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ON THE FOURIER EXPANSIONS OF EISENSTEIN SERIES
OF SOME TYPES

NIKOLOZ KACHAKHIDZE

Abstract. Bases of the spaces of Eisenstein series E(T'o(4N),x) (k € N,

k >3, N is an odd natural and square-free) and Ej/2(I'0(4N), x) (k € N,
2+ k, k> 5 N is an odd natural and square-free) are constructed for
any Dirichlet character mod 4N and Fourier expansions of these series are
obtained.

2000 Mathematics Subject Classification: 11F11.
Key words and phrases: Entire modular form, Eisenstein series, congru-
ence subgroup.

We will mostly use the notions and notation from [1]. Let Ei(I'¢(4N), x)
(k € N) denote the space of Eisenstein series of weight k and character y with

respect to [o(4N); Ek/g(fo(élN),X) (k € N) denotes the space of Eisenstein
series of weight & and character x with respect to I'g(4N). Van Asch in [2]

constructed a basis for the space Ej /o <f0(4p), (@)> (p is an odd prime, k € N,

24k k>3ifp>13k>5ifp=1Lk>Tifp=T;k>9if p=3 or 5; ()
is the Kronecker symbol) using theta-series of some positive quadratic forms.
These series are given in the form of infinite products. Pei in [6] constructed
bases for the spaces E32(To(4N), (1)), E3/2(To(8N), (1)), Es/2(To(8N), (%)) and
E3/5(I'0(2°),1), N being an odd natural and square-free number, e an integer
> 4, 1 | N, using transforms of some Eisenstein series of special kind and
obtained Fourier expansions of these series.

In the present paper, for N specified above, bases of the spaces Ey(I'g(4N), x)
(k € N, k > 3) and Ek/g(fo(élN),X) (k€ N, k> 5,21 k) are constructed for
any character mod 4N using the Eisenstein series, and their Fourier expansions
are obtained.

In what follows, p is an odd prime, ¢ is prime; M, n, d, k, h, m, u, r, s, t,
a, 3, 0, w are integers; H = {7 € C | Im7 > 0}, z = exp(2wit), 7 € H; (m,n)
denotes g.c.d. of m and n; n mod N means that n runs through the full residue
system modulo N; if 7 € C, then T denotes the complex conjugate of 7. If x is
a character mod N, then y, denotes the main character mod N.

1. Lemma 1 ([4], p. 13). If x(n) is a character mod N and N = Nj -
N+ Ny, (N, Ng) = 1 when r # s, then there is a unique system of charac-
ters X1, X2, - - - » Xm With modules N1, N, ..., Ny, respectively, such that x(n) =

x1(n)xa(n) -+ Xm(n).
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With mod 4 there are only two characters: the main character and the prim-
itive character x(n) = (=) = (1) Y2 if 2fn and x(n) = 0if 2 | n.

If x is a character mod p, not the main character, then y is primitive (see [4],
p. 22). With mod p there exists only one real primitive character x(n) = (%)

((%) is the generalized Legendre symbol).
In what follows ¢(n) denotes a character mod 4. If x is a character mod N,
then let

9(x) \/_ > x(n)exp(2min/N).

n mod N
Lemma 2 ([4], p. 45). If x is a primitive character mod N, then
> x(n)exp2rimn/N) =xX(m)VN g(x), |g(x)| = 1.
n mod N

Lemma 3 ([4], p. 50). If x is a real primitive character mod N, then

)1 when x(—1) =1,
900 = {z when x(—1) = —1.

Lemma 4 ([4], p. 52). Let x(n) = x1(n)x2(n), where x, is a character
mod N,, r = 1,2, and (N1, N3) = 1, then

Z x(n) exp(2mimn/N) = x1(N2)x2(Ny) Z X1(n1) exp(2mimny /Ny)

n mod N n1 mod Ny

X Z X2(n2) exp(2mimns /Ny).

ng mod No

Using Lemma 2 it is easy to verify (see [1], Ch. IV, §2, [4], p. 39) that if ¢ is
a character mod p, then

> dr)exp@rinr/p’) =0 if & # v, p” | n;
rmed e p—1if ¢ =4vo, p’|n;
—1if w=qo, p’tn, p" | m;
Vv (n/p® Ng() if £, p° fn, p" 0.
Z o(r) exp(2minr /2%) = 0 if ¢ # ¢g, 2*7|n;
rmedd 0if ¢=¢o, 2°7%|n, 227" {m;
2 if ¢ = ¢, 2%|m; (1.2)
—2if 2°7Yn, ¢ = ¢g, 2%t n;
2ip(n/2°7 %) if ¢ # ¢o, 2°7%|n, 2° 1 fn.

, CJw if wn
Z exp(2minr/w) = {O i win, (1.3)

(1.1)

r mod w
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Lemma 5 ([1], Ch. IV, §2). If t € H, a € R, a > 1, then

Z (1 +h)~* = (2m)" exp(—mia/2) (T'( Z n® "t exp(2mitn),

where ' is the FEuler function and when T € H, 7 = exp(aln7); also InT
denotes the branch of logarithm for which 0 < Im(Int) < 7.

Let 0o denote the number of cusps with respect to I'o(N). Then (see [5],
p. 102)

=> @((t,N/1)) (1.4)
tN
where ¢ is the Euler function.
Lemma 6. [fN P1-c Dy then Lo(4N) has 3-27 cusps: (; = 00, o1 = (}9);
CQ :0, 09 = (_ ) {C = —x, 0 = (7}\71(1])}]\[1 | 4N, N1 7£ 1, N1 7&4N},
¢ =000 (r=1,2), C—Joo

Proof directly follows from (1.4) and the definition of a cusp. O
Lemma 7 ([1], Ch. 1V, §2). If w = wow?, 2t w, wo and n are square-free,
then
Z (r) (rinr o) 0 when wq 1 n;
— ) exp(2minr/w) = .
A= \w Ew (w—0> Vor(wy)wy  when wy | n,
where

Ew:{l if w=1(mod 4); (15)

i if w=—1(mod 4),

r

(;) 1s the generalized Jacobi symbol and p is the Mobius function.

In what follows, let x be the Dirichlet character mod N; ( = coo, 0 €
SLa(Z), Tc = {7 € To(N) [1¢ = C}; if 7y = (2}) € SL(Z), 7 € H, k € N, let
Te(7,7) = (em + A)%, f(7)lky = Sy, 7)1 f (7).

Lemma 8 (see [1], Ch. IIL, §2; [3], Ch. II, §1). a) Let x(—1) = (=1)*,
E(rik, Nox) = > X(d)J(o "y, 7)), (1.6)

€T A\Lo(N)

where T'c \ To(N) denotes the set of right cosets of T'o(N) by I'c. Then
E(r;k, N,x) € Mg(Lo(N), x) for any k = 3.

b) If E(t;k, N, x) # 0, then E(7;k, N, x) # 0 only at the cusp ¢ and vanishes
at the remaining cusps.

In what follows, let 7%/2 = (\/7)F, -7 < Argy/T < § for any k € Z; if
v=(2%) € SLy(Z), T € H, suppose (7, 7) to be a holomorphic function on
H such that ¢*(y,7) = t(er +d), t € {—=1;1}. If v € Ty(4), then ¢(v,7) =
j(v.7) = (5) e;'Ver +d, where g, is defined by (1.5), (£) is the generalized
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Jacobi symbol when d is odd positive and if d is odd negative, then (g) =

sgnc(|d|) also (E) =1.
Let G = {(v,(7,7)) | v € SLo(Z)}. I (1, 0(71,7)), (2, 0(72,7)) € G,

suppose (71, 9(71,7)) - (72, 0(12:7)) = (172, (11,727)0(72,7)). 1t is known
(see [1], Ch. IV, §1) that G is a group with respect to this operation.

If £ = (v,9(v,7)) € G, f is some function defined on H, let f(7)[x/2{ =
¢(v,7) " f(y7). I 4| N, suppose Lo(N) = {(7,(7, 7)) | v € To(N)}.
Lemma 9 (see [1], Ch. IV, §2; [3], Ch. II, §1). a) Let 4 | N, x(—1) =1,

E(rgNa) = X el (1.7)

YELA\To(NV)
where v = (2Y). Then E( T; 2,N,x) € Mk/g(fo(N),X) for any k > 5.
b) E (7'; g, N, X) # 0 only at the cusp ¢ and vanishes at the remaining cusps.
In the following let

prlu,x) =Y x(O)d', op(u) =) d; (1.8)
sd=u dlu
Lkx) = xn ™ =T[ Q- x(@)g™) (1.9)
k—1 - 2 (=D T\ ik
e(Fgm o) -2 ()
_ (DT ) e\ .
= q>l_[2 (1 - (T)q ) (Dirichlet £-function); (1.10)
= Z n k= H(l —¢ "™ (Riemann (-function). (1.11)

2. In this section let N = pypy---p;, n = 2°p{iph? - -pzju, (2N,u) = 1. It
follows from Lemma 1 that if x(n) is a character mod 4N, then x(n) =

p(n)(n) = ¢(n)i(n)---1;(n), where ¢)(n) is a character mod N and ¥ is a
character mod p; (I =1,2,...,7).

Lemma 10. Let

Q1k(n, x) = Z x(w)w ™ Z exp(2minr /w). (2.1)
2Nw%

( w= r mod w

Then Q1 (n, x) = ul” pk 1(u, x).
Proof. Since (2N,w) = 1, from (1.3) and (1.8) we have

Q1,6(n, X) ZX F=ulh ZX(W) (g)k_l = u'""pp_1(u, x).

wlu wlu

=1
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The lemma is proved. U
Lemma 11. Let x(n) = ¢(n)w(n), M = pi* - .p;j;
Qualn,x) =) 27M0%2) Y o(r)exp(2minr/2°7%).  (22)
a=0 r mod 212

Then
a) when ¢ = ¢o, Q2k(n,x) =0 if2{n and

Qax(2n,x) =2 28(1%)1?8(2) (2]{1E(2) ) 2k—1@(2) 1

b) when ¢ # do, Qan(n, x) = 2- 220Ms(2)¢(Mu)i.

Proof. Any r € 7Z/2°27Z is written uniquely as r = r; +4ry, 0 < 1 < 4,
0 <ry < 2% Then ¢(r) = ¢(r1) and

Z o(r) exp(2minr/2°7?)

r mod 20+2
Z ¢(r1) exp(2mingr, /2%72) Z exp(2minry/2%). (2.3)
r1 mod 4 ro mod 2¢
a) Let ¢ = ¢y. By virtue of (1.2), (1.3), from (2.2), (2.3) we get
1) if 2 ¢ n, i.e., s =0, then

Qai(n,X) =D _27%y™(2) D olr1) exp(2miMury /2°F2)

a=0 r1 mod 4

X Z exp(2miMury /2%) = Z ¢o(r1) exp(2mir, /4) = 0;

ro mod 2¢ r1 mod 4

2)  Qax(2n,)) 22 kb (2) Z ¢o(r1) exp(2mi2st! Mur, /2°12)

r1 mod 4

X Z exp(2mi2* Tt Mury /2%)

ro mod 2¢

»
|
—

— 2. 2a(17k)wa(2) —9. 28(1716)1#5(2)

Q
Il
o

. 1- 25(1_k)w8<2> —9. 25(1—k)w5(2)

[ 20k (2)
_ 9. 9s(1—k), s k=177 _Q(kfl)%s(Q)—l B >
-2 ) (25 s ).

b) Let ¢ # ¢p. Again using (1.2), (1.3), from (2.2), (2.3) we have
Qai(n,x) =27%9(2) - 2° > ¢(r1) exp(2miMury /4)

r1 mod 4
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2<1—k>8¢8(2) - 2ip(Mu). O

Lemma 12. Let M; = H ptl1 (1 <1<j), x(n) = o(n)(n)e,(n), where

ll;éz
Yy s a character mod p; and 1y, is a character mod pﬂl,

Q3.1 (n, X) ZP Bkﬁbﬁ (pr) @/JBH( 1) Z Uy(r) GXP(27Ti”T/pzﬁ+l)- (2.4)

r mod pﬁ+1

In that case,
a) if ¢y is the main character, then

Qs (n, %) = py 1" ()05 (1)

(k Dt o, B
x ((pz — D)o(p) o (p)p) " - O (p)dp) — 1 1) ;

o o) aa(p) — 1
b) if ¥, is not the main character, then
Qara(n.X) = oy~ ()0 () /ety (2) e (M) g ().

Proof. Any r € Z/prZ is written uniquely as r = ry + pra, 0 < 1 < py,
0 <ry <p/. Then ¥,(r) = ¢,(r;) and

Z Py (r) eXp(QWinr/pr)

r mod pﬁ+1

Z U,(r1) exp(2minry /pp ) Z exp(2minry/pl). (2.5)

r1 mod p; ro mod pf

a) If ¥, = 1y, by virtue of (1.1), (1.3), from (2.4), (2.5) we get
t;—1

Qsra(n.X) = (o0 — 1) > o/ ) (o) — 0" ()W ()
B=0

- 1= 3O ) )
= o(m) <(pl -1 1—p " o(p1)au(p)

= pi et ()P ()
X ((pl — 1)p(p1) 2 (p1)p,

—pp Mg (p) g, (Pl))

k—1 pl(k Y tl¢tl( l)wél,l(pl) -1 3
T () (p) — 1 '
b) If 1, # vy, using (1.1), (1.3), from (2.4), (2.5) we have

Q3,k,z(n>f)zpl—tlk¢tl( ) tl+1(pl)pl Z Py(r1) exp(2mi2° Myury [ pr)

r1 mod p;

= o T () 08T () /Pt (2° M) g (). 0
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Proposition 1. Let x(n) = ¢(n)1,(n)ei(n), where ¢, is a character
mod N; (N; | N) and v, is a character mod (N/N;); x(—1) = (=1)*. Then
a) if ¢ = ¢o, then the system of the functions

Ei(rik, AN, X) = > X(n)(mr+n)", (2.6)
n>0iu(\7[7|171):1
B (T, k4N, x) = Z ¢(“)E1,z(“)¢2,l(m) (4NymT + n)fk (2.7)

m>0,n
(ZNlm,Nn/Nl)zl

(Nl | Na Nl #Nv [ = 17"'72j_17 Nll #le when ll 7£l2)a
Es(rik AN, X) = Y d(m)vo(m)iyy(n)(Nemr + )" (2.8)

m>0,n
(Nlm,QnN/Nl)zl

(N [N, 1=1,...,22, N;, # Ny,, when l; #1y),
Ey(rik, AN, X) = Y dm)a(m)dy(n)2Nmr +0)F (2.9)

2-m, m>0
TL,(QN[TI’L,TLN/N[)::[

(N[N, 1=1,...,22, N;, # Ny,, when l; # ly)

is the basis of the space Ex(I'o(4N),x) for any k > 3;
b) if ¢ # ¢o, then the system of functions (2.6)—(2.8) is the basis of the space
Ey(Lo(4N), x) for any k > 3.

Proof. 1t is well known (see [1], [5]) that to each regular cusp of the group
['g(4N) there corresponds an Eisenstein series and these functions form the
basis of the space Ei(I'o(4N), x). Now the result follows from Lemmas 6 and 8
after easy calculations. O

Next, we derive Fourier expansions of functions (2.6)-(2.9).

Lot ay(0) = s, 31(1) = B (1) (), X2(0) = ()b (W) ().
1) Since Y(—1) = (—=1)*, we have

Y xXm)(mr4n)F= > x(m)(—mr+n)F= Y x(n)(mr+n)7.

m<0 m>0 m>0
4N|m,n>0 4N|m,n>0 4N |m,n<0
(m,n)=1 (m,n)=1 (m,n)=1

Thus, because of the absolute convergence, we have

Ey(1;k, AN, x) = 1 + Z n)(4Nm7 4 n)~*

nmn

= (i ’“) > X(n)ANmT +n)*

—1 m>0
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Let n = 7+ 4Nmh, r mod 4Nm, h € Z. Then Y(n) = X(r) = ¢(r)¢(r). By
Lemma 5 and (1.9) we get

Eq(7:k AN, x) = 1+ (4N) " L(k, %)~

xmiojl(m—k > x(n) i <T+W+h) k)

r mod 4Nm h=—0o0

=1+ (4N)_k(27r)k exp(—mik/2) (F(k‘)ﬁ(k&))_l

xii(nklfém/k > jﬂmemx%me4Nm»)f

r mod 4Nm

=1+ (2N)” ak Z( ZZ Z (Qap/fl_upj@jwrk
1

n=1 a=0 — . — —
Ar=0 £;=0 (2ﬁ,w)=1

% ) (r)o(r) exp(2mine /(27 2p - -PfjHW))) 2" (2.10)

B+1
r mod 2‘1+2pf1+1~--pj] w

Any r € 7202t -pfﬁle is written uniquely as

r=w- 2a+2 Z r H pﬁhl + Wrii Hpﬂh—i-l + 2a+2rj+2 ]‘_[pﬁh—i-l7

h=1 hi= h=1
hl;éh

0< e <w, 0<r<pp™, 1<h<j, 0<ry <20t

Then

o(r) = O(rjt1)e H d(p l+1 ),
=1

Di(r) = Py () (4D (2) (4 le ), o) [T duw) = X(w),

1=1 =1
11#1

[[oey =92, [[¢@ =@,

2a+2 Bi+1

exp(2minr /(29 p] pfj+1w)) = exp(2minrjio/w)

X H exp(2minr/p ) exp(2ming; ., /20F2)
I=1

and from (2.10) we obtain

Ey(73 kAN, x) = 1+ 2N) " ar(X) ¥ (4)¢(N)
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(T et Y explorinnae)
1 w=1 rj4+2 mod w
(2N,w)=1
X Z 27 %42 (2) Z $(rj+1) exp(2minryy /2°77)
a=0 7j+1 mod 2042
7 00
T (et Tt
=1 5120 =1
Il
R S Tr——— >)>Z”
r; mod p'lBl_H

=1+ ax(X)P(4)e(N)27 "N

XZ” Q1 (7, X) Q2 (n, X) HQMH’LX) (2.11)

=1

2) Boy(1:k, AN, X) = Y d(n)d1a(n)thay(m)(ANymr +n) 7"

m>0,n
(m, n)*l

k , X1) Z%l Z o(n)h1,(n)(ANmT +n)F

n=—oo

Let n = r + 4Nymh, r mod 4Nym, h € Z. Then ¢(n) = ¢(r), ¥14(n) = ¥1,(r),
and by Lemma 5 we get

E(3k, AN, x) = (4N) "Lk, xa) ™!

xi(m,l(m)m-’f GG (r+4j§lm+h)k)

r mod 4N;m h=—00

= (2N) Far(x1 Yo (m)ym=*
DAY

n=1 m=1
(N/Ni,m)=1

X Z d(r)abr(r) exp(27rmr/(4Nlm))) 2"

r mod 4N;m

Let Ny =ps, -+ ps;» 1 <d<j—1,or Ny =1, then

By (15 k, AN, x) = (2N;)) *ay.(x1)

(B SY X v @ )
n=1

a=0 =0 =0 w=1
B1 Bd (N =1
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X Z B(r)1(r) exp(27rmr/(2a+2p?11+1 : p?j“w))) 2",
r mod 2@+2p§11+1 . ?j+1w
Let
r=uw-2°"? Zm H o+ wra Hpﬁh+1 + 292y, Hpﬁh“,
h=1 = h=1
hizh

0<rga<w, 0<m<pyt', 1<h<d, 0<rg <2072

Then
o(r) = d(rar1)d(w)d(ps - p?;“),
d d
) = TLa0) = T (¥ B0, (1), 2 H T ™)
h=1 h=1 hi=
hl;éh
and
By (75 kAN, X) = (2N)7"1,1(4)(N1) a1 (N1) ak (x1)
X i (nk_l i Y1 (w)w™" Z exp(2minrgi2/w)
n=1 w=1 Td4+2 mod w
(2Nw)=1

XZT'JW?;(?W%;@) Y dran) exp(@minrg; /277)

rd+1 mod 2012

x H ( > O 0, )oa (05 ) H Vs, ()

Br=1
hlyéh
X Z s, (1) exp(27rm7°h/pﬁh+1)) ) 2"
rp, mod pﬁh-'—1
= (2N) "1 1 (4) (N2, (ND)are(x1)

d

XZ( "Qu(n, x1) Q2 (n, X1) H 3,k,0n nx1) 2" (2.12)

3)IfN,=1,d=0o0r N, =ps - ps;, 1 <d < j, then similarly to the above
we obtain

E3i(7;k, 4N, x) = 2" N ar(x1)2,0(N)) Z (nk_lQl,k(n,Xﬁ

d
x [ [ @sen (n,xl))z” (2.13)
h=1
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and
) _ n—k - -
Ey (1, kAN, x) = N ag (x2)¥1.(2) 02, (V) Z ( )" Q1k(n, x2)
n=1
d
x [ [ @3, (1, X?)) 2" (2.14)
h=1

For N = p, we obtain the following results.

Corollary 1. Let x(n) = ¢o(n)v(n), x(=1) = (=1)%, ¥ # o, n = 2°p'u,
(2p,u) = 1, by(x) = p(2)2F1 . LA g gy

P22 11
B (75 k,4p, x) = 1+ 2" Fay(0)0(2) 7_]“2519 w)pre-1(u, X)2*"
Ey(1;k,4p, x) = 2 "a Zbk 1 * Vo1 (u, x) 22
B (75 k. 4p, x) = 2%ax(x) f: 2=l o (u, x) 2",
n=1
Esa(rik,4p, x) = ax(X)g(¥)2" - p2~* Zw 2002 g (u, X) 2",

By (1ik,4p,x) = ar(x) Y (=1)"- 267 Dspt=Dlp (u, x) 2"

Mg

I
—

n

E4,2(7-;k74p7 X) = ak( )E 77’62 n¢s ) ( 1)spk*1(u>¥)zn

Proof directly follows from (2.11)—(2.14) and Lemmas 10-12, replacing, in
Lemma 11, n and s by 2n and s + 1 to obtain Fourier expansions for (2.6) and
(2.7); furthermore, ¢(p)=1. O

Corollary 2. Let x(n) = ¢o(n)o(n), n = 2°ptu (2p, u) =1, b, = 2%-1.

2(2k—1)s_1 _ 2k—1 , pEbt_1 1)*4k(2p)>*
e —La=@-Dp" g — 1 de = mfwhemBk

are Bernoulli numbers. Then

El (Ta 2k7 4p7 X) =1+ (2p)_2kdk’ Z bkcko—?k—l(u)’an?

n=1

Es(1; 2k, 4p, x) = 27°*d,, Z bep g (u) 2™,

n=1

E3,1(7_; Qka 4p7 X) = dk Z 2(2k_1)8p(2k_1)t0_2k_1(U)Zn,

n=1
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E372(T; 2k, 4p, X) = p_%dk Z Ci 2(%_1)50%—1(“)2",

E4,1(T; 21{?,4]), =27 2kd Z 2k Ds (2k 1t U2k—1<u)zn7
Eua(r5 2k, 4p, x) = (2p) di > (—1)"cx 2oy (u) 2",
n=1

Proof. Tt follows from (1.9) and (1.11) that £(2k XO) (1-272k) (1 —p~2%)C(2Kk).

It is known (see [7], Ch. I) that ((2k) = 22]22;) By,. Then the result immedi-

ately follows from (2.11)—(2.14) and Lemmas 10-12. O
Corollary 3. Let y(n) =¢(n)i(n), 660, ¥ £, n=2pu, (2p,u)=1; then

Ey(rik,4p,x) = 1 +i- 27 prFay(x)p Z w)pr—1(u, X)2"

By (7 k. 4p, x) = 2" Fiar(x) Y p* 1 (2) ¢! (p)d(w) pri (1, ) 2"

E3,1(T; ka 4p7 X) = Qk : ak‘(X) Z Q(k_l)sp(k_l)tpk—l(uﬂ X)Zna

n=1
Bya(ri b, 4p,x) = 2° - p3 Fan(0g(@) S 266 (p)* (2020 () i1 (1, %) ="
n=1

Proof directly follows from (2.11)—(2.13) and Lemmas 10-12. O

1
Corollary 4. Let x(n) = ¢(n)o(n), ¢ # ¢o, n = 25p'u, (2p,u) = 1,

t 2k:t
cr = d(p)(p — 1)p* - % Lody = =5 (i (12)’“+1))E , where Ej are Fuler
numbers. Then

Ex(7; 2k +1,4p, x) = 1+ ¢(p)p V. Y cx(u) pai(u, x)2",

n=1

Es(732k 4+ 1,4p, X —decb w)p*™ por (u, x) 2"

B3y (7;2k +1,4p, x) = —i - 2" 1d, Z 22K 2 oo (u, ) 2",

n=1

Eso(7;2k +1,4p, x) = —i - 2%+ p= @D g, Z ek @' (p) 27 par (u, x) 2"

n=1
Proof. 1t follows from (1.9) that
L2k+1,x) =) (—1)"'(2n— 1)
n=1

pn
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=(1- 2k’+1 Z 1)—(2k+1)
n=1
_ 2k+1
= (1= ¢(p)p~ D). 22;€+2—(2]€)'Ek (see [7], Ch. ).
Then the result follows from (2.11)—(2.13) and Lemmas 10-12. O

3. In what follows, let n = 225p2" .. -p?tjn%u, N =p;---p;, (2N,ny) = 1, where
u is square-free, 24 k, M = pi ... p?tj , X = ¢ is a character mod 4N.

Lemma 13. Let

S1k(n,x) :i (2—’5%&(2) Z o(r) <§>aafexp(2ﬂ'im’/2a+2)>. (3.1)

a=0 r mod 2412

Then
Sialm ) =2 970(4) (14.003) () 1)
_ (k=2)5° (4) —
X (2’“_21/;(4) . 2;;5(4()4)_ 1 ! + ¢ (u, X)) : (3.2)
where
awo=17 if (—1)'3 ¢(3)u# 1 (mod 4);
’ 1+272 9(2) (2) if (1) ¢(3)u=1(mod 4).

Proof. Tt is well-known that (2) = (— 1)(*=1/8  therefore (ﬁ

) = (=1)" and

(4733) = (=1)"*!; furthermore, ¢, = 1, ¢(r) = 1 when r = 1(mod 4), and
er =1, ¢(r) = ¢(3) when r = 3 (mod 4). Hence
S1e(n, x) = Z (2_5“1#0‘(2) exp(27rin/2“+2)
x (14 (=1)"¢(3)i* exp(2min/2°F")) Y (—1)meXp(27rim"/2°‘)>

r mod 2¢

= exp(2min/4) (1 + ¢(3)i" exp(min))

oo

+ Zl (2—’5%%2) exp(2min/2°7?) (14 (—1)*¢(3)i" exp(2min/2°t1))

x (14 (—1)%exp(2min/2%)) Z exp(2m’nr/2a1)). (3.3)

7 mod 20—1

Since 2 { ny, we have Mn? =1 (mod 8) and

exp(27m'n/228+3):exp(m'u/él):%- (g) (1 + (%) z) when 21 u; (3.4)
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exp(2min/2%t) = (=1),  exp(2min/2%?) = i*; (3.5)
if 24 u, then i* = (=) 4; 21 k, hence i* = (Z}) i. It is easy to verify that
14+ (—1)%exp(2min/2%) =14 (—1)* when a < 2s;
—(=1)" when o =2s+1;
0 when a =2s+2 and 2| u.
Now from (1.3) and (3.3) we get

Sii(n,x) = Zﬂ”aw (1+¢ ( )z)

+ 207 Ry (4) (1+ ( )i-(—l)“)

+ 2037k 9= %ws(4 )¥(2) exp(miu/4)

< (1-00 ()i ) S (3.

If (—1)%¢(3)u =1( mod 4 then (=) = ¢(3) (), and if (-1 )71q5(3)u =

3 (mod 4), then (_71) = 3) (Z). Therefore using (3.4) and (3.5), we have

i (1 + ¢(3) (%1) i (—1)“) +2724(2) exp(miu/4)

« (1 —6(3) (%1) i z) (1— (—1)") = (1 +6(3) (%) z) o). (3.7)

Furthermore,
22(2 ka¢a 1_2(2ksw()
— 227Ky (4)
o 2(k—2)s@s<4) _
= 2=k (4)28 2 (4) - — 3.8
G (3.5)
From (3.6)—(3.8) we obtain (3.2). O
J
Lemma 14. Let ¢;(n) be a character mod p;, M; = ] plzltll, 1<1<y,
=1, 11 #1
BH+1
r , .
S = 3w (L) esiamine /™), (1<1<). 69
r mod pBJrl br
pir
Then

a) if 1y is the main character mod p;, then

SZ,k,l(nvwl) :(pl - 1)pllg Zf 2{67 1 < B < 22fl - 17
2““ if B=2t1+1, pi|u,



ON THE FOURIER EXPANSIONS OF EISENSTEIN SERIES OF SOME TYPES 69

u .
<]7l> enDi" /DL if B =2t pifu,

0 otherwise;
b) if Wy = (E> then

Soxa(n, b)) = (o —V)p] if 216, B<2t,—20rB=2t, p | u,
_pZQtl Zf 6 = 2tl7 le[u7

U/ pi .
(%) e T if B=2t+1, pi | u,

0 otherwise;

C) Zf@l 7& wl; then
So.k1(n,101) = /Dip; 4, (45 Mynu) (E) g <¢l (171)) if B=2t, mtu,

b

Vo (A Mt/ p)g () if B=2t+1, p |,
0 otherwise.

Proof. Let r = 11 + ropy, r1 mod py, p; 1 r1, 9 mod plﬁ. Then (1) = (),
(1%) = (%), exp(2minr/p] ) = exp(2minry /p; ) exp(2minry/p) ) and

Soki(n, ) = Z () (E)ﬁﬂ

r1 mod p; b
pi-r1
x exp(2minry /p) ) Z exp(2minry /p}). (3.10)
ro mod plﬁ
Now the result follows from (3.10), (1.1) and (1.3). O

Lemma 15. Let

Sy r(n, x) = i (x(cu) (%) bt Y (5) exp(27rim’/w)). (3.11)

w=1 r mod w
(2N,w)=1
Then
k—1
9
Ssx(n,x) = ni™" > K(0)d

<1 (1 - (M)x(q)qlgk)- (3.12)
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Proof. 1) First consider Ss(u,x). Let w = wow}, wy be square-free. Then by
Lemma 7 we get

-1 _k U
Sk (1, X) Z Z X (wo)x* (w1 (w_o) ey wo "wp " (w_()) Vwowr p(wr)

wp>0 wilu
(2Nwo)=1 (2Nw;)=1
q?-wo
—u <—1>’“2“> N ‘
= wo) | — wr ) p(wy )w
3wt () () S mtensd
(2N,wo)=1
¢*-wo
(D)7 u) iz
S| CERRNTEC) SRTASICE e Wl (3.13)
q‘u w0>0 0
¢*-wo
By (1.9) we have
k—1 ((-1)7u . S AN
E( 2 ’X<< ). ))ZZ ZX(WO)X%M)(%)WJ wy "
w20>0w1:1 1
q--wo
—1)Fu S e 1-k
= Z X (wo) 5 Wo Z X (wr)wy
wop>0 0 wi=1
q%-wo (wwy)=1
k—1
—1) =2 u 1-k _
=Y ww) (%)%2 A= (@aMLk-1,7).  (3.14)
wg>0 0 qlu
q*wo
(3.13) and (3.14) imply
£(5 ()
Ssp(u, x) = i) (3.15)
2) Since (2N, w) = 1, from (3.11) we obtain
S3,k(225MU7X) = Sz(u, X).- (3.16)

3) Let n = q2ocn07 q2 +n07 q > 27 q # b, [ = 17"'7j7 w = quﬁa QTWOJ
r = r1¢” + rowp, 1 mod wy, T2 mod ¢°. It is easy to verify that if 2 1 ab,

(a,b) = 1, then
Egp = (%) (Z) E4ED- (3.17)

B B
Therefore ¢* 5-( ) (i> gk ck

woCqB
0q
By Lemma 4, from (3.11) we have

S3,k:(n07 = (X ( )ZOWOQ

wo=1
(2Ng,wo)=1
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Ero Q) (@) ) e () G)

B
X Z ( ) exp(2mingr /wo) Z <7‘_2> exp(?winom/qﬂ))
r1 mod wo ro mod ¢f q
- —1 _k r )
— Z (X(WO) (w—()) 5Zowo 2 Z <w_;) exp(2mn07‘1/wo))
wo=1 r1 mod wo
(2Nq,wo)=1
S e —1 ’ —-k5 k T2 7 . 8
X Z X)) — ) a2 ep Z — | exp(2mingrs/q”)
B=0 q d b q
ro mod g
= Ai(no) Az(no). (3.18)

Let ro = rg + gr4, r3 mod ¢, r4y mod ¢®~'. Then

Az(no) =1 +§:1 (X%) (%)Bq e (%)ﬁexp(%mors/qﬁ)

r3 mod ¢
X Z exp(27rin0r4/qﬁl)>. (3.19)
r4 mod ¢f—1

Since ¢? { ng, by (1.3), (1.1) and Lemma 3 we get

Aaln) =143 (1) tel 3 () explzminars /o)

r3 mod g

+ X ()" Z exp(2mingrs/q?) Z exp(2mingrs/q)

r3 mod g r4 mod q
q-r3
k-1

1+ x(q) (—(‘l’f’”) ¢ it gt no;

1-k

(3.20)
1—x*(q)q if ¢ | no.
Similarly to (3.18)

S:s,k(qzano, X) = Al(qhno)AQ(q%‘no) = A (no)Ag(q2o‘n0), (3-21)

because ¢ { wo.
As in the case of (3.19),

Ax(q®ng) =1+ Z (Xﬁ(q) <7> q‘%ﬁgsg Z (5) exp(27ig**nors/q°)
B=1

rs3 mod ¢

X Z exp(27riq2o‘n07’4/q5_1)) . (3.22)

r4 mod ¢P—1

By (1.3), (1.1), Lemma 3 and (3.20), from (3.22) we obtain:
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a) if ¢ | ng, then

As(@*no) = 14> X (@)g® ™ g — 1) = x> (g)g® Mg

(2—k)x

= (1-x*(9)q 0)q

+ X9 = P (@)g Y PV (g)g* PO
B=0 B=1

— (1= x2(9)8" ™) T X ()g® M7 = Ay(ng)g@ o 3" 32 (g)gk—D(e—)
=0

= As(no)g® ™M "\ (8)d" (3.23)
dd=q>

b) if ¢  ng, then

o k—1
e =k (—=1)2n
Al m) = 1 33P0 ) ¢ ) g (L)

k—1

—1)zn Lok o —k)a a —k)a
= (1+X(Q) (W%)q 2 )x2 (@)g® ™™ = x**(q)q* ™
+ZX ) = (@) Y (g)gP Y

B=1

= (1 +x(q) (—(_1);21”0 ) qlgk) X (q)g® e

+ (1= x*(9)g" ") QZI X (q)g® "
3=0
= (1 +x(q) (—(_15;1”0)617) (xm(Q)q(”)“

k-1

N R
B=0

~lnf* 5 3 ] (1 (@) ((‘”q—”)q ). G2

If ¢1 | o, then (“”qﬂ) — 0, therefore (3.24) contains (3.23).
Taking into account that f,(0) = x*(0), fo(d) = 672 and f3(d) = [] <1 —

qild
k-1 1-k

X(qﬂ(“”q@)q?) are multiplicative functions, from (3.15), (3.16), (3.21)

and (3.24) follows (3.12). O
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Note that if x = xo, then by (1.9), (1.10)

k—1

E<kg1,><o<(—1)‘2u))

Llk—1,x0) =[[@—p 5 —2""5)¢k - 1); (3.26)

if x = (ﬂ), then x? = xo and by (1.9), (1.10)

,c(k ; 1,X((_1)_k;1“)) =L (% (—1)k21uN> . (3.27)

Proposition 2. Let x(n) = ¢(n)v1(n)a(n), where ¢y, is a character
mod N; (N; | N) and 4, is a character mod N/N;, x(—1) =1, 2t k; then the

system of functions

By (1;5,4N,x) = Z X(n) <@) ek (mr 4+ n)7F2, (3.28)
4N|m "
n>0, (m,n)=1
_ 4N;m
By (r5ANX) = > ¢(m)dri(n)ibai(m) ( p )
(2N N /N1
x X (ANymT + n)~H? (3.29)

(Nl’N, Nl#N, lzl,...,Qj—l, Nll#Nlm when ll#lg),

Bu(rsavo) = ¥ olmutmom (1)

miV,
m>0,n !
(Nym,2Nn/N;)=1

x by (Nymr + n)~+/2 (3.30)
(Nl ’ N? [ = 17‘-'72j7 Nl1 #lev when ll 7&[2)

is the basis of the space Ek/g(fo(ZlN),X) for any odd k > 5.

This proposition is proved exactly as Proposition 1.

Next, we derive Fourier expansions of functions (3.28)—(3.30).
Let a; = 7°/2 exp(—mik/4)T (g)_l.

1) if 24 n, n <0, then by (3.17) we obtain

ey = (_71) (-%) vt = — (%) (—1)ep i = (:—D ien.  (3.31)

It is easy to verify that if m > 0, n < 0, 7 € H, then

o =i = Jmr i, (3.32)
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Since x(—n) = X(n), by (3.31) and (3.32) we have
v Nk —k/2 _ - MmNk —k/2.
> xm) (Z)ehmran) = ST x(m) () ehmr +n) 7

4N|m,n>0 4N|m,n<0
m<0, (m,n)=1 m>0, (m,n)=1
therefore
_ m _
Ei(m;5,4N,x) =1+ Z x(n) <g> ¥ (mr +n) k2
4N|m,m>0

n, (m,n)=1

=1+ > xn) (4Nm) ek (ANmT + n)~H2.

n
m>0
n, (2mN,n)=1

Let n = r 4+ 4Nmh, r mod 4Nm, h € Z. Then X(n) = X(r), €, = &, and by
Lemma 5 we get

By (ri5,AN,x) =1+ (4N) " i <m—’5 > X (g) (%) ek

m=1 r mod 4Nm
(2N,r)=1
o0 k
r 2
v +h)
8 h_g_:oo (7 3 >
k [ >
=1+ <2N)_§7T§ exp (——Wi ) r (5) 2 (ng_lmzlm_g
X E X(r) (ﬂ) <T> ¥ exp(2minr /(ANm)) | 2"
r r
r mod 4Nm
(2N,r)=1

r mod 2a+2pf1+1 .
(2N,r)=1

Bj+1
P w

X exp(2minr/(20F2ph L -pfjﬂw))) 2", (3.33)

Then, as in Proposition 1,
J J By 41 J J
_ a+2 h Bn+1 a+2 Bn+1
rT=w-2 E Th th11 +Wwrjp th + 2% 40 th )
h=1  hi=1 h=1 h=1
hi#h

0<rjpa<w, 0<m<p™ 1<h<j 0<r <207

24741, pntrh, since (2N, r) = 1. After a simple calculation we obtain
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w0 (5 () ) ()

@ Bi+1 T A=
202 p It T W) = G(N)P(4)X (w

—1\ |, (T2 @
<7> oL (27 exp(2ming, /)i ( )

J 1 Br+1 . . - Bn+1
x exp(2minr;,, /2°7?) H (gb’gh Pn) ( > €pgh+11/)h(7"h> (P_h>

Ph

x exp(2minr/(

J Ph, (Bny +1)(Br+1) By 41 i1
X H (ph> V(o) exp(2miney, /p), )) (3.34)

hih

From (3.33) and (3.34) we have

By (rk AN ) =14 (2N) 50, 3 (n’éw(zv)w)
n=1

<Y vt (D) X () eemingiar

(2]%):}:1 rj+2 mod w
- —ka7a 2 ¢ ; ol

X ZQ 2%)*(2) Z d(rjt1) (7’_) 5':]_+1 exp(2minrjyq/2°7?)
a=0 741 mod 2072 j+l

2Tj41

5 ﬁ -1 Bh-i-lk
<SS (oo (5) e

/=0  B;=0h=1

on (Bry +1)(Br+1) Bt
] (2) T, ()
=1 \Pr

hih

xS ) (;—Z)ﬁhﬂexp(?mnrh/pﬁhﬂ)))z”

1 N M Pas (VT Y (n’é—lsl,km,z)sg,k(n,y)
] ] kg -1 Br+1
X Z e H (ph 2 h¢ﬁh (Ph) (p—h) €];§h+1

T, <p£h“>sz,k,h<n,%>))z". (3.35)
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2) Let x1 = ¢y jWoy; if Ny=1,d=0o0r Ny =ps, -+ -ps,, 1 <d < j—1, then
similarly to the above we obtain

(e}

Eop (T ( ; 2,4N, X) (2NZ)7k/2ak¢<Nl)E1,l(4) Z (nglsl,k(n,X1)53,k(”,X1)

n=1

h

205 +1 syt g 1\ At
Br k

< X Mmoo () e
h

=0 h=1
d (Bh, +1)(Br+1)
Ds 1 _ "
< 11 ( ) T, (0 >S2,k,ah<n,wah>))z , (3.36)
=1 N Pon
hi#h

andif Ny =1,d=0o0r N;=ps, - ps;, 1 <d <7, then

o0

E3,l ( ) 274N7 X) = 2k/2N k/Q Z <n§_153,k<n7 Xl)

n=1

2t51+1 2t(5d+1 d 1 Bh"‘l
B
<X (M en (o) e
-0 —0 h=1 ’n
Ds,,
X
I (2

(ﬁhl""l)(ﬂh‘f'l)
) Vs, (P, )52,k,6h(n7¢5h)>>z : (3.37)
hgéh

For N = p, we obtain the following results.
Let now n = 2%p*n2u, (2p,n;) = 1, ¢* { u,

b oy £ () :
Al,k<u7X) = T < ) E(k — 1,X ) 5;1 X2(6)dk 2

_1 when p | u,
dip(u) = {(#) p% when p{u,
-1 when p { u,
doj(u) = {p 14 ((—1)];%) p% when p | u,
ds (1) = {(ﬁ) vteppg (¥ (3)) when pta.
, o) <%> N (D) when p | u,
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- () (1 (20

X L <% (—1)k21u> S]] <1 = <#)q)

dn1 qld

where Br—1 are Bernoulli numbers;
2

p(k—2)t -1
P2 1
o 2(k 2sws(4)_1
Chnlu, x) = 28"%)(4) - — + cp(u, x),
1k (U5 X) b(4) P 1 k(1 X)
where ¢ (u, x) is defined by Lemma 13.

Corollary 5. If x #X, x(—1) =1, then

(1+0(3) () 1) p?
By (7i5.4p,x) =1+ (1+ (5) 1) v(4)

X Z Ay (u, X)Ch i (u, y)wQ(nl)d&k(u)z”,

B, k(u) = P2 p—1)- +dp(u) (r=1,2),

o(p)

Ex (ri . 4p.x) = ”1?;(_()_ > B ) Al )Gl )"

Es, (T; §, 4p, X) = m Z Q(k’Q)Sp(k*Q)tAl,k(u, X)zn
k —

ok —k/2
FE3o (7'§ §, 4p, X) = p—,l Z Q(k_2)s¢s(4)1/)2(”1)A1,k(“aY)d&k(u)zn
1 + (T) t n=1
Proof immediately follows from (3.35)—(3.37) and Lemmas 13-15, since
exp (%) = (1+ () i) (2) - 273 when 21 k. O

Corollary 6. If x = xo, then

Ey (75 %,4p, x0) —1+2Ak ) Bk (u)Chp(u, X0)2",
By (7 %,4p,x0) =" Zp(H)tAk(U)Cl,k(u, X0)2",
n=1
1 -1 >
Esy (15 %,4p, x0) = 25" (1 + <7) z) > oA (1) 2"
n=1
1 -1 oo
Ess (155, 4p, x0) = 2 <1 + <7> z) > 20720 Ay (u) By g (u) 2"

n=1
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Proof directly follows from (3.35)—(3.37) and Lemmas 13-15, taking
X = Xo- U

Corollary 7. If x(n) = (%), then

El (Ta §74p7 X) =1+ ZAk<up)BQ,k<u)Cl,k(uv X)Zn

n=1
Eo (7% 4 _k/Moo(k%A C
2(7_;27 p»X)_p 1+<71 Zzp k(Up) lk(u X)
n=1
-1\ ' &
Esy (135, 4p, x) = 28p" 2( p ) ) > 2t Ay (up) 2,
n=1
i

~1 IR
Eso (1:5,4p,x) = 2%, ( » ) 1+( ’ ) ) ZQk 2 Ay (up) Bago(u) 2"

Proof. If p=1(mod 4), then x(d) = ¢o(d) (;‘—f), and if p = —1 (mod 4), then

x(d) = () (%). Therefore x(d) = (’71)172;1 : (4>, (—1)% = <’71> and the
0

p p

result follows from (3.35)—(3.37) and Lemmas 13-15.
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