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NONEXISTENCE OF WEAK SOLUTIONS FOR THE
p-DEGENERATE SUBELLIPTIC INEQUALITIES
CONSTRUCTED BY GENERALIZED BAOUENDI-GRUSHIN
VECTOR FIELDS
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Abstract. The purpose of this work is to study the nonexistence of weak
solutions for p-degenerate subelliptic inequalities formed by the generalized
Baouendi—Grushin vector fields. Also, we give the p-volume and p-area of
the ball induced by the these vector fields.
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1. INTRODUCTION

Let
0 0
Zi = v Ly = || =—, 1.1
go i =lel'g (L.1)
where 1 < i <n; 1 <7< m;xeR"yecR" a>0, are the general-
ized Baouendi—Grushin vector fields. We consider the p-degenerate subelliptic
inequality

—w—ﬁp,au >ul, u>0, w#0, on R (1.2)
pa

where 0 < p, 1 < p, d = d(z,y) is a distance function (see (1.5) below),
Vpa = ‘zﬁa, q >0, R¥™ =R\ {(0,0)}, and for a differentiable function u,

Lpau = div (A.|Voul/ >V u), (1.3)
with the (n +m) X (n +m) matrix

I, 0
Ao = ( 0 |z|*In )

and the generalized gradient
VL - (Zl, ey Zn, Zn+1, ey Zn+m)

When p = 2, (1.3) is the generalized Baouendi-Grushin operator £, (see [4]).
The nonexistence of weak solutions for a singular elliptic inequality in R"

and a singular sub-Laplacian inequality in the Heisenberg group is investigated

in [1], [7], [8], [9]. Recently, D’Ambrosio and Lucente have investigated a weak
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solution for a singular sub-elliptic inequality for £, in [2]. The purpose in this
paper is to discuss weak solutions of (1.2).

We note that there exists a natural family of anisotropic dilations connected
with (1.1), i.e.,

Sz, y) = Az, \*My), A>0, (x,y9)€R"™™, (1.4)
The generator of the group {0, }r~0 is
- 0 SN
Xo=S 0,2 | 7
;x 70, T lat >;yjayj

Q =n+ (a+ 1)m is the homogeneous dimension related to (1.1).
We introduce the distance function

d(.y) = (|20 + (o + 1)) . (15)
It should also be noted that
T «
Vid = d’2a‘+1 (|x|%x, |z|%2a, . . . |2 %0, (a0 + Dyr, (@ + Dyay ..oy (@ + Dym)
x [P
|VLd|p = ‘dll”@ = 7vbpa
and
Q-1
Lyad= wpaT. (1.6)
The open ball of radius R and centered at (0,0) € R”*™ is denoted by
Br(R) = Br((0,0), R) = {(z,y) € R""™|d(z,y) < R}. (1.7)

In [2], the polar coordinates for (1.1) are given (also see [6]). In Section 2, we
define the p-volume and p-area of the ball By (R) and, using the polar coordi-
nates, calculate explicitly these quantities. Section 3 is devoted to the nonex-
istence of nontrivial weak solutions of (1.2) with o < pandp—1< ¢ < g =
W. Our method in this section is based on a choice of test functions and

consideration of the structure of operator (1.3). In the Appendix, we obtain
the explicit fundamental solution of the operator —L, , at (x,y) = (0,0).

2. THE VOLUME AND THE AREA

We employ the following concepts. A function v : Q € R"*™ — R is said
cylindrical if u(x,y) = u(r, s)(u depends only on r = |z| and s = |y|), and in
particular, u is said radial if u(x,y) = u(d(x,y)), that is, u depends only on d.

Assume that Q = Br((0,0), Ry)\B.((0,0), Ry), with 0 < R; < Ry < +o00,
and u € LY(Q) is cylindrical. In order to calculate fQ udxdy, we use the change
of variables [2]

(xla"wxn)yh”'uym) - (p707817"‘70n—17717"'777%—1)
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defined by

( . 1
x1 = p(sin @) =+1 cos by,

A
xo = p(sin @)+ sin by cos by,

x3 = p(sin @)=+1 sin 0y sin 0, cos O3,

Tp_1 = p(sin@)=+1 sinfy sin by .. .sin b, 5 cosb, 1,
x, = p(sin @) a+1 sin 6y sinfy . . .sinb,,_5sin b, 1, (2.1)
_ 1 a+1 0 ’
nh = a+1p COS U COS T,

Yy = QLH Pt cos O sin y; cos s,

ys = —7p**" cos Bsin 7y sin v, cos s,

_ 1 1 - : -
Ym—1 = Q—Hp‘” cos 0 sin vy sin 7y, . . . SIN Yy, _2 COS Vym_1,
a—+1

1 . . . .
(Ym = 7P cosfsinyrsinys ... sinYp—o SIN Y1,

where Ry < p < Ry, 01,0,....0, 2,7, Ym—2 € (0,7), Ym_1 € (0,27), and
0 € (a1, az), O0,—1 € (b1, by). Let us note that a1, az, by and by depend on n and
m, that is

0 e (0,7), 0,1 € (0,m), if n,m>2;
0e(0,7), O,1€(0,2r), if m=1n2>2;
0c(—%,5) if n=1m>2;
6 € (0,27), if n=m=1.
One easily sees that
1 1

and

d(z,y) = d(r;s)
1 @D
2(a+1
= (\p(sin 6)%+1|2(°‘“) + (o + 1)2\06—+1p°‘+1 cos 9[2) =p.

Let J be the Jacobian of the change of variables. A direct calculation gives

9 cecny Iy Y2y oo Ym

| det J| = (1, 2, » Ty Y1, Y2 Ym)
a(pv 07 917 S 7971—17717 s 7’7771—1)
1 m n
= ( ) p@ 7 sinf|ar 17 cos O™ sin™ 26, - - - sin® 6,,_3sin 6,,_,
a+1
-sin™ 2y - - - sin® Yy, _3 SI0 Yo (2.3)
By

drdy = | det J|dpdfdb; - - - db,,—1dryy - - - dypm—1 (2.4)
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we have, for u € L'(2),

a2 Ra
1 " n
\Y) = Wnwy, [ dO — @71 sin g|a+1 ! o™ u
/u(x Y) = WUpw / /(a+1> P | sin | | cos 6|
al R1
+1

Q

: <p\ sin Gla%l, o€+ | | cos 9[) dp, (2.5)
where
s g s bo
(;Jn = /Sin”_2 Qldel/sinn_3 92d02'"/Sinen_gden_g/dgn_l
0 0 0 by
and
T T T 27
Wy, = / sin™ "% yydy / sin™ " yadryy - - - / Sin Yy —2dYm—2 / dYm-1-
0 0 0 0

Furthermore, if w is of the form u(x,y) = ¥,,0(d), then

az Ro
1 \" .
/qppav(d) :@nwm/de/ (a—+1> P9 sin@|a+17 cos )™
Q Ry

ai

PP sin @]+
N il b

p p)dp
Ro
= Sn,m/pQ_lv(p>dpa (2.6)
Ry
where s, = (%H)md)nwm faaf |sin9\%_1]cos 6|m=1dg. 1If uw € C? is radial,
then
|V rul? = hoqlu|?
and
-2 " Q -1 /
Cpati= vyl (= 1"+ L2 27)

Let Vz(0) and Sg(0) denote the p-volume and the p-area of the ball By (R),
respectively, which are defined by

Vr(0) = / Vpa dzdy,  Sgr(0) = dZRRSO)-

Br(R)

Federer’s coarea formula [3] yields

Vpa

0BL(R)
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When p = 2, the definitions coincide with those in [4]. In the setting of the
Heisenberg group, similar definitions are given in [5].
We establish the following formulae.

Theorem 2.1.
(1) Vg(0) = %RQ K(pa, n, m)w,wpn, (2.8)
(2) Sa(0) = %RQl K (pov, 1, )i, (2.9)
where

K nm) - (1) = (d25) T (3)

1 n+pa ’
a+t D (2 +2)
n ﬂ.k .
Wy, = 2m2 = (’62*1)!k’ if n=2k,
(%) (322:?)1! ’ if n=2k+1,
m t .
o — 2mz (t2—1)!t7 if  m =2t
m my 2(2mw .
I'(%) o, m=2t+1.

Proof. (1) We will prove only the case n, m > 2 since other cases are similar.
We obtain

Br(R)
™ ™ ™ ™ ™ ™ 2
:/dQ/d91/d02/d@n_g/dQn_l/d%/dwm_l
0 0 0 0 0 0 0

i 1\™ [ p|s 0|% pa
sin 6= n
/< ) (p ) P9t sin@|a+17 cos )™
a+1 p
0

-sin™ 26, ...sin%6,_5sin 0,,_o sin™ 2 Y. sin? Vim—3 SIN Yy _odp

_ % <a i 1) Ruw,w,, 1 (”aiplo‘ C1m— 1> , (2.10)
where
™ ™ ™ 2
Wy, = /sin”2 Gldﬁl/sin"?’ 02d92.../sin9n2d0n2/d9n1,
0 0 0 0

I (n—l—pa —1,m— 1) = / | sin9|na+f1a_1| cos O™ d.
a+1
0
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Noting
3 7 (2k—1)! : _
<" 0do — 3 2 @ it n =2k,
I e if n=2k+1
0 2k+1)1! I n=:2ik+1,
and
m bl
/Sin" 0do = 2/sin" 0deo,
0 0
we obtain that when n = 2k,
2n_27r(2(k—1)—1)!! (2(k —2)! 1! 1.9
Wy = — coo—=— 127
2 2k-1)N 2k-2)+ 1) 2 2!
27k
and when n = 2k + 1,
-2 k-1 72k-1) -1 71N 1.9
Wn = - oo—— 127
2k-1)+ D2 (2(k—1)! 22!
27T2k;-1
= — (2.12)
P
Similarly, we have
2 t
Wiy = Tﬂ?;) it m=2t,
2041
Wy, = . it m=2t+1
M)
Since
I (nj:_ploz —1,m ) 2/ (sin @) G Y(cos 0)™1dh
o
_B < n + pa m) B r <2?;rﬁ)> F(%)
N 2 1)’ n ndpa | m)
(o r (2(31) + 3)
we obtain (2.8) from (2.10).
2) Using (2.8) and Sp(0) = 29 e arrive at (2.9). O
dR

Remark 2.2. When a = 0, we see that (2.8) and (2.9) become, respectively,
the volume and the area of the ball in the Euclidean space.

Let o € C§°(£2) satisfy the properties

1 if 0<y<lI,

2.13
0 it y>2. ( )

O0<¢o=<1 and sﬁo(y)z{
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The quantities

h(r)le
| i 0, (2.14)

where ¢ > 1, are said finite if there exists a suitable ¢y with property (2.13) such
that the integrals are finite. Such a function ¢ satisfying the above hypotheses
is called the admissible function (see [1] or [7], [8]).

3. THE NONEXISTENCE

In this section we study inequality (1.2) with ¢ < p. Letting max{l —
D, 1%} < 3 <0, we give

Definition 3.1. Let ¢ > 0. A function wu is called a weak solution of (1.2) if
w € L, (RE™), [Vyupu’™t € Li (RI™), 57U € Liy(RIH™) and

loc
| Getwodsdy < [ Vil MO Vig)dudy (31

Rn+m Rn+m

for any nonnegative function ¢ € Cg°(RZ?T™).
The main results of this section are the following.

Theorem 3.2. Let o <p, 1 <p<@Q,p—1<q< %. Then (1.2)
has no nontrivial weak solution.

Theorem 3.3. Ifo <p, 1 <Q <p, p—1<gq, then (1.2) has no nontrivial
weak solution.

Proof of Theorem 3.2. Let u be a weak solution of (1.2) and ¢ € Cg°(R? ™),
¢ > 0, be the admissible function, which we will specify later. Setting ¢ = uf¢p
and using (3.1), we have

udto
[ Bty < [ 1V10P T 10, V10 dedy

:ﬁ/|VLu|puﬁ_1<pdxdy+/|VLu|p_2u5<VLu, Vie)dzdy

<3 / VP pdady + / IV PP |V gl ddy,

where and in the sequel we omit the domains R™"™ in the integrals. Letting
e > 0, by Young’s inequality we obtain

uq+5 51
/ U apdady + |8 / IV ulPut pdady
< / VP |V gl dady

— 1)er 1 P
< (p—1)e /|VLu|puﬂ_1g0dxdy+ _/uﬁ-l-p—lqu;dy, (3.2)
p per prt
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_p_

By putting ¢;(€) = |5] — pl—ep > 0and co(€) = —p, (3.2) becomes

ud o
/??/Jpagodxdy—i-q(e)/|VLu|puﬁ_lgodxdy

p
SCQ(E)/umpl%dxdy. (3.3)

1

Choose a; > 1 such that - + - = 1 and let c3(€) = <2 ca(€) = = Using
1 1

Young’s inequality, we have

v olP
uﬂ+p’1—| 4 dxdy
Pt

1(B+p—1) |VL90|pa’1 de a;—1
< 03(6)/d—1/1pag0dxdy + c4(€) g (¢pa) dzdy. (3.4)
In particular, putting a; = ﬁff;’[jl > 1, cc =1 —ca(e)es(e) > 0, ¢ = ca(e)ca(e)
and combining (3.4) and (3.3), we obtain

udts
cﬁ/Twpa@dxdijcl(e)/|VLu\puﬁ1<pd:1:dy
pa), d° aj—1
< |Z§;f|_1 ( ; ) dwdy. (3.5)
po

On the other hand, letting as > 1
Holder’s inequality, we have

+ i, =1, ¢ = ¢ in (3.1) and using

7(12

uq
ebipdedy < [ V0P|V ] dady

(/leU’pUﬂ_ldede> ’ (/u(l (1) |ZL%0| ded )

p—

B =01 Pz
(/lVLu’puﬁlgpdl'dy) (/ T¢pa¢dxdy)

1

pas d° ay—1 paly
X ( lvﬁf‘f (¢ ) dxdy) : (3.6)
e por

Choosing as such that as(1 — 3)(p — 1) = ¢ +  and combining (3.5) and (3.6),
we have

IN

IN

p—1

p—1 , ’_ —

ut e N7 [ [Vl ae p
—papdrdy < | —— - dxd
/ ar Vel = (c1<e>) ( i \e) T

1

c p% pa) o\ a1-1 pag
. (_) 2 (/ Vil (d ) dxdy)
Ce pPa Yy
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1

pal, o \ a5—1 paj
X / leS,O| (4 dxdy
SDpaQ—l wpa

p—1 1

pa o\ @1 p | pag
=C, |VLS,O| d dxdy
gOpal—l ¢pa

1

pa d° ah—1 paly
x (‘Viﬂlz ( ; > dz:dy) , (3.7)
2 pa

p—1

where C, = (q(e)) v (i—)ﬁ .
If we require that ¢ be radial, that is, ¢ = (d), then

Vip=0aVid, |VidP" = (|VidP)" =yps, i=1,2.

Using the change of coordinates in (2.6), we see that

Vol (d )4
/ gppa? — e dxdy

supp (VL)
)V rdP [ do\
L[ ety
p(d)Pe Vpa
Rn+m
/ ¢pa|g0d pa daa—l dl’dy
Rn+m
. Q—lJ,»o' a’.fl |<pp<p> |pa;
= Sn,m P ‘ —/_dp (38)
/ p(p)pat

Denote p = Rt and ¢(p) = ¢ (%) , where ¢ is an admissible function satisfy-
ing (2.13) and (2.14). Hence

|VLQO|pa/i de a;—1
/ g ” dxdy

supp (VL)
2 pa!
= Snm /(RT)Q I+o(a;-1) —|RZO(£| Rdr
1 wo ' (7)
= SpmM; RO D7pa; (3.9)

where

2 2
a’ / a’,
M; = / FQ-1+o(al-1) |9‘;?l(_3|p dr < 2@~ 1+lol(a=1) —|9‘;(;ff3|p dr.
/ ¢o ' (7) /gyt (T)

Since (g is admissible, we infer that M; is finite and independent of R.



736 PENGCHENG NIU, JINGBO DOU, AND HUIQING ZHANG

Finally, choosing ¢(d) = ¢(p) = ¢o (%) . By (3.7) and (3.9), we obtain

u? u? u?
/ﬁgbpadxdy: / $¢pagodxdy§ / ﬁ%agpdxdy

BL(R) BL(R) BL(2R)
7 —1 1
VrolPdh /e N9t 5 ‘e
ga( / |“,0|1( ) dxdy) 2
AN
supp(VLyp)
/ 1
Vool [ do \ %! o
X / | LS/0’1 dxdy ’
pPa2— Vpa
supp(VLy)

p=1l, 1 1

= Ce <Sn7mM1RQ+U(a/1_1)_pall> p ' pay <Sn7mM2RQ+0'(a'2—1)—pa’2> paly

=C R, (3.10)
p=1, 1 1
where we have used ’%1—1—1%2%—[%,2 =1,01 = $ymC M, " "M, a} = qiﬁl,
_ +8 _ (oc=p)
@ = g A0d 0 =@ — o+ 50
If ¢ < %, then vy < 0. Letting R — 400, we have from (3.10)
_ u? u?
}%EIolo §¢padxdy = / $¢padxdy <0.
BL(R) Rntm
If g = %, then 79 = 0. Letting R — +o0 in (3.10), we have
ud
/ E@/Jpadmdy < 400. (3.11)
Rn+m

Choose b; > 1 such that i + i = 1. By the choice of ¢ and Holder’s inequality,

we have from (3.1)

u? u? u?
/Ewpadxdy: / $¢pag0d$dy§ / Ewpagodxdy

Br(R) Br(R) Br,(2R)
< / IV PV ppldady
supp(Vre)

p=1 v » 1
< ( / |VLu|pu*8_1g0dxdy> ( / u(l—ﬁ)(p—l)%d];dy)
supp(V L) supp(Vr)

pb1

e = W= -1)
< |V ulPu’ pdxdy T@Dpa@dxdy

supp(V ) upp(VLep)
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IV Ll [ do \" ! ﬁ
( / e <¢pa) dxdy) ) (3.12)

supp(VLyp)

We specify by = (1_ﬁ§’(p_1) = (Q_?))_(f_ﬁ) > 1 and have by (3.5) and (3.12),

Br(R)
pa’ o\ a1—1 el
ol [ BEGR) ew)’
P o
supp(VL ) "
Vil [ do \" s Ypald i
. / o drdy )" - / w2 i dy
Sop 1 ¢pa da
supp(VLp) supp(V L)
<csly - Iy, (3.13)
where c5 is a positive constant,
’ —1
YV, olP [ oge N\t %
we( ] SRR )
supp(VL ) :
/ / 1
VLl d7 \" ! Pv]
< / P11\ Ypa ey ,
supp(VLp)
L
I, = ( / wpadwdy) 1.
supp(V L)

Setting ¢ = (%) with d = p = Rr and noting supp(V¢o(d)) = {(z,y) €
R"™™ R < d < 2R}, we have

I = (Sn mM1RQ+U(a/1_1)_pa/1> v <Sn mM’RQ‘H’(b'—l) b} )Pb'

p—1 1

p

+
= Sn,m M (M/)pb, R’Yl (314)
/ T b
M| = f FQ—1+0(b;—1) |i°b§ )1|:)de d =

Yo L‘DO
—o)(p—1 — —
e b = it M = Q-+ o(a = 1) —pat] B+ [Q+ o (b -

1) — pb’]pb, = 0. From (2.14) we see that [; is finite and independent of R.
Furthermore, it follows that

where M; = f 7Q-1+0(a;—1) |%§7)|”“1 dr

pal —1 ?
o)

: ¢ ¥pa
ngrolo / o ——dzdy = 0. (3.15)
R<d<2R

So we have I, — 0 as R — oo.
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From(3.11),(3.14) and (3.15) we deduce that

u? ul
lim $¢padxdy = / gz/zpadxdy <0.

R—oo
Br(R) Rntm

This contradicts our assumption that v > 0, and then v = 0. Theorem 3.2 is
proved. O

The proof of Theorem 3.3 is similar to that of Theorem 3.2. We only need to

note that 7o =Q — o + % =Q—p— (P;i;(f:l) <0.

Remark 3.4. By considering the inequality

da
—¢—£p7au >ul?, uw<0, u#z0, on R (3.16)

po

we can give a similar definition of a weak solution and formulate the following
result:
under the hypotheses of Theorem 3.2, (3.16) has no nontrivial weak solutions.
In the proof, we take 0 < 3 < 1 and repeat the preceding process.

APPENDIX A. A FUNDAMENTAL SOLUTION OF L, ,

A fundamental solution of the operator £, at (z,y) = (0,0) is obtained in
[4]. Here we will derive a fundamental solution of £, ,.

Theorem A.1. Let C,q > 0 be defined by the formula
2

vaQ = p—1 . (A.]_)
(22)" K(pa,n, m)w,wn
Then
C
[(z,y) = —2%—
d(z,y)r
is a fundamental solution of —L, . with singularity at the origin.
Proof. Let
do = (|2 4 (a4 12]gf? + 0s0) T
Clearly, d. € C*(R"*™) and
I
a(p=2) g(a+1)(p—2)
o || d
Vide "= = d£2a+1)(p72) ’
pagla+1)(p=2) dlatD)(p=2)
Aa|V0d P2V d, = 2] _ Yrac X, (A.2)

d£20¢+1)(p—2) a d£a+1)(p—2)+1
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where ¢y, = ELT. (A.2) yields

2(at1)
Xawpa,e - pmﬁpa,em (A?’)

and
(a+1)(p—2)
X, (T
(dé’”*”(p‘”“)
dlet)(p-2) J2(e+1)
{arvp-2-arno-241551 @

- d£a+1)(p—2)+1 2

By(A.2), (A.3), (A.4), we get
_ b2 . %a Ed(aJrl)(p%)
Lpade = div (Aa,deJ def) = div ( derDE—2)+1 Xa)

Do d@FDE=2)

{Q+<a+1><p—2>

d£a+1)(p—2)+1
2(at1) d2(e+1)
‘|‘p01d2( ) — [(a+1)(p—2)+1]W} (A5)
p=Q

Let f € C2(0,00) and define u(xz,y) = f(d.) = d2~", then
. 1-Qp-Q 9

/ _p_Q 1 " _
fild) =——do" f(dE)_—p—lp—l

By (2.7) and (A.5), we obtain
Lyo (f(d)) = [ (d)P2[(p—1)
<Q p)p 42 ((Q = 1)|Vidl = doLyad,]

Q-p p—1 |z [Pl D p=2) 2(a+1)
= [+t (- 2) +pa] (2 e (A)

FUdV Ldel” + f/(de) Lp.ade]

Denote
|z|PedletDP=2)

p—1
- D
K(x7 y) - _[Q + (a + 1)(p - 2) +pa] Q Q+pat+(a+l)p *
p—1 e
(1 + d2(a+1)) 2(a+1)

Using (A.2) and (A.6) we have
p—Q
Ly (depl> = 9K (5;(m,y)> :

where 01 is defined by (1.4), and for any u € C§°,

p—Q P=Q
([,pyad p1 ,u) = lir% Ly (de” 1) u(z,y)dzdy

Rn+m
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= lime @ / K (6%(x,y)> u(z,y)dzdy

e—0
RnJr'm

= liné K (z,y) u(ex, e y)dady
Rn+m

= u(0,0) / K (z,y) dzdy. (A.7)

Rn+m

Note that
Cob=— / K (z,y) dxdy

Rn+m

Q—p\"! |z [PedletD)P=2)
= [Q + (Oé + 1)(p - 2) —|—pa] (j Q+pat(a+l)p dxdy
PL) (1 ) TR

From (A.7), (A.6) and (A.5), we see that —L, ,(I') = g in D'(R"*™).
Now, we use (2.1) and (2.8) and let R = 1. An easy calculation yields

|z|pedetDP=2)

dxdy

Q+patp(atl)
[1 + d2(a+1)] 2(a+1)

Rn+m

™ s T ™ ™ 2
= /d@l /d‘gg R /den_g / d@n_l /d’}/l . / d’Ym—l
0 0 0 0 0 0

% 1
1 \™  |p(sin@)a+t[pe R -
/( 1) Q+potplatl) P97 sin @]+ cos O™}
0 @t [1+ p2atD] "2rn

-sin™ 20, .. .sin® 0, _3sinb,_osin™ 2y, ... sin® Y, SN Ym_o dp

—+oco
p(a+1)(P*2)+pa+Qfl
= Sn,m, /

(7
J [1+p2(a+1)]%1<1)+1)

400 2(a+1) Q+pa+p(atl)

2(a+1) p7(2a+3)
- Sn,m/ Q+patp(atl) dp
, [1 +p2(a+1)] 2(a-+1)
Letting s = p~2(@+1) | we have
|z|Pedlet D -2)
/ Q+patp(atl) dl’dy
s (L o] ST

+o0 Q+tpatp(atl)

1 1\ 2+
= Snm ds
’ 2(a+1)/ 1+s
0
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_ %K(pa,n, M) WnWm
Q+pa+(p-2)(a+1)

where
1 " ~ : ntpa_ g m—1
Spm = Onwp, [ |sinf] «+1 "7 cos O™ db
’ a+1
0
1 by
1 m n+pa
_Q wnwm/pQ_ldp/|sin9 G “!cosh|™1db
2 \a+1
0 0
1
=QV1(0,0) = §K(poz,n, M) WnW -
Hence
2
Cpo = P : O
(ﬁ) K (par,n, m)wpw,

Remark A.2. Since L, , is translation invariant in y € R™, we easily infer

from Theorem A.1 that I'(z,y — v) = Cpod(z,y — yo)l;_f612 is a fundamental
solution of —L,, , with singularity at (0, o), with 0 € R™, yo € R™.
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