, (1.3)

Poia(z) = (2 = Buy1) Port — i1 Pu(®), Y1 #0, n >0,
Let ¢ and % be two monic polynomials, deg¢ = ¢, degy = p > 1. Writing
Y = a,a? + - - - we say the pair (¢,1) is admissible; in the case p =t —1, q, is
not a positive integer.
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Definition 1.1 ([14], [17]). A form w is called semi-classical when it is regular
and satisfies the equation

(¢u)" +u =0, (1.4)
where the pair (¢,1) is admissible. The corresponding orthogonal sequence
{P,}n>0 is called semi-classical.

Remark 1.2 ([14], [16], [17]). When deg¢ < 2 and degy = 1, u is called a

classical form.

Lemma 1.3. Consider the sequence {pn}nZO obtained by shifting P,, i.e.,
P,(x) = a"P,(ax +b), n > 0, a # 0. When uqy satisfies (1.4), then iy =
(ha-1 © T_p)ug fulfils the following equation

blig + Vi = 0, (1.5)
where ¢(z) = a~ 98D p(azx + b), P(x) = a8 (az + b).

Definition 1.4. A sequence {P,},>o is called an Appell sequence when

P,Ll}(x) = P,(z),n > 0.

Lemma 1.5 ([16]). Let {P,},>0 be a MPS and let {u,}n>0 be its dual
sequence, then {P,},>0 is an Appell sequence if and only if

_1)
_EVN e s, (1.6)

= o 0

n

where ué") is the nth derivative of .

Lemma 1.6 ([7], [16], [20]). If {P.}n>0 is an Appell sequence, then {P,},>0
is orthogonal if and only if P, is obtained by shifting H,, where {H,},>0 is a
monic Hermite sequence.

Finally, we introduce the Hahn’s operator

(Duf)(z) = fere) =@ rop s

w

We have D, = i(Tw —Ip) where Ip is the identity operator in P. The transposed
tD,of D,istD, = %(Tw —Ip)=—-D_,.
2. CONNECTION BETWEEN THE LEGENDRE SEQUENCE AND THE
BERNOULLI SEQUENCE
Let {B,}n>0 be the Bernoulli sequence and {u, },>o be its dual sequence.

Definition 2.1 ([9], [18], [19]). The Bernoulli sequence {B,,},>¢ is defined
by the generating function

S B (2.1)
et —1 — n!
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Lemma 2.2. The following relations define the Bernoulli sequence

BE] () = By(x), n >0, (2.2)
Bn+1
= z" > 0. .
D1n+1(x) ", n>0 (2.3)

Proof. By virtue of the relation (2.1) we get relations (2.2)—(2.3) and vice
versa. U

Lemma 2.3. The canonical form ug of Bernoulli sequence satisfies
(UO), = D_15 =0 — (51. (24)
Proof. On account of relation (2.2), by Lemma 1.6 we get
=1)"

Up = ~———ug ', n=0. (2.5)
n!
Let {wy, }n>o be the dual sequence of {z"},>o. We have
—1)
Wy, = %5@), n>0. (2.6)

Taking relation (2.3) and the definition of {w,, },>¢ into account, we obtain
(Wpy D1By1) = (m+ 1)0pm, n,m > 0.
Therefore
(D_jwp, Bp) =0, m>n+2,
(D_ywpn, Bpy1) = —(n+1).

By virtue of Lemma 1.1
n+1

—1Wp = Z )\n I/U’l/7 n Z 0.

But (D_yw,, B,) = Ay, 0 < p < n+1land A, =0, 0 < p < n,
A =—(n+1),n>0.

Hence
D_jw, =—(n+ 1Duyy, n>0. (2.7)
Setting n = 0 in this equation, we get D_jwy = —uy. Now from (2.5) and (2.6)
we can deduce (2.4). O
Proposition 2.4. The form uy satisfies the following properties
(<Z5U0)/ +Yug =0, (2.8)
with ¢(x) = x(x — 1), Y(z) = — (22 — 1).
Uy = (7’% o h%)ﬁ, (2.9)

where L 1s the Legendre form.

(uo, f /f fep. (2.10)
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Proof. We need the following results [13], [16].
The Legendre form L satisfies

«x2—1j5>/—2x£::0, (2.11)

= %/f(x)dx, fep. (2.12)

From Lemma 2.3 we have (ug)’ = 6 — ;. Hence
z(x — 1)(up) =0, (2.13)

from which we get (2.8).
Let @ = hg-1 o 7_pu. By virtue of Lemma 1.3, equation (2.8) becomes

(¢i) + i =0,
where gzg( )= (z+a ') (z+ab—at), ¥(z) = —(2z+2a"b—a""). Choosing
a=b=3 we get & = L. Hence follows (2.9).

Relations (2.9) and (2.12) imply (2.10). O
Remark 2.5. Denote

~ 1

BA@:y®nC;'),nza (2.14)

Then {B, }n>0 is the symmetric Bernoulli sequence satisfying

tet® . t
— B, (r) —
sinh ¢ Z (z)

n>0

We have
ao = hg o T_1/2U0 = L: (215)

Proposition 2.6 (c.f. [22]). Let {L,},>0 be the monic orthogonal sequence
of Legendre. The following formula holds:

Y ['(n+2)
Lnyi(z) = 27+ (2n 4+ 1)T'(n + %)

n

14 (1) T(n42+40)
. Z 2Tv+1)I'(v+2) T(n+2—v) Bonf@), n=20.(216)

Proof. We need the formulas [13], [16]

(& = DIa(#) = (n+ DL (2) — SoE2

(2 = V)L (2) + 22L) 1 (2) — (n+1)(n+2) Lo (z) =0, n>0. (2.18)
On account of (2.18) we can prove by induction the relation
(e = DL () + 20m + DLy (o)
+mP4m—(n+1)n+2)L (@) =0, n,m=>0,  (2.19)

L,(x), n>0, (2.17)
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where P®*) is the kth derivative of P € P.
We can write

+
Ly (z Z VB, (x), n>0, (2.20)

where A, = (U, Lny1), 0 <m < n+ 1. On account of (2.15) we get

1 m
A = — (L, LYY, 0<m<n+l. (2.21)

Putting m = 0 into (2.21), we get
Ao = (L, Lns1) =0, n>0. (2.22)
Taking (2.12) into account, (2.21) can be written as

1
_ (m) (m)
Anmt1 = —(m ) {Ln+1(1) L, (- 1)}, 0<m<n. (2.23)

Let ¢ = £1, from (2.17) we get

Lnyi(e)  1n+1
Lo(e)  2en+13

3
Y
o

hence

27 I'(n+2)
Laa(e) = (26)™1 2n+ )T (n+3)’ n=0 (2:24)

By virtue of relation (2.19) we have
Lm () (m—n—1)(m+n+2)
Lm(g) 2e(m+1)

which implies

, 0<m<n+1,

1 I(n+24+m)
(2e)"T'(m+1) I'(n +2 —m)
On account of (2.24) we obtain

2/ I'(n+2) I'(n+24+m)

L' (e) = Lonii(e), 0<m<n+l.

L(m)
w1(€) = (2n+1)(2e)™ 1 D(m+1) T(n+2—m)I'(n+ 3)’
0<m<n+1 (225
Finally, from relations (2.22) and (2.25) we can deduce (2.16). O

3. GENERAL RESULTS
Let {B,}n>0 be a MPS and {u,},>0 be its dual sequence.

Lemma 3.1. Let {v,}n>0 be the dual sequence of {D1 St oo Then we
have B

i) The dual sequences {uy,}n>0 and {v,}n>0 satisfy the relation

D_1v, = —(n+ 1)ups1, n>0. (3.1)
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i) If { By }n>0 s an Appell sequence, then {D1 i’fll >0 5 an Appell one and
we have the functional relation -

D_1vp = (up)'- (3.2)

Proof. 1) The proof of (3.1) is similar to that of (2.7).
ii) Indeed, from the definition Dl%(ac) = B"*"’(H:J)FEB"”(’”), n > 0, differ-
entiating its both sides we obtain
D, Bio /($) _ B +1) — B7/1+2(I)’ n>0
n+2 n—+2

but { B, }n>0 is an Appell sequence and thus we have

)

Bnia\'
(2227222) (0) = Buaa 1) = Buala), 20

Bz | B,
<D *2) (z) = Dy =" n>0.

which implies

"n+2 "1
Therefore {D1 ]fﬁ:f > 15 an Appell sequence.
Since {Dl%}nzo and {B,, },>0 are two Appell sequences, by virtue of (1.6)
we get
_ G0 =D

On account of (3.1) we infer that
D_, (v(()n)> =u{"™™, n>o0.
Setting n = 0 in the latter relation we obtain (3.2). O

Proposition 3.2. If {C,},>0 is an Appell sequence, than there exists a
unique sequence, then { By, }n>o satisfying

Bl)(x) = By(x), n=0, (3.3)
Bn+l
Dln 1 () =Cp(z), n=>0. (3.4)

Proof. Let {By}n>0 and {Q,}n>0 be two sequences satisfying (3.3) and (3.4).
The sequence {R, },>o defined by R, (x) = B,(z) — Qn(z), n > 0, satisfies

Ro(z) =0, (3.5)
%(x) =R,(x), n>0 (3.6)
n+1 ’ -
R,ii(x+1)=Ru1(z), n>0. (3.7)
We will prove by induction that R,(z) =0, n >0.

Suppose
R,(x)=0 for 0<v<n.

From (3.6) we can deduce that R, 1(x) = ay41.
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R/
So nTQQ () = Rypt1(x) = any1, then

Ryio(x) = (0 + 2)ap417 + anqo.
On account of (3.7) we get
(n+2)api1(x+ 1)+ apre = (N + 2)ap 1T + apgo.

Now we obtain a,+1 = 0, which implies R, ,1(z) = 0. The uniqueness is proved.
For the existence we introduce the sequence {B,},>¢ defined by the recur-
rence formulas

By(z) =1, (3.8)

s
3
—
&

I

n]Bn1(t)dt—n/1/xBn1(t)dtda:+Cn(O), n>1.  (3.9)

0

From relations (3.8) and (3.9) we can deduce that {B,,},>¢ satisfies (3.3).
We will prove by induction that {B,},>o satisfies (3.4).

1
From (3.9) we get By(x) = 33—5—1—01(0), which implies Dy By (z) = 1 = Cy(z).
Suppose

DB, (z) = nCyp_1(x). (3.10)
By relation (3.9) we have
z+1 T z+1 T
le’:ll(x) = /Bn(t)dt—/Bn(t)dt: /Bn(t)dt—/Bn(t)dt

1 0

n /1 B, (t)dt = / (Dan)(t)dt+ /1 B, (t)dt.

Using (3.10) we get D;B,(t) = nC,_1(t), and on account of (3.9) we obtain
1

[ B,(t)dt = C,,(0), whence

0

BnJrl
n—+1

1

(z) =n / Cror(t)dt + C (0),

but {C,,},>0 is an Appell sequence, so C! (t) = nC,_1(t) and

xT

(z) = / C! (8)dt + Ca(0) = Cin(x).

0

Bn+1
n—+1

Dy

Hence follows the desired result. O
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Proposition 3.3. If {C, }.>0 is an Appell sequence defined by the generating
function

G(z,1) => Cu(x) (3.11)

n>0

then the sequence {By,}n>o defined by (3.3)-(3.4) has the following generating

function

tC(t) . "
Flot) = 54 = ZBH(@E. (3.12)
n>0
Proof. Let
t’l’b
F(z,t) = A(t)e"” = () —.
We have
F(z+1,t) — F(z,t) = A(t)(e' — e —tz ”“

On account of (3.4) this equation can be written as
t
A)er (e = 1) =t > Cu(w)
n>0

By relation (3.11) we can deduce that A(t)e"*(e! — 1) = tC(t)e™. Hence follows
the desired result. U

4. THE PARTICULAR CASES

A,. Norlund case. We denote by {B,(.;1)},>0 the Bernoulli sequence and
assume that {u,(1)},>0 is its dual sequence.

Definition 4.1 ([18]). The polynomial sequence { B, (x;2)},>¢ defined by

BY(2;2) = B,(2;2), n >0, (4.1)
BnJrl(:U; 2)

Dy——— = B,(r;1), n>0, 4.2

T (x;1), n (4.2)

is called the generalized Bernoulli sequence of order 2.

Lemma 4.2. The polynomial sequence { B, (x;2)}n>0 has the following gen-

erating function
(et - 1) =Y Bu(x: 2 (4.3)

n>0

Proof. Taking relations (4.1)—(4.2) and (2.1) into account, Proposition 3.3 im-
plies (4.3). O

Denote by {u,(2)},>0 the dual sequence of {B,,(.;2)},>0-
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Proposition 4.3. Form uy(2) satisfies the properties
/
((6u0(2)) + vuo(2)) + xuo(2) =0, (4.4)

with ¢(x) = z(x — 1)(x — 2), ¥(z) = —2(32% — 62 + 2), x(x) = 6(x — 1),

:/1xf dx+/2—x)f(a:)da:, fePp. (4.5)

0
Proof. On account of (4.1) and (4.2), relation (3.2) of Lemma 3.1 implies
(u0(2))" = D_1uo(1) = up(1) — Tyug(1). (4.6)
Differentiating this equation we obtain
(u0(2))" = (uo(1))" — 71 (uo(1))"
From relation (2.4) we have ug(1)’ = § — d;, then we get
(u0(2))” =0 — 2(51 + 52.
This yields
2
2( — 1)(z — 2) <u0(2)) —0. (4.7)

We can evidently deduce (4.4).

Let
B

<w%ﬁ=/meM%J€P

«

Taking relations (4.6) and (2.10) into account we can deduce that

/U’ x)dx — [U /1f dx—/f dv, feP.
0 1

Let us choose a = 0, = 2, then this condition can be written as

[0 @ - Wa) @i = U@ i@k, 1eP.

with
W<x)_{1,1 (1)?:<1
-1, T <2
Setting
U@2)f(2) - U(0)f(0) =0, [feP, (4.8)
we get
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this yields

Wi = [7e 0<z<l,
€T =
—z+b 1<x<2,

and (4.8) gives a = 0, b = 2. Consequently U(1 —0) = U(1 + 0) and (4.5)
holds. O

Corollary 4.4. Let 1y(2) = 7_1uo(2), uo(2) satisfy
((éao@))' + 1;@0(2)) + Kito(2) = 0 (49)

with ¢(z) = x(22 — 1), ¥(x) = —2(322 + 5), Y(z) = 6z,
(60(2), ) = / (1 o) f(@)dz, feP, (4.10)
i
CECI Rk

(10(2)),, = (@0(2)) 9,4, =0, n>0. (4.11)

Proof. The proof is evident from Proposition 4.3 and the definition of 44(2). O

Remark 4.5.

1. The form y(2) is symmetric and positive definite.

2. The study of the sequences { B,,(.; 1) }n>0 5 {Bn(.; 2) }n>0 suggests the study
of the Norlund problem [18] in terms of dual sequences.

Definition 4.6 ([10], [11], [18], [19]). The polynomial sequence {B,,(.; k) }n>0,
k > 0 defined by

BY(z;k 4+ 1) = Bu(z;k +1), n, k>0, (4.12)
Boii(x; k+1
D, “75 - ) _ Bn(z; k), n,k >0, (4.13)
with B, (x;0) = 2™, n > 0, is called the generalized Bernoulli sequence of

order k.

Lemma 4.7. The polynomials of the sequence { By(.; k) }n>0 have the following
generating function

k n
(et t_ 1) e = ZBn(ﬂﬂ;k‘)%, k>0. (4.14)

n>0

Proof. On account of relations (4.12), (4.13) and Proposition 3.3, we can deduce
the desired result by induction with respect to k. 0

Denote by {u,(k)}n>0 the dual sequence of {B,,(.; k) }n>0, & > 0, s0 uo(0) = 0.
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Proposition 4.8. The forms {uo(k)}x>1 satisfy the relations

(uo(k)) = D_qug(k — 1), k> 1. (4.15)
(k) k k ) (k—v)
(d4110(k)) —ZXJ%H@MU —0, k>1 (416
k
with Gry1(x) = [] (z —v).
v=0
Proof. By virtue of relations (4.12), (4.13) and (3.2) of Lemma 3.1 we obtain

(4.15).
Taking relation (4.15) into account, we can prove by induction with respect
to m that

u(k)™ = D™ ug(k —m), 1<m<k.

For m =k,
uo(k)® = D* ug(0) = DX 6,
k k
and, obviously, D* § = Y (i)(—l)"év [1], which implies [] (z —v)ug(k)* =0,
v=0 v=0
therefore we can deduce (4.16). O

Proposition 4.9. For any k > 0, the form uo(k + 1) is positive definite.
First we will prove a lemma.

Lemma 4.10. There exist polynomials )}, 0 < v < k, such that

k v+1

(uo(k+1), ) =) / QU(x)f(x)dz, feP, k>0, (4.17)

with

?
x v

QY(z) = %4®%+/%j©%
x—1

+1, 0<v<k-1, (4.18)
1

Y

k
Qp(x) = / Q1OdE, 1<k<z<k+1
-1

\ T
Proof. For k=0, (4.17) is true. For k > 1, we have from (4.15)
(uo(k‘ + 1))/ = U()(k?) - TllLO(k?),

therefore

((uo(k + 1)), f) = (uo(k), f) = (uo(k), f(z +1)).
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Supposing

=Y [ @@ -3 [ 0@+ s
v=0 v=0
1 ’ p_q VL ’
— [ @s@is+ Y {006 - 2 - D}
’ ’ k+1
- [ e s
k
Putting
Vieea (b + 1) £ (k£ 1) = Visn(0)£(0) = 0, (4.19)
we obtain
Vi () = Wi (z) = 0,ae,,

with

Q0 (z), O0<x<l,
Wipi(z) = Q¥ (2) = QW Hx—1), v<az<v+l 1<v<k-1,
e —1), k<z<k+1

Therefore
/Q&A®%+mﬂm 0<z<1,
0:13
J10(©) - 22 - D)t + aulh),
Vk+1($) =

v<z<v+1l 1<v<k-1,

Qe —1)de + ap(k), k<z<k+1.

—
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But (4.19) implies V;11(0) =0, Viy1(k + 1) = 0, consequently ag(k) = 0 and

k+1 k
M@Z/%ﬂ&%wz/ﬁﬁ@%
k —1

k

The continuity conditions Vii1(v —0) = Vepi(v +0), 1 <v < k-1 (k > 2)
yield

v+1

[ {120 -2t - D} 4 ) = aalb). 0<v<k-1 (420)

v

with Q' (z) = 0.
It can readily be seen on using (4.20) that

v

a,(k) = / QUi(&)de, 0<v<k.

v—1

Therefore

( X v

/921<§)d§+/922i(£)d§, v<z<v+1l 0<v<k-1,
Vigr(z) = ¢ " vt

/ Qb le)de, k<z<k+1,

\z—1

Hence follows (4.18). O
Proof of Proposition 4.9. It is sufficient to see that Q}(xz) > 0 for 0 < v < k.
This is evident by induction from (4.18), since Q9(z) = 1. O

A,. The Case where C,(z) = H,(z), n > 0. Let us recall that {H, },>0 is
the monic Hermite sequence and let {v, },>¢ be its dual sequence.
Let { B, }n>0 the polynomial sequence defined by

Bl(z) = B,(z), n>0, (4.21)
Bn+1 2

= H, > 0. 4.22

1n+1(x) n(z), n=>0 (4.22)

Let {uy,}n>0 be its dual sequence.

Lemma 4.11. The sequence {B,,}n>0 has the following generating function

tezt—% tn
= > Bu(w) . (4.23)

n>0




GENERALIZED BERNOULLI POLYNOMIALS 711

Proof. By virtue of (4.21)—(4.22) and on account of the generating function of
{H,}n>0 [13] we obtain

_2 A "
ea:t 4 = ZHH(Z')E
n>0

The desired result can be deduced from Proposition 3.3. U
Proposition 4.12. The form ugy satisfies
(((uo)' +2(2z — D)up) + (42 — 4z — 6)u0), 420~ Dug=0.  (4.24)
4(n 4 2)(uo)pr1 — 4(n + 1)(ug)n — 2n(2n + 1) (ug)n_1

+n(n—1)(n—2)(ug)n3=0, n>3, (4.25)
with (Uo)o = 1, (UO)l = %, (Uo)g = %, (UO)g = %
Moreover,
+o0
(o, f) = / Ula)f(2)de, f€P, (4.26)

where for any A € C,

T

U(x):%/e_tzdt+)\/5(t)dt, zr € R, (4.27)

—00

0 x <0
S(x) =< "’ - 4.28
(@) {exp(—x1/4) sin(z'/4), >0, (4.28)

in such a way that ugy is positive definite.

Proof. We need the following relation satisfied by the Hermite form [16]

(vo) + 2xvg = 0. (4.29)
On account of (4.24)-(4.25), relation (3.2) in Lemma 3.1 implies
(Uo)/ = D,1U0 = Vg — T1 V. (430)

Differentiating the latter relation we get
(ug)" = (vo)" — 71 (v0)" = —22v9 — T1(—2200) (from (4.29))
= —2zvg + 2(z — 1)1 00.

By (4.30), 1yv9 = vo — (up)’, which implies (ug)” = —2vy — 2(z — 1)(ug)’. This
equation is equivalent to

1
vo = —(z — 1)(u) — §(UO)H' (4.31)
Differentiating both sides of (4.31) we obtain

(w0)' = (o)’ — (& — 1) )" — 2 (o).
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Indeed, by the latter relation and (4.31), relation (4.29) implies
(u0)® 4 2(2x — 1) (ug)” + 2(22% — 22 + 1)(up)' = 0.

Hence we obtain (4.24).
The recurrence relation (4.25) is equivalent to (4.24) and is easily obtained.
Next, suppose
+o0o

(tto, f) = / U(x)f(z)dz, feP.

—0o0

Taking into account the result [13], [16]

+oo
! — f(z)dx
<vo,f>=ﬁ_£e f)dr, [eP,

and by virtue of (4.30), we get

+00 +oo
/ U'(x) f(x)dz = % /(6_12 - e_(m_l)Q)f(x)dx.
T
Consequently, for any A € C
1 2 2
! I e L —(z—-1)
U'(z) ﬁ<e ") S (@),

where the function S defined by (4.28) is an integral representation of the null
form [21]. Hence we obtain (4.27).

Since
+o0o x —+o0 x
/:L’”(/ S(t)dt)dx: /m”(/S(t)dt)dx
—00 —00 0 0
=Mmn+1)7" lim g /S(t)dt =0, n>0,
0
we have
1 oo x
_ = —t2
(uo, f) = NG (/ e dt)f(x)dx >0
—oo z—1

for any polynomial f(z) > 0. Thus ug is positive definite. In particular

(ug, 1) = % 70(/76 e_tgdt) dr =1,

—oco x—1

as it is easy to see. 0]
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5. SOME RESULTS ON THE EULER SEQUENCE

Let us introduce the operator

<wa)(:1:) = f(““;”f(x), feP, weC. (5.1)

We have T, = #, where [p is the identity operator in P. The transposed
o, of T,is 5, =T,
In this section we denote by {E,},>¢ the monic Euler polynomial sequence

and by {e,},>0 its dual sequence.

Definition 5.1 ([8], [11]). The Euler sequence {E,},>o is defined by the
generating function

Qeazt A
— = > En(w) (5.2)

ot
n>0
Lemma 5.2. The following relations define the Euler sequence
El(z) = Ey(z), n>0,
(T\E,)(z) =2", n>0.
Proof. By virtue of (5.2) we obtain (5.3)—(5.4) and vice versa. O

Lemma 5.3. We have
0+ 01

eo="T_10= 5 (5.5)

Proof. The proof is analogous to that of Lemma 2.3, where D; is replaced

by T7. 0
Remark 5.4. We denote by

E,(z) = 2"E, (x ; 1) , n>0. (5.6)

Then {En}nzo is the symmetric Euler sequence satisfying

tx

e A tm
—N"E ()=
cosht Z (z) n!

n>0
We have 5 5
R -1+
€y — <h2 o) ’7',1/2)60 = 12 ! . (57)
Proposition 5.5. Let {P,} be a MPS, then we have
Py(x) =) AuE,(x), n>0, (5.8)
v=0
with
1
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Proof. Writing
= Z Ao B2, (@), > 0,
we have A, = (€, Do), 0<m<n
Then Apm = = (éo, pim ),0 <m <mn, by (5.7) we get the desired result. [

Corollary 5.6 (c.f. [22]). Let {L,}n>0 be a Legendre sequence, then the
following equality holds:

V7 D+ 1)

2nt1 F(n + )

— n+u F(n 414 I/) A
E, > (). _
’ ;o 2 R+ 1)(n+1-v) () n=0.  (59)

Ln(x)

Proof. Taking Proposition 5.5 and relation (2.25) into account we get (5.9). O

Proposition 5.7. Let {C, },>0 be an Appell sequence and {oy,}n>o be its dual
sequence, then there exists a unique sequence {P,}n>o satisfying

Pl(z) = Pu(z), n>0, (5.10)
(Tan> (z) = Co(z), n>0. (5.11)

If ug is the canonical form of {P,}n>0, then we have
T 1009 = up. (5.12)
Proof. The proposition is proved by using (3.3)-(3.4) and (3.2), where D; is
replaced by Tj. 0

Definition 5.8 ([12]). The polynomial sequence {E,(.;k)}n>0, &k > 0
defined by

EM(z:k+1) = E,(2;k), n,k>0, (5.13)

TE,(z;k+1) = E,(z; k), n,k>0, (5.14)

with E,(x;0) = 2™, n > 0, is called the generalized Euler sequence of order k.

Let us denote by {e, (k) }n>o the dual sequence of { E,,(.; k) } >0, then ey(0) =0.
Proposition 5.9. We have

k) = 2’“2 (l;) Sy (5.15)

Proof. Using (5.13)—(5.14) and relation (5.12) in Proposition 5.7, we get
60(]{3) = T_leo(k’ — ].), k Z 1.
With the latter relation we can prove by induction with respect to m that

eo(k) =T"eo(k —m), 1<m<k.
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Then we obtain

60(k’) = T]jleo(O) = 2_k(71 —F[p/)k(s = 2_k Z VvV = Ok (k) (S,,. ]

v

Hence follows the desired result.

Remark 5.10. Relation (5.15) shows that ey(k) is not regular for any integer k.
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