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SOLUTION OF A NONCLASSICAL PROBLEM OF
OSCILLATION OF TWO-COMPONENT MIXTURES

LEVAN GIORGASHVILI AND KETEVAN SKHVITARIDZE

Abstract. A general representation of solutions by six metaharmonic func-
tions is obtained for a system of homogeneous equations of oscillation of
two-component mixtures. The boundary value problem of oscillation of two-
component mixtures is investigated when the normal components of partial
displacement vectors and the tangent components of partial rotation vectors
are given on the boundary. Uniqueness theorems of the considered prob-
lem are proved. Solutions are obtained in terms of absolutely and uniformly
convergent series.
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1. INTRODUCTION

In the early 60s of the last century, C. Truesdell and R. Toupin formulated
in [20] the fundamental mechanical principles of a new model of a deformable
elastic medium with complex inner structure and thereby laid the foundation
for the continual theory of elastic mixtures. In subsequent years this theory
was generalized and developed in different directions. Based on kinematic and
thermodynamic principles, theories were created for two- and many-component
mixtures of such as fluid-fluid (Crochet and Naghdi [5], Atkin [2], Green and
Naghdi [9], [10], Green and Steel [8]), fluid-solid body (Crochet and Naghdi [5],
Atkin [2], Green and Naghdi [9], [10], Green and Steel [8] and solid body-solid
body (Crochet and Naghdi [5], Atkin [2], Green and Naghdi [9], [10], Green and
Steel [8], Khoroshun and Soltanov [12], Hill [11]).

In Natroshvili, Dzhagmaidze and Svanadze [17], static and dynamic problems
of the linear theory of a mixture of two isotropic elastic components are inves-
tigated by the method of a potential and singular integral equations. Atkin,
Chadwick and Steel [3] and Knops and Steel [13] deal with uniqueness theorems
for various linearized dynamic problems of the theory of anisotropic mixtures.

Questions as to the existence and uniqueness of weak solutions of mixed
static linear problems for mixtures of two nonhomogeneous anisotropic elastic
components were considered in Aron [1] and Borrelli and Patria [4]; in the former
work, the problem was studied by the method of functional analysis, while in
the latter by the variational method. In Khoroshun and Soltanov’s monograph
[12], along with theoretical questions, quite interesting concrete problems of
thermoelasticity were considered for two-component mixtures.
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In the present paper, we study a nonclassical boundary value problem of os-
cillation of two-component elastic mixtures with spherical cavity. A uniqueness
theorem is proved. Solutions of the problem are obtained in terms of absolutely
and uniformly convergent series.

2. BASIC EQUATIONS

Let R? be a three-component Euclidean space, and Qt C R3 be a finite
domain bounded by the surface 9Q, QF = QT U, Q- = R3\ OF.

Denote by u' = (u},uy,uy)" and u” = (uf,uy,u4)" the partial displacement
vectors; here T is the transposition symbol. In what follows, under the vector
we will mean the one-column matrix.

Homogeneous dynamic equations of two-component elastic mixtures are writ-
ten in the form [8], [17]

a1 A (z,t) + by grad div v’ (z, t) + cAu” (x, )

2,/
t
+ dgraddivu”(z,t) = py % :
AU (z,t) + dgrad div v/ (x, t) + agAu (x, t)
2,1
+ by grad divu” (z,t) = po 8u8—§.;ﬁ,t)

Let us assume that the displacement components are periodic functions of
time, i.e., we can write them in the form u'(x,t) = u/(z) exp(—ito), v’ (z,t) =
u"(z) exp(—ito), where 0 € R and i = /—1. Then we obtain the following
system of homogeneous differential equations of stationary oscillation of two-
component elastic mixtures:

a1 A (z) + by grad div v/ (x) + cAu” (z)
+ dgrad divu” (z) + prou/(x) = 0,
cAu' (z) + dgrad div v/ (z) + as Au” (z)
+ by grad div u” () + pao?u(z) = 0,

(2.1)

where v’ = (uf, u), uf), v’ = (uf,ul,u}) are partial displacement vectors; py, ps

are partial mixture densities, and ¢ is an oscillation frequency,
ap = pi1 — As, b =M1+)\5+/\1—%0/7 as = flg — As,
b=t s et Sl e= gt ds ol =dg = Ay
_ P1 _
d—Ms—/\5+/\3—FOé7 p = p1+ p2

A1y Aoy ..y s, fb1, fo, 43 are the elasticity moduli which satisfy the conditions

2
pr >0, paps —pz >0, A5 <0, /\1+§M1—%O/>07
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2 2 2 2
)\14——,&1—@0/ /\2+—[L2+&O/ > )\34——#3—&&/ .
3 p 3 p 3 p

From the above inequalities it follows that
dl = (a1+b1>(a2+b2)—(6+d>2 >0, dg :a1a2—02 > 0.

Definition 2.1. The vector U = (u/,u”)" defined in the domain Q C R is
called regular if uj,u) € C*(Q)NCHQ), k=1,2,3, Q= QUIN.

3. EXPANSION OF REGULAR SOLUTIONS

Theorem 3.1. A regular solution U = (u',u”)" of the homogeneous oscilla-
tion equation (2.1) is represented as a sum

4 4
W=V =) BV (3.1)
o j=1

where V;, 7 =1,2,3,4, are reqular vectors satisfying the conditions
(A+k)V; =0, j=1,234,
rotV; =0, 7=1,2, divV; =0, j=3,4,

Oéj = (C -+ d)k2

2 Bi=po® = (a + bk, j=1.2

70
3.4
aj=cki, B;=po’—aki, j=34 (34)

010204

1
k’%—i-k’g = — [pl(a2+b2)+p2(a1+b1)] 02, l{%k‘g = d s
1

dy

1 . (3.5)
ki + ki = dy (pras + paar)o?,  k3ki = ldz

Proof. We rewrite system (2.1) as follows:

4 4

u'=Y "oV u =BV, (3.6)
j=1 j=1

where «, 85, 7 = 1,2,3,4, are written as (3.4), and

1 . .
= Cr Dpo B =R EAPrdive —adivad),
1 ' |
Vo= (¢ + d)p1o2(k2 — k2)k2 grad(ay divu” — £y div '),
Vs = 1 rot(Byrot v’ — ayrotu”) (3.7)
" epo (g — kg srotu),
1
Vi = rot(agrotu” — fzrotu’),

cpr10® (k3 — ki)ki
where k2, j = 1,2,3,4, are written as (3.5).
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Since rot grad = 0 and divrot = 0, from (3.7) we obtain
rotV; =0, 7=12, divV;=0, j=34
The theorem will be proved, if we show that
(A+E)V; =0, j=1,2,34
The statement below is true [14].

Theorem 3.2. A regular solution of the system of homogeneous differential
equations (2.1) has continuous partial derivatives of any order at an arbitrary
point not belonging to OS).

By Theorem 3.2, to each equation of system (2.1) we can apply the operation
div; then, taking into account divgrad = A, we obtain

(a1 + b)) Adivu' + (¢ + d)Adivu” + pio? divu’ = 0,
(c+ d)Adivu + (ag + by) Adivu” + po? divu” = 0.
After multiplying the first equation of system (3.8) by (2, and the second by
—ay and summing the products, we have
b d d b
(a1 + ;)52 B (c+ 2a2} Adivu + {(C—i- gﬁQ B (ag + ;)042 A div i+
P10 P20 P10 P20

+ (Bpdiv’ — ap divu”) = 0. (3.9)

By (3.4) and (3.5) we obtain
(a1 +01)B  (c+d)ag Py

(3.8)

p10°? N pa0? a k% ’
(ct+d)B2 (a2 + by o
p10°? P20 k%

The substitution of these equalities into (3.9) gives
(A +E)(Bydive — apdive”) = 0.
Hence, using the values v; from (3.7) we obtain
(A + k1)vy = 0.
After multiplying the first equation of system (3.8) by —/, and the second
by a; and summing the products, we have
(¢ ;‘22041 B (all;t:;)ﬁl} Adival + [(Cm ;;:;)Oq N (0222251 A div i+
+ (o dive” — By dive’) = 0. (3.10)
By (3.4) and (3.5) we obtain
(c+d)ar (a1 +b)b _ B
P20 p10? k% ’
(ag +by)ar  (c+d)Bi  ay

P20 p10? N /f% .
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The substitution of these equalities into (3.10) gives
(A + k3)(ap divu” — By diva’) = 0.

This means that (A + kq)ve = 0.
Applying the operation rot to both parts of each equation of system (2.1),

we obtain

ayArotu' + cArotu” + pio?rotu’ =0, (3.11)
cArotu' + asArotu” + pyo?rotu’ = 0. '

After multiplying the first equation of system (3.11) by f,, and the second
by —ay, we have

a ca c asc
( 15;1 — 42) Arotu (—542 -2 3) Adivu"+
P10 P20 P10 P20
+ (Barotu’ — agrotu”) = 0.

If in these equations we take into account that

a1 Chly P

==,
p1o*  p20* k3

P oy Oy

p10° W B _k_?, 7
then we obtain
(A + E2)(Byrot v’ — ayrotu”) = 0.
Taking into account the value of the vector V3 from (3.7), from the latter

equality we obtain (A + k3)V3 = 0.
In an analogous manner we prove that (A + k2)V, = 0. O

Definition 3.3. A regular in Q= solution U = (u/,u")" of the system of
homogeneous equations (2.1) satisfy the radiation condition if for the vectors
V; given by equalities (3.7) the conditions

V() = o(1),
oV, (2)
OR

are fulfilled, where R is the length of the radius vector of the point x =
(21,9, x3); the derivative with respect to R is a partial derivative with re-
spect to the coordinate R of the point z. Q= = R*\ (), Q* is a finite domain
bounded by the surface 0.

—ik;Vi(z) = o(R™"), j=1,2,34,

The theorems below are true [7], [14], [16].

Theorem 3.4. If U = (v/,u")" is a regular solution of system (2.1) in Q~
and satisfies the radiation condition, then
V()

Vil@) = O(R™), =

—ik;Vi(z) = O(R™%), j=1,2,3,4.
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Theorem 3.5. For the vector u = (uy,us, ug) to be a solution of the system
of differential equations
(A+Ek)u=0, divu=0,

in the domain Q C R3, it is necessary and sufficient that it be represented in
the form
u(x) = rotrot(ay1(x)) + rot(zxa(x)),

where k is a constant, x = (x1, 29, 23), (A +k?)x;(z) =0, j =1,2.

Theorem 3.6. For the vector u = (uy, us,u3) to be a solution of the system
of differential equations

(A+KkHu =0, rotu=0,
in the domain Q0 C R®, it is necessary and sufficient that it be represented in
the form
u(z) = grad x(z),

where k is a constant, x(x) is a metaharmonic function, i.e., (A+k*)x(z) = 0.

Let us prove the following theorem.

Theorem 3.7. For the vector U = (u',u")" to be a solution of the system of
differential equations (2.1) in the domain @ C R, it is necessary and sufficient
that it be represented in the form

u'(x) = grad [a1 @1 () + aa®s(x)] + rot rot(zWs(x)) + rot(xWs(x)),

u"(x) = grad [31P1(x) + BoPa(x)] + rot rot(zWy(x)) + rot(z¥s(x)), (312)
where
Woj1(z) = az®ojia () + asPojya(w),
Wojia(m) = BsPoji1 () + BuPojra(z), j=1,2,
®i(z), j = 1,2,...,6, are scalar metaharmonic functions satisfying the equa-

tions
(A+E)P;(x) =0, j=1,2,3,4, (A+k))Pj2(x)=0, j=34, (3.13)
the constants o, B, k]z, j=1,2,3,4, have form (3.4), (3.5).

Proof. We will prove the first part of the theorem. Let the vector U = (u/,u”) "
be a solution of system (2.1). Then, by virtue of Theorem 3.1, it can be rep-
resented as (3.6), where a;, 35, 7 = 1,2,3,4, have form (3.4), and the vectors
Vj, 7 = 1,2,3,4, satisfy the system of differential equations (3.2), (3.3). The
constants k:]z, j =1,2,3,4, have form (3.5).

By virtue of Theorems 3.5 and 3.6, the vectors V}, j = 1,2, 3,4, can be written
in the form

Vi(x) = grad ®;(z), j=1,2,

Vs(z) = rot rot(x®3) + rot(z®s), (3.14)
Vi(z) = rotrot(x®y4) + rot(xdg),

where the scalar functions ®;(x), j =1,2,...,6, satisfy equations (3.13).
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If we substitute the values of the vectors V;, j = 1,2, 3,4, into (3.6), then we
obtain representation (3.12). This completes the proof of the first part of the
theorem.

Substituting the values of the vectors v/(x) and u”(z) from (3.12) into (2.1)
and using the identities

B; [p20? = (a2 + ba)k7] — (c+ d)kja; =0, j=1,2,
B |:p20-2 — agkﬂ — ckf-ozj =0, j=234,

we ascertain that the vector U = (u/,u”) " represented by (3.12) is a solution of
system (2.1). O

4. FORMULATION OF THE PROBLEM. THE UNIQUENESS THEOREM

Denote by Q1 the ball bounded by the spherical surface 92 with center at
the origin and radius R, i.e, QF = {z: 2 € R’ [z| < R}, 0Q = {z : z € R?,
lz| = R}, O~ = R*\ Q.

Problem (]if)_ Find, a regular solution of system (2.1) in the domain Q~,
which on the boundary 0f) satisfies the conditions

n(2) -u'(2)]” = £V(2), n(2) - u"(2)]” = fi2(2),

4.1
() x ot (2] = FE), () xrot (@) = O,

where fO = (f9(2), f22), f92)), j = 1,2, f9, j = 1,2, k = 1,2,3,4 arc
the functions given on 9, n(z) is the outward unit normal with respect to QF
at a point z € 0f2.

Near the point at infinity the vector U = (u/,u")" satisfies the radiation
condition.
We introduce the matrix differential operator A(dx)

A(Qx) = | :
A®(9z) 1 AD(0x)] (4.2)
AD (D) = [A,(j}(ax)h i=1234
where
W 0
A = a0 A+0b ,
kj 17k ! aZL‘kaZL’j
0) 0? .
Ay = oA +d SR 1=2,3,
AY Z At by 2
kj 2Vkj 2 axkax] )

dx; is Kronecker’s symbol and A the Laplace operator.
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Denote by € the finite domain bounded by the surface 092 € Aj(a), 0 < a <1
[14].

Theorem 4.1. If U = (u/,u")" is a regular vector in the domain Q0 and
A(0x)U is absolutely integrable in Q, then

/U - A(0x)U dz = /[U(z)]Jr - [P(0z,n)U(2)]ds — /E(U, U)dz, (4.3)
Q 09 Q
where the small line above the symbol indicates a complex-conjugate value,

U-PU=[(a;+b)(n-u)+ (c+d)(n-u")]dive
+[(c+d)(n-u') + (ag + by)(n - u")] diva

— (a1 + cu) - [n x rot W] — (cu' + agu”) - [n x rot@"’],  (4.4)
EU,U) = = [[(al +by) dive + (¢ + d) dive”)* + dy| divu”|?
ai 1
]' / "2 "2
+— [|ai ot ' + crot uw”|* + da| rot u”|?] . (4.5)
1

Proof. Let U = (u/,u")T and U = (@, u")" be six-component complex-conjugate
vectors. We will consider the scalar derivative

U-A0x)U = (a1 + cu”) - AT + (e + agu”) - AT”
+ (byu' + du") - grad divd’ + (du’ 4 bou”) - grad diva”.  (4.6)
After some transformations we obtain
u - Av = div(udive) — divu dive 4 div[u X rot v] — rot u - rot v,
u - graddive = div(udive) — divudiv v,

where u = (u1, up, u3)" and v = (vy, vy, v3)" are three-component vectors.
Substituting these equalities into (4.6), we have

U - A(02)U = div { [(a1 + b)u' + (c + d)u"] divd + [(c + d)u’
+ (az + bo)u"] diva” + ai[u' x rot W] + c[u’ x rot "]
+ c[u” x ot W] + as[u” x rot @'} — E(U,U), (4.7)
where E(U,U) has form (4.5).

Applying the Gauss—Ostrogradski formula, from (4.7) we obtain equality
(4.3), where

U-PU=n-{[(a1 +b)u + (c+ d)u"] divd + [(c+ d)u
+ (az + bo)u"] div” + ai[u' x rot W] + c[u’ x rot u”]
+ c[u” x rot @] + as[u” x rotu"]}.
If we use here the identity
n-[u X rotv] = —u-[n X rotv],

then U - PU takes form (4.4). O
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Since E(U,U) = E(U,U), (4.3) immediately implies

/ (U A(02)U — T - A(02)U] da
Q
= / [U(2) - P(0z,n)U(z) — U(z) - P(0z, n)U)(Z)Tr ds. (4.8)
o
Theorem 4.2. If 002 € A(«), 0 < a < 1, then the homogeneous Problem

g
(N)y has only a trivial solution in the class of reqular vectors.

Proof. Denote by B(0, R) the ball bounded by the sphere S(0, R) with center at
the origin and radius R. Let Q, = Q™ N B(0, R), where R > 0 is a sufficiently
large value such that 0 C B(0,R). Applying (4.7) in the domain 2, we
obtain

/ (U - A(@2)T — T - A(92)U] da

Qr

[U(z) - P(0z,n)U(z) — U(z) - P(0z,n)U(z)] dS

S—

+ / U - P(0z,n)T — T - P(9z,n)U] dS. (4.9)

S(0,R)
Rewrite system (2.1) as
A(0z)U + Jo*U = 0, (4.10)

where the operator A(0z) has form (4.2),
j = | y [ — [5kj]3><3'

By virtue of (4.10), the volume integral in equality (4.9) vanishes an so also

does the integral on 02 due to the boundary conditions of Problem (N); ( ff ) =
0, f9) =0, j =1,2). As a result we obtain

/ (U - P(0z,n)U —U - P(9z,n)U] dS = 0. (4.11)

S(0,R)
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The following estimates are true [14]:
divV; =ik;j(n-V;) + O(R™?), j=1,2,
rot V; = ik;[n x V;] + O(R™?), j=3,4,
(n-V;)=0(R™?), j=3,4, (4.12)
nxVi]=0(R™), j=1.2
(Vi V;) =O0(R™), (V-Vj))=0(R7%), k=12, j=34
Using the vector identity
[ax[bxc]]=bla-c)—cla-b),
from the second equality of (4.12) we have
[n x rot V] = —ik;V; + O(R™?), j =34, (4.13)

where n(z) is the outward unit normal with respect to B(0, R) at a point z €
S(0, R), the functions V; satisty equations (3.2) and (3.3).

If to (4.4) we apply formulas (3.1), the radiation condition and estimates
(4.12), (4.13), then we obtain

U-PU=U-PU = =2i[kXi|(n- V)" + k2A3|(n - V2)|?

+ kA3 Va2 + kA VAP] + O(R™2), (4.14)
where
1
A2 = {levr(ar +b1) + Bi(c+ ) + Bidi } > 0,
ap + by
1
2= {{ez(ar +b1) + Bo(c+ d))* + B2di } > 0,
a + by
1
)\§ = a_ [(Oégal + 630)2 + 5§d2):| > O,
1
1
>\421 = [(0446L1 + 540)2 + ﬂng)} > 0.
1

In deriving (4.14), the following identities have been used:

[ (a1 + b1) + Bu(c+ d)] + B2 [ar(c + d) + Bi(az + by)] =
oy [ag(ay + b1) + Bac + d)] + Bi [az(c + d) + Ba(az + by)] =
ag(azar + Bsc) + Ba(ase + Bzaz) =0,
asg(agar + Byc) + Bs(auc + Byaz) = 0.

Using estimates (4.14) in (4.11), we obtain

%)

[ uXiin VP + kargin - VaP
S(0,R)
+ ks A3 Vs[? + ks Af|Va[*] dS = O(R™Y). (4.15)
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Passing to the limit in (4.15) as R — oo, we have

Jim (n-Vy)IPdS =0, i=1,2,

S8 (4.16)
lim V;|?dS =0, i=3,4.

5(0,R)

The next lemma holds true [6], [14], [18], [21].

Lemma 4.3. A regular in Q~ solution of the equation (A+k*)u =0, k* > 0,
satisfying the radiation condition and the condition

Rlim |u(z)*d,.S =0,
5(0,R)
18 tdentically zero.

This lemma was proved by several authors (Rellich [18], Freudenthal [6], I.
Vekua [22], Kupradze [14]).
We will prove the following statement.

Lemma 4.4. A regular in Q= solution of the equation (A + NV = 0,
rot V =0, A2 > 0, satisfying the radiation condition and the condition

Jim In-V(z)]*d,S =0, (4.17)
S(0,R)
15 identically zero.
Proof. By virtue of Theorem 3.6, the vector V(z) can be written as
V(z) =grad ®(z), (A+ \?)®(x) =0.

Let (R,¥, ) be the spherical coordinates of a point z € S(0, R). Then the
metaharmonic function ®(z) can be written in the form [19]

Z Z —H” AR)Y™ (9, 9) A

k=0 m—fk
where H ()\R) is a Hankel function of first kind, A, is an arbitrary constant,
y™ (9, go) has the form

m 2k+1 (E—m)! im
v, >(19,g0):\/ - -Ekeri!P,i )(cos 9)e™?, (4.18)

P,im) (cos?) is an adjoint Legendre function of first kind, k-th power and m-th
order [19]. We have

n(e)- V() = =3 3 (TR HEL R i) A

m=
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From the properties of completeness and orthogonality of spherical functions
it follows by Parceval’s theorem that

k

2
//|Rn V) [2sin o dvd dp = R () ()\R) Akl
dR
while condition (4.17) 1mphes that
2
i 3 3 [ (0 | <o

=0 m=—k

and for each fixed k
. d |1 _
Jim R — L/ﬁ H, ()\R)] Apye = 0. (4.19)

When a real argument x > 0 has large values, the following asymptotic
formula is fulfilled for the Hankel function [19]:

2 ; s s
H®(z) = |/ = =579 4 O(a72).
™

This asymptotic formula clearly implies that (4.19) holds true only for A, =
0. This means V(x) = 0. O

Using Lemma 4.3 and 4.4, from (4.16) we obtain V;(z) = 0, j = 1,2,3,4,
x € Q7. Using the latter result in (3.1), we obtain /(z) = 0, u"(z ) 0,
x € Q7. This completes the proof of Theorem 4.2. O

[

5. SOLUTION OF PROBLEM (N)~

A solution of Problem (Xf )~ will be sought for in form (3.12), where the
functions ®;(x), j =1,...,6, are represented as

00 k
=3 k)Y 0, 0)AY §=1,2,3,4,

k=0 m=—k

O 0z Z Z ()Y, (9, 0) AV 5 =3 4,

k=0 m=—k

(5.1)

where Afflk,, j=1,...,6, are the unknown constants, Y,fm) (9, ¢) has form (4.18),
kj, j =1,2,3,4, have form (3.5),

R Hk+1(k r)

We require of the functions ®;(z), j = 3,4, 5,6, to satisfy the conditions

/ ®;(r)dS =0, j=3,4,5,6, (5.2)

o
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where 2 is a sphere with center at the origin and radius R; (R < Ry < +00).
If we substitute the values of the function ®;(z), j = 3,4, 5,6, from (5.1) into
(5.2) and use the equality

2 — —
/Yk(m)(ﬂ,w)d5= {2\/7?}%1 for k=m =0,

0 for other values of £ and m,
o

then we obtain A(()%) =0,j=3,4,5,6.

If we substitute the values of the function ®;(x), j =1,...,6, from (5.1) into
(3.12) and use the identity [7]

da(r)
X
dr mk (197 ()0) +

rot[za(r) Y™ (0, 0)] = VE(k + 1) a(r) Zui(9, ¢),

rot rot[xa(r)Yk(m) (0, p)] = k(k+1) a(r) Xm (Y, )

r
d 1

+Vk(k+1) (5 + ;) a(r)Yme(9, ¢),

k(k+ 1)

grad[a(r)V,"™ (9, )] = a(r) Yo (9, ),

where a(r) is a function of r,
ka(ﬁa 30) = eTYk(m)<197 <P), k Z 07

1 0 e, O
Y. _ P Y(m) > 1
AV sy (6’9 00 " sinv 89@) e k=t

L (w0 0
k(k+1) \sind 9o 7 09

Zi (0, 0) = )Yk(’”)w, 0), k>1,

im| <k, e,, ey, e, are the normal unit vectors

e, = (cos psin®, sin ¢ sin ¥, cos 1),
ey = (cos p cos ¥, sin p cos ¥, — sin 1),

e, = (—sinp, cos g, 0),

then we obtain

[e's) k

W) =303 {ul () X (9, ) + VE(k + 1) [0, (1) Yiur (9, )

k=0 m=—k

1)
+ Wy, (1) Zie (9, 0)] } (5.4)

[e'S) k

w(2) =Y 3 {ul ) X9, 0) + VE(E + 1) [0 (1) Yo (0, )

+ w0l (1) Zi (9, 9)] 3,
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4
d k(k+1
u) = 3 4 ) A9, + 3 0 Y )49, k> 0,

dr , r

j=1 j=3

2 4 d
o) =3 0y = bk AY) + 3 (d n ) hi(k;r) AV k> 1,

7j=1 Jj=3

2. d L k(k+1) .
(1) = DBy = (k) A+ 0 =—— ha(lyr) Ay, k>0, (5.5)

=1 j=3

2 4
1 ; d 1
v (r) = > 5B - h (k) AY), + > 5 (% + T) hi(kyr) A9 k> 1,

Za]hkkr AU Zﬁ]hkkr JAUFD >

Note that since n(z) = e, from (5.3) we have

() - X9, 0) =, (0, 0), () - Yor(0,90) = 0, 0(2) - Zunie(9,0) = 0,
By virtue of the latter equality, from (5 4) we obtain

ok (5.6)
Z Z w2 (Y™ (9, ).
k=0 m=—Fk
From (3.12) we have
rot u'(z) = rot [z(azkiP3(z) + cukiPa(z)] + rotrot(z¥s(z)), (5.7

rot u”(z) = rot [x(B3k3P3(x) + BakiPs(x)] + rotrot(zW¥e(x)).

Substituting the values of the function ®,(z), j = 3,4,5,6, from (5.1) into
(5.7) and taking into account that

[67_ X ka] =0, [er X Ymk] = _kaa [67’ X kaz] = Y?’TLkH
we obtain
00 k 4
n(z) X rotu'(z) = Z Z Z k(k + 1){ k3 hy(k; r)A Ymk(ﬁ ©)
k=1 m=—k j=3

(5.8)
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Since on the sphere S(0,1) the sets {Yk(m)(ﬁ, ©) Y ml <k, k=v.00 and { Xpx(J, 0),
Yo (0, 0), Znk (U, ) Yymj<k, ko5 form a complete orthonormal system in the
space Lo and provided that the sufficient condition of smoothness is fulfilled,
we can represent the function ff )(z) and the vector fV)(z), j = 1,2, as Fourier
series

00 k
=3 anvm ), (5.9)
k=0 m=—k
[e%S) k ]
fO=) =30 > {@nXe(®,0) + VE(E+ 1) [B Y, 0)
k=0 m=—k
where afﬁbi, 047(3%, 7(,]1,1, ’y?(qi,)g are Fourier coefficients.

Taking into account that n(z) - fU)(z) =0, j = 1,2, from (5.10) we obtain

k=1 m=—k
Passing on both sides of equalities (5.6) and (5.8) to the limit as + — z € 9Q

and taking into account the boundary condition of Problem (N)~ and also

formulas (5.9) and (5.11), for the unknown constants Amk, =1,...,6, we
obtain the following systems of algebraic equations:

2
d
; o5 ho(k; R)AS) = aly,

, (5.12)
2
Zﬁj dR o a((]O)v
k(k+1)
ZO./] dR kR mk+za] R A(J = 39’
k(k+1)
=3
4 .
Z%mu = O 2GR ALL = B (5.13)
=3

4 1 4
§ hi(ky R)AYD = A1)

d (3+2) 2)
Zﬁj (dR R) hip(kjR)AVT? = 72 >,
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These systems are compatible by virtue of Theorem 4.2. Their solution has
the form

1
A = e (3200 - o).
0

(ki R)A
1
AR = T aR) B <041Oéé%) - 510«%)) ;
0
1 _ 1 O EEe)
Ane = 1 e R) A, (52% “ 5mk> ’
1
@ _ @ 5 <)
s (0406 B
3 .
4 2
R
A6 _ n @
™ (R (ksR) + 1A, (ﬁ”m’f )
R
40 _ (1)
mk " (Rh(ksR) + 1)A, ( Ak = B )

where

W _ 0 kE+1) @)
5mk_ mk plo_gR < ﬁ +Cﬂ >7

@ _ o KkE+D) o @)

5mk = Qg — ,02(72R ( ﬁ +a2ﬁ ) ’

Ao = (c+d)pro®(ki — k3), Ay =cpro®(ki — k7)),
d

hy(k;R) = o hy.(kjr)

r=R
By substituting the values of the constant Amk, j=1,2,...,6, from (5.14)

into (5.4) we obtain a solution of Problem (N )~. To justify this solution we have
to prove that series (5.4), (5.6) and (5.8) should be absolutely and uniformly
convergent in the domain Q.

The following statement is true [7].

Theorem 5.1. The vectors Xpi(9,¢), Yok (¥, ¢), Znk(9,¢) admit the fol-
lowing estimates for any k > 0:

/2k+1

2kk+
i S AN | 5.15
Y0, ) < D sy, (5.15)
2k(k + 1
(0, 0)] < M P>

2k+1 7 -
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Moreover, as is known [19],

- 2k + 1
Y0l <\ k=0 (5.16)

If we substitute estimates (5.15) and (5.16) into (5.4) and write Hankel’s
functions of first kind as k — oo in the form [19]

k+1 k+1
hk(k}jT’) ~ (E) , h%(k’ﬂ“) ~ k (E) s

T T

then we ascertain that series (5.4) and their partial derivatives of any order are
absolutely and uniformly convergent in the domain 2.

Let x € 0. Then series (5.4) and their partial derivatives of first order
will be absolutely and uniformly convergent if we prove the convergence of the
majorizing series

00 2
3 . : ,
o 3 STk el + k218D + | (5.17)
k=ko j=1
where « is a positive constant not depending on k.

Series (5.17) converges if we require of the coefficients O‘%« frﬁv, 'yr(i,)g, j=1,2,

to have order

ag = O(k™), B =O0k™), A =O0k™). (5.18)

mk — mk —

The following theorem is true [7].

Theorem 5.2. If fO) € CYAQ), j = 1,2, then the coefficients Y}, 5Y)

mk’ Mmk>

%(,JL,)C admit the following estimates:

a0 =0k, AU =0k, Y =0k, 1>1

mk — mk —

Analogously, if fij) € C(09Q), j = 1,2, then the estimate

aVl = ok, j=1,2
is true [15].

With these properties of Fourier coefficients taken into account, we conclude
that the coeficients 047%, ﬂg,)g, 7,(7]1,1, j = 1,2, admit estimates (5.18) if the
boundary vector functions satisfy the following boundary conditions:

U e c3o0), f9 et o), j=1,2.

Writing Hankel’s function of first kind as » — oo in the form [19]

hy(k;r) = O(r™1), (d% - ik:j) hi(kjr) = O(r™%), j=1,2,3,4,

we ascertain that the vectors «/(z) and u”(z) defined by (5.4) satisfy the radi-
ation condition near the point at infinity.
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Passing on both sides of equalities (5.6) and (5.8) to the limit as z — z € 92

and using formulas (5.12), (5.13) and (5.9), we obtain

n(2) - '(2)] = fi0(), () x ot/ (2)] = fO(2),
n(z)-u"(2)] = f2(2), [n(z) x rotu”(2)]” = f@(z), =€ .

Thus, for f7 € C3(09) and f0) € C4(09Q), the vector U = (u/,u”)7 repre-

o

sented by (5.4) is a solution of Problem (N)~

10.

11.

12.

13.

14.
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