
Georgian Mathematical Journal
Volume 13 (2006), Number 1, 55–78

ON THE FOURIER EXPANSIONS OF EISENSTEIN SERIES
OF SOME TYPES

NIKOLOZ KACHAKHIDZE

Abstract. Bases of the spaces of Eisenstein series Ek(Γ0(4N), χ) (k ∈ N,
k ≥ 3, N is an odd natural and square-free) and Ek/2(Γ̃0(4N), χ) (k ∈ N,
2 - k, k ≥ 5, N is an odd natural and square-free) are constructed for
any Dirichlet character mod 4N and Fourier expansions of these series are
obtained.
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We will mostly use the notions and notation from [1]. Let Ek(Γ0(4N), χ)
(k ∈ N) denote the space of Eisenstein series of weight k and character χ with

respect to Γ0(4N); Ek/2(Γ̃0(4N), χ) (k ∈ N) denotes the space of Eisenstein

series of weight k
2

and character χ with respect to Γ̃0(4N). Van Asch in [2]

constructed a basis for the space Ek/2

(
Γ̃0(4p),

(
4p
·
))

(p is an odd prime, k ∈ N,

2 - k; k ≥ 3 if p ≥ 13; k ≥ 5 if p = 11; k ≥ 7 if p = 7; k ≥ 9 if p = 3 or 5;
(

4p
·
)

is the Kronecker symbol) using theta-series of some positive quadratic forms.
These series are given in the form of infinite products. Pei in [6] constructed
bases for the spaces E3/2(Γ0(4N), ( l

·)), E3/2(Γ0(8N), ( l
·)), E3/2(Γ0(8N), (2l

· )) and
E3/2(Γ0(2

e), 1), N being an odd natural and square-free number, e an integer
≥ 4, l | N , using transforms of some Eisenstein series of special kind and
obtained Fourier expansions of these series.

In the present paper, for N specified above, bases of the spaces Ek(Γ0(4N), χ)

(k ∈ N, k ≥ 3) and Ek/2(Γ̃0(4N), χ) (k ∈ N, k ≥ 5, 2 - k) are constructed for
any character mod 4N using the Eisenstein series, and their Fourier expansions
are obtained.

In what follows, p is an odd prime, q is prime; M , n, d, k, h, m, u, r, s, t,
α, β, δ, ω are integers; H = {τ ∈ C | Im τ > 0}, z = exp(2πiτ), τ ∈ H; (m,n)
denotes g.c.d. of m and n; n mod N means that n runs through the full residue
system modulo N ; if τ ∈ C, then τ denotes the complex conjugate of τ . If χ is
a character mod N , then χ0 denotes the main character mod N .

1. Lemma 1 ([4], p. 13). If χ(n) is a character mod N and N = N1 ·
N2 · · ·Nm, (Nr, Ns) = 1 when r 6= s, then there is a unique system of charac-
ters χ1, χ2, . . . , χm with modules N1, N2, . . . , Nm, respectively, such that χ(n) =
χ1(n)χ2(n) · · ·χm(n).
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With mod 4 there are only two characters: the main character and the prim-
itive character χ(n) =

(−1
n

)
= (−1)(n−1)/2 if 2 - n and χ(n) = 0 if 2 | n.

If χ is a character mod p, not the main character, then χ is primitive (see [4],
p. 22). With mod p there exists only one real primitive character χ(n) =

(
n
p

)

(
(

n
p

)
is the generalized Legendre symbol).

In what follows φ(n) denotes a character mod 4. If χ is a character mod N ,
then let

g(χ) =
1√
N

∑

n mod N

χ(n) exp(2πin/N).

Lemma 2 ([4], p. 45). If χ is a primitive character mod N , then
∑

n mod N

χ(n) exp(2πimn/N) = χ(m)
√

N g(χ), |g(χ)| = 1.

Lemma 3 ([4], p. 50). If χ is a real primitive character mod N , then

g(χ) =

{
1 when χ(−1) = 1,

i when χ(−1) = −1.

Lemma 4 ([4], p. 52). Let χ(n) = χ1(n)χ2(n), where χr is a character
mod Nr, r = 1, 2, and (N1, N2) = 1, then

∑

n mod N

χ(n) exp(2πimn/N) = χ1(N2)χ2(N1)
∑

n1 mod N1

χ1(n1) exp(2πimn1/N1)

×
∑

n2 mod N2

χ2(n2) exp(2πimn2/N2).

Using Lemma 2 it is easy to verify (see [1], Ch. IV, §2, [4], p. 39) that if ψ is
a character mod p, then

∑

r mod p

ψ(r) exp(2πinr/pβ) = 0 if ψ 6= ψ0, pβ | n;

p− 1 if ψ = ψ0, pβ | n;

− 1 if ψ = ψ0, pβ - n, pβ−1 | n;
√

pψ(n/pβ−1)g(ψ) if ψ 6=ψ0, pβ - n, pβ−1|n.

(1.1)

∑

r mod 4

φ(r) exp(2πinr/2α) = 0 if φ 6= φ0, 2α−1|n;

0 if φ = φ0, 2α−2 | n, 2α−1 - n;

2 if φ = φ0, 2α | n;

− 2 if 2α−1|n, φ = φ0, 2α - n;

2iφ(n/2α−2) if φ 6= φ0, 2α−2|n, 2α−1 - n.

(1.2)

∑

r mod ω

exp(2πinr/ω) =

{
ω if ω | n;

0 if ω - n.
(1.3)
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Lemma 5 ([1], Ch. IV, §2). If τ ∈ H, a ∈ R, a > 1, then

+∞∑

h=−∞
(τ + h)−a = (2π)a exp(−πia/2) (Γ(a))−1

+∞∑
n=1

na−1 exp(2πiτn),

where Γ is the Euler function and when τ ∈ H, τa = exp(a ln τ); also ln τ
denotes the branch of logarithm for which 0 < Im(ln τ) < π.

Let σ∞ denote the number of cusps with respect to Γ0(N). Then (see [5],
p. 102)

σ∞ =
∑

t|N
ϕ ((t, N/t)) , (1.4)

where ϕ is the Euler function.

Lemma 6. If N = p1 · · · pj, then Γ0(4N) has 3·2j cusps: ζ1 = ∞, σ1 = ( 1 0
0 1 );

ζ2 = 0, σ2 = ( 0 1
−1 0 ); {ζ = − 1

N1
, σ =

(
1 0

−N1 1

) ∣∣N1 | 4N , N1 6= 1, N1 6= 4N};
ζr = σr∞ (r = 1, 2), ζ = σ∞.

Proof directly follows from (1.4) and the definition of a cusp. ¤
Lemma 7 ([1], Ch. IV, §2). If ω = ω0ω

2
1, 2 - ω, ω0 and n are square-free,

then

∑

r mod ω

( r

ω

)
exp(2πinr/ω) =

{
0 when ω1 - n;

εω

(
n
ω0

)√
ω0µ(ω1)ω1 when ω1 | n,

where

εω =

{
1 if ω ≡ 1 ( mod 4);

i if ω ≡ −1 ( mod 4),
(1.5)

(
r
ω

)
is the generalized Jacobi symbol and µ is the Möbius function.

In what follows, let χ be the Dirichlet character mod N ; ζ = σ∞, σ ∈
SL2(Z), Γζ = {γ ∈ Γ0(N) | γζ = ζ}; if γ = ( a b

c d ) ∈ SL2(Z), τ ∈ H, k ∈ N, let
Jk(γ, τ) = (cτ + d)k, f(τ)|kγ = Jk(γ, τ)−1f(γτ).

Lemma 8 (see [1], Ch. III, §2; [3], Ch. II, §1). a) Let χ(−1) = (−1)k,

E(τ ; k,N, χ) =
∑

γ∈Γζ\Γ0(N)

χ(d)Jk(σ
−1γ, τ)−1, (1.6)

where Γζ \ Γ0(N) denotes the set of right cosets of Γ0(N) by Γζ. Then
E(τ ; k, N, χ) ∈ Mk(Γ0(N), χ) for any k ≥ 3.

b) If E(τ ; k,N, χ) 6≡ 0, then E(τ ; k, N, χ) 6= 0 only at the cusp ζ and vanishes
at the remaining cusps.

In what follows, let τ k/2 = (
√

τ)k, −π
2

< Arg
√

τ ≤ π
2

for any k ∈ Z; if
γ = ( a b

c d ) ∈ SL2(Z), τ ∈ H, suppose ϕ(γ, τ) to be a holomorphic function on
H such that ϕ2(γ, τ) = t(cτ + d), t ∈ {−1; 1}. If γ ∈ Γ0(4), then ϕ(γ, τ) =
j(γ, τ) =

(
c
d

)
ε−1

d

√
cτ + d, where εd is defined by (1.5),

(
c
d

)
is the generalized
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Jacobi symbol when d is odd positive and if d is odd negative, then
(

c
d

)
=

sgn c
(

c
|d|

)
, also

(
0
±1

)
= 1.

Let G = {(γ, ϕ(γ, τ)) | γ ∈ SL2(Z)}. If (γ1, ϕ(γ1, τ)), (γ2, ϕ(γ2, τ)) ∈ G,
suppose (γ1, ϕ(γ1, τ)) · (γ2, ϕ(γ2, τ)) = (γ1γ2, ϕ(γ1, γ2τ)ϕ(γ2, τ)). It is known
(see [1], Ch. IV, §1) that G is a group with respect to this operation.

If ξ = (γ, ϕ(γ, τ)) ∈ G, f is some function defined on H, let f(τ)|k/2ξ =

ϕ(γ, τ)−kf(γτ). If 4 | N , suppose Γ̃0(N) = {(γ, j(γ, τ)) | γ ∈ Γ0(N)}.
Lemma 9 (see [1], Ch. IV, §2; [3], Ch. II, §1). a) Let 4 | N , χ(−1) = 1,

E

(
τ ;

k

2
, N, χ

)
=

∑

γ∈Γζ\Γ0(N)

χ(d)ϕ(σ−1γ, τ)−k, (1.7)

where γ = ( a b
c d ). Then E

(
τ ; k

2
, N, χ

) ∈ Mk/2(Γ̃0(N), χ) for any k ≥ 5.

b) E
(
τ ; k

2
, N, χ

) 6= 0 only at the cusp ζ and vanishes at the remaining cusps.

In the following let

ρr(u, χ) =
∑

δd=u

χ(δ)dr, σr(u) =
∑

d|u
dr; (1.8)

L(k, χ) =
∞∑

n=1

χ(n)n−k =
∏

q

(
1− χ(q)q−k

)−1
; (1.9)

L
(

k − 1

2
, (−1)

k−1
2 u

)
=

∞∑
n=1
2-n

(
(−1)

k−1
2 u

n

)
n

1−k
2

=
∏
q>2

(
1−

(
(−1)

k−1
2 u

q

)
q

1−k
2

)−1

(Dirichlet L-function); (1.10)

ζ(k) =
∞∑

n=1

n−k =
∏

q

(1− q−k)−1 (Riemann ζ-function). (1.11)

2. In this section let N = p1p2 · · · pj, n = 2spt1
1 pt2

2 · · · ptj
j u, (2N, u) = 1. It

follows from Lemma 1 that if χ(n) is a character mod 4N , then χ(n) =
φ(n)ψ(n) = φ(n)ψ1(n) · · ·ψj(n), where ψ(n) is a character mod N and ψl is a
character mod pl (l = 1, 2, . . . , j).

Lemma 10. Let

Q1,k(n, χ) =
∞∑

ω=1
(2N,ω)=1

χ(ω)ω−k
∑

r mod ω

exp(2πinr/ω). (2.1)

Then Q1,k(n, χ) = u1−kρk−1(u, χ).

Proof. Since (2N, ω) = 1, from (1.3) and (1.8) we have

Q1,k(n, χ) =
∑

ω|u
χ(ω)ω1−k = u1−k

∑

ω|u
χ(ω)

(u

ω

)k−1

= u1−kρk−1(u, χ).
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The lemma is proved. ¤

Lemma 11. Let χ(n) = φ(n)ψ(n), M = pt1
1 · · · ptj

j ,

Q2,k(n, χ) =
∞∑

α=0

2−αkψα(2)
∑

r mod 2α+2

φ(r) exp(2πinr/2α+2). (2.2)

Then
a) when φ = φ0, Q2,k(n, χ) = 0 if 2 - n and

Q2,k(2n, χ) = 2 · 2s(1−k)ψs(2)

(
2k−1ψ(2) · 2s(k−1)ψs(2)− 1

2k−1ψ(2)− 1
− 1

)
;

b) when φ 6= φ0, Q2,k(n, χ) = 2 · 2s(1−k)ψs(2)φ(Mu)i.

Proof. Any r ∈ Z/2α+2Z is written uniquely as r = r1 + 4r2, 0 ≤ r1 < 4,
0 ≤ r2 < 2α. Then φ(r) = φ(r1) and

∑

r mod 2α+2

φ(r) exp(2πinr/2α+2)

=
∑

r1 mod 4

φ(r1) exp(2πinr1/2
α+2)

∑

r2 mod 2α

exp(2πinr2/2
α). (2.3)

a) Let φ = φ0. By virtue of (1.2), (1.3), from (2.2), (2.3) we get
1) if 2 - n, i.e., s = 0, then

Q2,k(n, χ) =
∞∑

α=0

2−αkψα(2)
∑

r1 mod 4

φ0(r1) exp(2πiMur1/2
α+2)

×
∑

r2 mod 2α

exp(2πiMur2/2
α) =

∑

r1 mod 4

φ0(r1) exp(2πir1/4) = 0;

2) Q2,k(2n, χ) =
∞∑

α=0

2−αkψα(2)
∑

r1 mod 4

φ0(r1) exp(2πi2s+1Mur1/2
α+2)

×
∑

r2 mod 2α

exp(2πi2s+1Mur2/2
α)

=
s−1∑
α=0

2 · 2α(1−k)ψα(2)− 2 · 2s(1−k)ψs(2)

= 2 · 1− 2s(1−k)ψs(2)

1− 21−kψ(2)
− 2 · 2s(1−k)ψs(2)

= 2 · 2s(1−k)ψs(2)

(
2k−1ψ(2) · 2(k−1)sψs(2)− 1

2k−1ψ(2)− 1
− 1

)
.

b) Let φ 6= φ0. Again using (1.2), (1.3), from (2.2), (2.3) we have

Q2,k(n, χ) = 2−skψs(2) · 2s
∑

r1 mod 4

φ(r1) exp(2πiMur1/4)
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= 2(1−k)sψs(2) · 2iφ(Mu). ¤

Lemma 12. Let Ml =
j∏

l1=1
l1 6=l

p
tl1
l1

(1 ≤ l ≤ j), χ(n) = φ(n)ψl(n)ψ2,l(n), where

ψl is a character mod pl and ψ2,l is a character mod N
pl

,

Q3,k,l(n, χ) =
∞∑

β=0

p−βk
l φβ(pl)ψ

β+1
2,l (pl)

∑

r mod pβ+1
l

ψl(r) exp(2πinr/pβ+1
l ). (2.4)

In that case,
a) if ψl is the main character, then

Q3,k,l(n, χ) = p
(1−k)tl
l φtl(pl)ψ

tl+1
2,l (pl)

×
(

(pl − 1)φ(pl)ψ2,l(pl)p
k−1
l · p

(k−1)tl
l φtl(pl)ψ

tl
2,l(pl)− 1

pk−1
l φ(pl)ψ2,l(pl)− 1

− 1

)
;

b) if ψl is not the main character, then

Q3,k,l(n, χ) = p
(1−k)tl
l φtl(pl)ψ

tl+1
2,l (pl)

√
plψ

s
l (2)ψl(Mu)g(ψl).

Proof. Any r ∈ Z/pβ+1
l Z is written uniquely as r = r1 + plr2, 0 ≤ r1 < pl,

0 ≤ r2 < pβ
l . Then ψl(r) = ψl(r1) and

∑

r mod pβ+1
l

ψl(r) exp(2πinr/pβ+1
l )

=
∑

r1 mod pl

ψl(r1) exp(2πinr1/p
β+1
l )

∑

r2 mod pβ
l

exp(2πinr2/p
β
l ). (2.5)

a) If ψl = ψ0, by virtue of (1.1), (1.3), from (2.4), (2.5) we get

Q3,k,l(n, χ) = (pl − 1)

tl−1∑

β=0

p
β(1−k)
l φβ(pl)ψ

β+1
2,l (pl)− p

tl(1−k)
l φtl(pl)ψ

tl+1
2,l (pl)

= ψ2,l(pl)

(
(pl − 1) · 1− p

tl(1−k)
l φtl(pl)ψ

tl
2,l(pl)

1− p1−k
l φ(pl)ψ2,l(pl)

− p
tl(1−k)
l φtl(pl)ψ

tl
2,l(pl)

)

= p
(1−k)tl
l φtl(pl)ψ

tl+1
2,l (pl)

×
(

(pl − 1)φ(pl)ψ2,l(pl)p
k−1
l · p

(k−1)tl
l φtl(pl)ψ

tl
2,l(pl)− 1

pk−1
l φ(pl)ψ2,l(pl)− 1

− 1

)
.

b) If ψl 6= ψ0, using (1.1), (1.3), from (2.4), (2.5) we have

Q3,k,l(n, χ) = p−tlk
l φtl(pl)ψ

tl+1
2,l (pl)p

tl
l

∑

r1 mod pl

ψl(r1) exp(2πi2sMlur1/pl)

= p
(1−k)tl
l φtl(pl)ψ

tl+1
2,l (pl)

√
plψl(2

sMlu)g(ψl). ¤
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Proposition 1. Let χ(n) = φ(n)ψ1,l(n)ψ2,l(n), where ψ1,l is a character
mod Nl (Nl | N) and ψ2,l is a character mod (N/Nl); χ(−1) = (−1)k. Then

a) if φ = φ0, then the system of the functions

E1(τ ; k, 4N,χ) =
∑

4N |m
n>0, (m,n)=1

χ(n)(mτ + n)−k, (2.6)

E2,l(τ ; k, 4N,χ) =
∑

m>0,n
(2Nlm,Nn/Nl)=1

φ(n)ψ1,l(n)ψ2,l(m)(4Nlmτ + n)−k (2.7)

(Nl | N, Nl 6= N, l = 1, . . . , 2j − 1, Nl1 6= Nl2 , when l1 6= l2),

E3,l(τ ; k, 4N,χ) =
∑

m>0,n
(Nlm,2nN/Nl)=1

φ(m)ψ2,l(m)ψ1,l(n)(Nlmτ + n)−k (2.8)

(Nl | N, l = 1, . . . , 2j, Nl1 6= Nl2 , when l1 6= l2),

E4,l(τ ; k, 4N,χ) =
∑

2-m, m>0
n,(2Nlm,nN/Nl)=1

φ(n)ψ2,l(m)ψ1,l(n)(2Nlmτ + n)−k (2.9)

(Nl | N, l = 1, . . . , 2j, Nl1 6= Nl2 , when l1 6= l2)

is the basis of the space Ek(Γ0(4N), χ) for any k ≥ 3;
b) if φ 6= φ0, then the system of functions (2.6)–(2.8) is the basis of the space

Ek(Γ0(4N), χ) for any k ≥ 3.

Proof. It is well known (see [1], [5]) that to each regular cusp of the group
Γ0(4N) there corresponds an Eisenstein series and these functions form the
basis of the space Ek(Γ0(4N), χ). Now the result follows from Lemmas 6 and 8
after easy calculations. ¤

Next, we derive Fourier expansions of functions (2.6)–(2.9).

Let ak(χ)= πk

ikΓ(k)L(k,χ)
, χ1(n)=φ(n)ψ2,l(n)ψ1,l(n), χ2(n)=φ0(n)ψ2,l(n)ψ1,l(n).

1) Since χ(−1) = (−1)k, we have

∑
m<0

4N |m, n>0
(m,n)=1

χ(n)(mτ +n)−k =
∑
m>0

4N |m, n>0
(m,n)=1

χ(n)(−mτ +n)−k =
∑
m>0

4N |m, n<0
(m,n)=1

χ(n)(mτ +n)−k.

Thus, because of the absolute convergence, we have

E1(τ ; k, 4N, χ) = 1 +
∑
m>0

n, (m,n)=1

χ(n)(4Nmτ + n)−k

= 1 +

( ∞∑

d=1

χ(d)d−k

)−1 ∑
m>0,

n

χ(n)(4Nmτ + n)−k.
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Let n = r + 4Nmh, r mod 4Nm, h ∈ Z. Then χ(n) = χ(r) = φ(r)ψ(r). By
Lemma 5 and (1.9) we get

E1(τ ; k, 4N, χ) = 1 + (4N)−kL(k, χ)−1

×
∞∑

m=1

(
m−k

∑

r mod 4Nm

χ(r)
∞∑

h=−∞

(
τ +

r

4Nm
+ h

)−k
)

= 1 + (4N)−k(2π)k exp(−πik/2) (Γ(k)L(k, χ))−1

×
∞∑

n=1

(
nk−1

∞∑
m=1

m−k
∑

r mod 4Nm

χ(r) exp(2πinr/(4Nm))

)
zn

= 1 + (2N)−kak(χ)
∞∑

n=1

(
nk−1

∞∑
α=0

∞∑

β1=0

· · ·
∞∑

βj=0

∞∑
ω=1

(2N,ω)=1

(2αpβ1

1 · · · pβj

j ω)−k

×
∑

r mod 2α+2p
β1+1
1 ···pβj+1

j ω

φ(r)ψ(r) exp(2πinr/(2α+2pβ1+1
1 · · · pβj+1

j ω))

)
zn. (2.10)

Any r ∈ Z/2α+2pβ1+1
1 · · · pβj+1

j ωZ is written uniquely as

r = ω · 2α+2

j∑

h=1

rh

j∏

h1=1
h1 6=h

p
βh1

+1

h1
+ ωrj+1

j∏

h=1

pβh+1
h + 2α+2rj+2

j∏

h=1

pβh+1
h ,

0 ≤ rj+2 < ω, 0 ≤ rh < pβh+1
h , 1 ≤ h ≤ j, 0 ≤ rj+1 < 2α+2.

Then

φ(r) = φ(rj+1)φ(ω)

j∏

l=1

φ(pβl+1
l ),

ψl(r) = ψl(ω)ψl(4)ψα
l (2)ψl(rl)

j∏

l1=1
l1 6=l

ψl(p
βl1

+1

l1
), φ(ω)

j∏

l=1

ψl(ω) = χ(ω),

j∏

l=1

ψl(2
α) = ψα(2),

j∏

l=1

ψl(4) = ψ(4),

exp(2πinr/(2α+2pβ1+1
1 · · · pβj+1

j ω)) = exp(2πinrj+2/ω)

×
j∏

l=1

exp(2πinrl/p
βl+1
l ) exp(2πinrj+1/2

α+2)

and from (2.10) we obtain

E1(τ ; k, 4N, χ) = 1 + (2N)−kak(χ)ψ(4)φ(N)
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×
∞∑

n=1

(
nk−1

∞∑
ω=1

(2N,ω)=1

χ(ω)ω−k
∑

rj+2 mod ω

exp(2πinrj+2/ω)

×
∞∑

α=0

2−αkψα(2)
∑

rj+1 mod 2α+2

φ(rj+1) exp(2πinrj+1/2
α+2)

×
j∏

l=1

( ∞∑

βl=0

p−βlk
l φβl(pl)

j∏

l1=1
l1 6=l

ψl1(p
βl+1
l )

×
∑

rl mod p
βl+1

l

ψl(rl) exp(2πinrl/p
βl+1
l )

))
zn

= 1 + ak(χ)ψ(4)φ(N)2−kN−k

×
∞∑

n=1

nk−1Q1,k(n, χ)Q2,k(n, χ)

j∏

l=1

Q3,k,l(n, χ)zn. (2.11)

2) E2,l(τ ; k, 4N, χ) =
∑

m>0,n
(m,n)=1

φ(n)ψ1,l(n)ψ2,l(m)(4Nlmτ + n)−k

=
1

L(k, χ1)

∞∑
m=1

ψ2,l(m)
∞∑

n=−∞
φ(n)ψ1,l(n)(4Nlmτ + n)−k.

Let n = r + 4Nlmh, r mod 4Nlm, h ∈ Z. Then φ(n) = φ(r), ψ1,l(n) = ψ1,l(r),
and by Lemma 5 we get

E2,l(τ ; k, 4N,χ) = (4Nl)
−kL(k, χ1)

−1

×
∞∑

m=1

(
ψ2,l(m)m−k

∑

r mod 4Nlm

φ(r)ψ1,l(r)
∞∑

h=−∞

(
τ +

r

4Nlm
+ h

)−k )

= (2Nl)
−kak(χ1)

∞∑
n=1

(
nk−1

∞∑
m=1

(N/Nl,m)=1

ψ2,l(m)m−k

×
∑

r mod 4Nlm

φ(r)ψ1,l(r) exp(2πinr/(4Nlm))

)
zn.

Let Nl = pδ1 · · · pδd
, 1 ≤ d ≤ j − 1, or Nl = 1, then

E2,l(τ ; k, 4N, χ) = (2Nl)
−kak(χ1)

×
∞∑

n=1

(
nk−1

∞∑
α=0

∞∑

β1=0

· · ·
∞∑

βd=0

∞∑
ω=1

(2N,ω)=1

ψ2,l(2
αpβ1

δ1
· · · pβd

δd
ω)(2αpβ1

δ1
· · · pβd

δd
ω)−k
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×
∑

r mod 2α+2p
β1+1
δ1

···pβd+1

δd
ω

φ(r)ψ1,l(r) exp(2πinr/(2α+2pβ1+1
δ1

· · · pβd+1
δd

ω))

)
zn.

Let

r = ω · 2α+2

d∑

h=1

rh

d∏

h1=1
h1 6=h

p
βh1

+1

δh1
+ ωrd+1

d∏

h=1

pβh+1
δh

+ 2α+2rd+2

d∏

h=1

pβh+1
δh

,

0 ≤ rd+2 < ω, 0 ≤ rh < pβh+1
δh

, 1 ≤ h ≤ d, 0 ≤ rd+1 < 2α+2.

Then

φ(r) = φ(rd+1)φ(ω)φ(pβ1+1
δ1

· · · pβd+1
δd

),

ψ1,l(r) =
d∏

h=1

ψδh
(r) =

d∏

h=1

(
ψδh

(ω)ψδh
(rh)ψδh

(2α+2)
d∏

h1=1
h1 6=h

ψδh
(p

βh1
+1

δh1
)

)

and

E2,l(τ ; k, 4N,χ) = (2Nl)
−kψ1,l(4)φ(Nl)ψ2,l(Nl)ak(χ1)

×
∞∑

n=1

(
nk−1

∞∑
ω=1

(2N,ω)=1

χ1(ω)ω−k
∑

rd+2 mod ω

exp(2πinrd+2/ω)

×
∞∑

α=0

2−αkψα
1,l(2)ψα

2,l(2)
∑

rd+1 mod 2α+2

φ(rd+1) exp(2πinrd+1/2
α+2)

×
d∏

h=1

( ∞∑

βh=1

p−βhk
δh

φβh(pδh
)ψ2,l(p

βh+1
δh

)
d∏

h1=1
h1 6=h

ψδh1
(pβh+1

δh
)

×
∑

rh mod p
βh+1

δh

ψδh
(rh) exp(2πinrh/p

βh+1
δh

)

))
zn

= (2Nl)
−kψ1,l(4)φ(Nl)ψ2,l(Nl)ak(χ1)

×
∞∑

n=1

(
nk−1Q1,k(n, χ1)Q2,k(n, χ1)

d∏

h=1

Q3,k,δh
(n, χ1)

)
zn. (2.12)

3) If Nl = 1, d = 0 or Nl = pδ1 · · · pδd
, 1 ≤ d ≤ j, then similarly to the above

we obtain

E3,l(τ ; k, 4N,χ) = 2kN−k
l ak(χ1)ψ2,l(Nl)

∞∑
n=1

(
nk−1Q1,k(n, χ1)

×
d∏

h=1

Q3,k,δh
(n, χ1)

)
zn (2.13)
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and

E4,l(τ ; k, 4N, χ) = N−k
l ak(χ2)ψ1,l(2)ψ2,l(Nl)

∞∑
n=1

(
nk−1(−1)nQ1,k(n, χ2)

×
d∏

h=1

Q3,k,δh
(n, χ2)

)
zn. (2.14)

For N = p, we obtain the following results.

Corollary 1. Let χ(n) = φ0(n)ψ(n), χ(−1) = (−1)k, ψ 6= ψ0, n = 2sptu,

(2p, u) = 1, bk(χ) = ψ(2)2k−1 · ψs(2)·2(k−1)s−1
ψ(2)2k−1−1

− 1. Then

E1(τ ; k, 4p, χ) = 1 + 21−kak(χ)ψ(2)g(ψ)p
1
2
−k

∞∑
n=1

bk(χ)ψ(u)ρk−1(u, χ)z2n,

E2(τ ; k, 4p, χ) = 21−kak(χ)
∞∑

n=1

bk(χ)ψs(2)p(k−1)tρk−1(u, χ)z2n,

E3,1(τ ; k, 4p, χ) = 2kak(χ)
∞∑

n=1

2(k−1)sp(k−1)tρk−1(u, χ)zn,

E3,2(τ ; k, 4p, χ) = ak(χ)g(ψ)2k · p 1
2
−k

∞∑
n=1

ψs(2)ψ(u)2(k−1)sρk−1(u, χ)zn,

E4,1(τ ; k, 4p, χ) = ak(χ)
∞∑

n=1

(−1)n · 2(k−1)sp(k−1)tρk−1(u, χ)zn,

E4,2(τ ; k, 4p, χ) = ak(χ)ψ(2)g(ψ)p
1
2
−k

∞∑
n=1

(−1)nψs(2)ψ(u)2(k−1)sρk−1(u, χ)zn.

Proof directly follows from (2.11)–(2.14) and Lemmas 10–12, replacing, in
Lemma 11, n and s by 2n and s + 1 to obtain Fourier expansions for (2.6) and
(2.7); furthermore, φ(p)=1. ¤

Corollary 2. Let χ(n) = φ0(n)ψ0(n), n = 2sptu, (2p, u) = 1, bk = 22k−1 ·
2(2k−1)s−1
22k−1−1

− 1, ck = (p − 1)p2k−1 · p(2k−1)t−1
p2k−1−1

− 1, dk = (−1)k4k(2p)2k

(22k−1)(p2k−1)Bk
, where Bk

are Bernoulli numbers. Then

E1(τ ; 2k, 4p, χ) = 1 + (2p)−2kdk

∞∑
n=1

bkckσ2k−1(u)z2n,

E2(τ ; 2k, 4p, χ) = 2−2kdk

∞∑
n=1

bkp
(2k−1)tσ2k−1(u)z2n,

E3,1(τ ; 2k, 4p, χ) = dk

∞∑
n=1

2(2k−1)sp(2k−1)tσ2k−1(u)zn,
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E3,2(τ ; 2k, 4p, χ) = p−2kdk

∞∑
n=1

ck · 2(2k−1)sσ2k−1(u)zn,

E4,1(τ ; 2k, 4p, χ) = 2−2kdk

∞∑
n=1

(−1)n2(2k−1)sp(2k−1)tσ2k−1(u)zn,

E4,2(τ ; 2k, 4p, χ) = (2p)−2kdk

∞∑
n=1

(−1)nck2
(2k−1)sσ2k−1(u)zn.

Proof. It follows from (1.9) and (1.11) that L(2k, χ0)=(1−2−2k)(1−p−2k)ζ(2k).

It is known (see [7], Ch. I) that ζ(2k) = 22k−1π2k

(2k)!
Bk. Then the result immedi-

ately follows from (2.11)–(2.14) and Lemmas 10–12. ¤
Corollary 3. Let χ(n)=φ(n)ψ(n), φ 6=φ0, ψ 6=ψ0, n=2sptu, (2p, u)=1; then

E1(τ ; k, 4p, χ) = 1 + i · 21−kp
1
2
−kak(χ)ψ(4)φ(p)g(ψ)

∞∑
n=1

χ(u)ρk−1(u, χ)zn,

E2(τ ; k, 4p, χ) = 21−kiak(χ)
∞∑

n=1

p(k−1)tψs(2)φt(p)φ(u)ρk−1(u, χ)zn,

E3,1(τ ; k, 4p, χ) = 2k · ak(χ)
∞∑

n=1

2(k−1)sp(k−1)tρk−1(u, χ)zn,

E3,2(τ ; k, 4p, χ) = 2k · p 1
2
−kak(χ)g(ψ)

∞∑
n=1

2(k−1)sφt(p)ψs(2)ψ(u)ρk−1(u, χ)zn.

Proof directly follows from (2.11)–(2.13) and Lemmas 10–12. ¤
Corollary 4. Let χ(n) = φ(n)ψ0(n), φ 6= φ0, n = 2sptu, (2p, u) = 1,

ck = φ(p)(p − 1)p2k · φt(p)p2kt−1
φ(p)p2k−1

− 1, dk = 4(−1)k

(1−φ(p)p−(2k+1))Ek
, where Ek are Euler

numbers. Then

E1(τ ; 2k + 1, 4p, χ) = 1 + φ(p)p−(2k+1)dk

∞∑
n=1

ckφ(u)ρ2k(u, χ)zn,

E2(τ ; 2k + 1, 4p, χ) = dk

∞∑
n=1

φt(p)φ(u)p2ktρ2k(u, χ)zn,

E3,1(τ ; 2k + 1, 4p, χ) = −i · 24k+1dk

∞∑
n=1

22ksp2ktρ2k(u, χ)zn,

E3,2(τ ; 2k + 1, 4p, χ) = −i · 24k+1p−(2k+1)dk

∞∑
n=1

ckφ
t(p)22ksρ2k(u, χ)zn.

Proof. It follows from (1.9) that

L(2k + 1, χ) =
∞∑

n=1
p-n

(−1)n−1(2n− 1)−(2k+1)
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= (1− φ(p)p−(2k+1))
∞∑

n=1

(−1)n−1(2n− 1)−(2k+1)

= (1− φ(p)p−(2k+1)) · π2k+1

22k+2(2k)!
Ek (see [7], Ch. I).

Then the result follows from (2.11)–(2.13) and Lemmas 10–12. ¤

3. In what follows, let n = 22sp2t1
1 · · · p2tj

j n2
1u, N = p1 · · · pj, (2N,n1) = 1, where

u is square-free, 2 - k, M = p2t1
1 · · · p2tj

j , χ = φψ is a character mod 4N .

Lemma 13. Let

S1,k(n, χ) =
∞∑

α=0

(
2−

k
2

αψα(2)
∑

r mod 2α+2

2-r

φ(r)

(
2

r

)α

εk
r exp(2πinr/2α+2)

)
. (3.1)

Then

S1,k(n, χ) = 2(2−k)sψs(4)

(
1 + φ(3)

(−1

k

)
i

)

×
(

2k−2ψ(4) · 2(k−2)sψ
s
(4)− 1

2k−2ψ(4)− 1
+ ck(u, χ)

)
, (3.2)

where

ck(u, χ) =

{
−1 if (−1)

k−1
2 φ(3)u 6≡ 1 ( mod 4);

1 + 2
3−k
2 ψ(2)

(
2
u

)
if (−1)

k−1
2 φ(3)u ≡ 1 ( mod 4).

Proof. It is well-known that
(

2
r

)
= (−1)(r2−1)/8, therefore

(
2

4r+1

)
= (−1)r and(

2
4r+3

)
= (−1)r+1; furthermore, εr = 1, φ(r) = 1 when r ≡ 1 ( mod 4), and

εr = i, φ(r) = φ(3) when r ≡ 3 ( mod 4). Hence

S1,k(n, χ) =
∞∑

α=0

(
2−

k
2
αψα(2) exp(2πin/2α+2)

× (
1 + (−1)αφ(3)ik exp(2πin/2α+1)

) ∑

r mod 2α

(−1)rα exp(2πinr/2α)

)

= exp(2πin/4)
(
1 + φ(3)ik exp(πin)

)

+
∞∑

α=1

(
2−

k
2
αψα(2) exp(2πin/2α+2)

(
1 + (−1)αφ(3)ik exp(2πin/2α+1)

)

× (1 + (−1)α exp(2πin/2α))
∑

r mod 2α−1

exp(2πinr/2α−1)

)
. (3.3)

Since 2 - n1, we have Mn2
1 ≡ 1 ( mod 8) and

exp(2πin/22s+3)=exp(πiu/4)=
1√
2
·
(

2

u

)(
1 +

(−1

u

)
i

)
when 2 - u; (3.4)
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exp(2πin/22s+1) = (−1)u, exp(2πin/22s+2) = iu; (3.5)

if 2 - u, then iu =
(−1

u

)
i; 2 - k, hence ik =

(−1
k

)
i. It is easy to verify that

1 + (−1)α exp(2πin/2α) = 1 + (−1)α when α ≤ 2s;

1− (−1)u when α = 2s + 1;

0 when α = 2s + 2 and 2 | u.

Now from (1.3) and (3.3) we get

S1,k(n, χ) =
s−1∑
α=0

2(2−k)αψα(4)

(
1 + φ(3)

(−1

k

)
i

)

+ 2(2−k)sψs(4)iu
(

1 + φ(3)

(−1

k

)
i · (−1)u

)

+ 2(2−k)s · 2− k
2 ψs(4)ψ(2) exp(πiu/4)

×
(

1− φ(3)

(−1

k

)
i · iu

)
(1− (−1)u) . (3.6)

If (−1)
k−1
2 φ(3)u ≡ 1 ( mod 4), then

(−1
u

)
= φ(3)

(−1
k

)
, and if (−1)

k−1
2 φ(3)u ≡

3 ( mod 4), then
(−1

u

)
= −φ(3)

(−1
k

)
. Therefore, using (3.4) and (3.5), we have

iu
(

1 + φ(3)

(−1

k

)
i · (−1)u

)
+ 2−

k
2 ψ(2) exp(πiu/4)

×
(

1− φ(3)

(−1

k

)
i · iu

)
(1− (−1)u) =

(
1 + φ(3)

(−1

k

)
i

)
ck(u, χ). (3.7)

Furthermore,
s−1∑
α=0

2(2−k)αψα(4) =
1− 2(2−k)sψs(4)

1− 22−kψ(4)

= 2(2−k)sψs(4)2k−2ψ(4) · 2(k−2)sψs(4)− 1

2k−2ψ(4)− 1
. (3.8)

From (3.6)–(3.8) we obtain (3.2). ¤

Lemma 14. Let ψl(n) be a character mod pl, Ml =
j∏

l1=1, l1 6=l

p
2tl1
l1

, 1 ≤ l ≤ j,

S2,k,l(n, ψl) =
∑

r mod pβ+1
l

pl-r

ψl(r)

(
r

pl

)β+1

exp(2πinr/pβ+1
l ), (1 ≤ l ≤ j). (3.9)

Then
a) if ψl is the main character mod pl, then

S2,k,l(n, ψl) = (pl − 1)pβ
l if 2 - β, 1 ≤ β ≤ 2tl − 1,

− p2tl+1
l if β = 2tl + 1, pl | u,
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(
u

pl

)
εpl

p2tl
l

√
pl if β = 2tl, pl - u,

0 otherwise;

b) if ψl =
(
·
pl

)
, then

S2,k,l(n, ψl) = (pl − 1)pβ
l if 2 | β, β ≤ 2tl − 2 or β = 2tl, pl | u,

− p2tl
l if β = 2tl, pl - u,(

u/pl

pl

)
εpl

p2tl+1
l

√
pl if β = 2tl + 1, pl | u,

0 otherwise;

c) if ψl 6= ψl, then

S2,k,l(n, ψl) =
√

plp
2tl
l ψl(4

sMln
2
1u)

(
u

pl

)
g

(
ψl

( ·
pl

))
if β = 2tl, pl - u,

√
plp

2tl+1
l ψl(4

sMln
2
1u/pl)g(ψl) if β = 2tl + 1, pl | u,

0 otherwise.

Proof. Let r = r1 + r2pl, r1 mod pl, pl - r1, r2 mod pβ
l . Then ψl(r) = ψl(r1),(

r
pl

)
=

(
r1

pl

)
, exp(2πinr/pβ+1

l ) = exp(2πinr1/p
β+1
l ) exp(2πinr2/p

β
l ) and

S2,k,l(n, ψl) =
∑

r1 mod pl
pl-r1

ψl(r1)

(
r1

pl

)β+1

× exp(2πinr1/p
β+1
l )

∑

r2 mod pβ
l

exp(2πinr2/p
β
l ). (3.10)

Now the result follows from (3.10), (1.1) and (1.3). ¤

Lemma 15. Let

S3,k(n, χ) =
∞∑

ω=1
(2N,ω)=1

(
χ(ω)

(−1

ω

)
εk

ωω−
k
2

∑

r mod ω

( r

ω

)
exp(2πinr/ω)

)
. (3.11)

Then

S3,k(n, χ) = n2−k
1

L
(

k−1
2

, χ
(

(−1)
k−1
2 u
·

))

L(k − 1, χ2)

∑

δd=n1

χ2(δ)dk−2

×
∏

q|d

(
1−

(
(−1)

k−1
2 u

q

)
χ(q)q

1−k
2

)
. (3.12)
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Proof. 1) First consider S3,k(u, χ). Let ω = ω0ω
2
1, ω0 be square-free. Then by

Lemma 7 we get

S3,k(u, χ) =
∑
ω0>0

(2N,ω0)=1
q2-ω0

∑

ω1|u
(2N,ω1)=1

χ(ω0)χ
2(ω1)

(−1

ω0

)
εk+1

ω0
ω
− k

2
0 ω−k

1

(
u

ω0

)√
ω0ω1µ(ω1)

=
∑
ω0>0

(2N,ω0)=1
q2-ω0

χ(ω0)

(−u

ω0

)(
(−1)

k+1
2

ω0

)
ω

1−k
2

0

∑

ω1|u
χ2(ω1)µ(ω1)ω

1−k
1

=
∏

q|u
(1− χ2(q)q1−k)

∑
ω0>0
q2-ω0

χ(ω0)

(
(−1)

k−1
2 u

ω0

)
ω

1−k
2

0 . (3.13)

By (1.9) we have

L
(

k − 1

2
, χ

(
(−1)

k−1
2 u

·
))

=
∑
ω0>0
q2-ω0

∞∑
ω1=1

χ(ω0)χ
2(ω1)

(
(−1)

k−1
2 u

ω0ω2
1

)
ω

1−k
2

0 ω1−k
1

=
∑
ω0>0
q2-ω0

χ(ω0)

(
(−1)

k−1
2 u

ω0

)
ω

1−k
2

0

∞∑
ω1=1

(u,ω1)=1

χ2(ω1)ω
1−k
1

=
∑
ω0>0
q2-ω0

χ(ω0)

(
(−1)

k−1
2 u

ω0

)
ω

1−k
2

0

∏

q|u
(1−χ2(q)q1−k)L(k−1, χ2). (3.14)

(3.13) and (3.14) imply

S3,k(u, χ) =
L

(
k−1
2

, χ
(

(−1)
k−1
2 u
·

))

L(k − 1, χ2)
. (3.15)

2) Since (2N,ω) = 1, from (3.11) we obtain

S3,k(2
2sMu, χ) = S3,k(u, χ). (3.16)

3) Let n = q2αn0, q2 - n0, q > 2, q 6= pl, l = 1, . . . , j, ω = ω0q
β, q - ω0,

r = r1q
β + r2ω0, r1 mod ω0, r2 mod qβ. It is easy to verify that if 2 - ab,

(a, b) = 1, then

εab =
(a

b

) (
b

a

)
εaεb. (3.17)

Therefore εk
ω0qβ =

(
ω0

q

)β

·
(

q
ω0

)β

εk
ω0

εk
qβ .

By Lemma 4, from (3.11) we have

S3,k(n0, χ) =
∞∑

ω0=1
(2Nq,ω0)=1

(
χ(ω0)

(−1

ω0

)
εk

ω0
ω
− k

2
0
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×
∞∑

β=0

χβ(q)

(−1

q

)β

·
(

q

ω0

)β (
ω0

q

)β

εk
qβq−

k
2
β

(
q

ω0

)β (
ω0

q

)β

×
∑

r1 mod ω0

(
r1

ω0

)
exp(2πin0r1/ω0)

∑

r2 mod qβ

(
r2

q

)β

exp(2πin0r2/q
β)

)

=
∞∑

ω0=1
(2Nq,ω0)=1

(
χ(ω0)

(−1

ω0

)
εk

ω0
ω
− k

2
0

∑

r1 mod ω0

(
r1

ω0

)
exp(2πin0r1/ω0)

)

×
∞∑

β=0

(
χβ(q)

(−1

q

)β

q−
k
2
βεk

qβ

∑

r2 mod qβ

(
r2

q

)β

exp(2πin0r2/q
β)

)

= A1(n0)A2(n0). (3.18)

Let r2 = r3 + qr4, r3 mod q, r4 mod qβ−1. Then

A2(n0) = 1 +
∞∑

β=1

(
χβ(q)

(−1

q

)β

q−
k
2
βεk

qβ

∑

r3 mod q

(
r3

q

)β

exp(2πin0r3/q
β)

×
∑

r4 mod qβ−1

exp(2πin0r4/q
β−1)

)
. (3.19)

Since q2 - n0, by (1.3), (1.1) and Lemma 3 we get

A2(n0) = 1 + χ(q)

(−1

q

)
q−

k
2 εk

q

∑

r3 mod q

(
r3

q

)
exp(2πin0r3/q)

+ χ2(q)q−k
∑

r3 mod q
q-r3

exp(2πin0r3/q
2)

∑

r4 mod q

exp(2πin0r4/q)

=





1 + χ(q)

(
(−1)

k−1
2 n0

q

)
q

1−k
2 if q - n0;

1− χ2(q)q1−k if q | n0.
(3.20)

Similarly to (3.18)

S3,k(q
2αn0, χ) = A1(q

2αn0)A2(q
2αn0) = A1(n0)A2(q

2αn0), (3.21)

because q - ω0.
As in the case of (3.19),

A2(q
2αn0) = 1 +

∞∑

β=1

(
χβ(q)

(−1

q

)β

q−
k
2
βεk

qβ

∑

r3 mod q

(
r3

q

)β

exp(2πiq2αn0r3/q
β)

×
∑

r4 mod qβ−1

exp(2πiq2αn0r4/q
β−1)

)
. (3.22)

By (1.3), (1.1), Lemma 3 and (3.20), from (3.22) we obtain:
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a) if q | n0, then

A2(q
2αn0) = 1 +

α∑

β=1

χ2β(q)q(2−k)β−1(q − 1)− χ2α+2(q)q(2−k)αq1−k

= (1− χ2(q)q1−k)χ2α(q)q(2−k)α − χ2α(q)q(2−k)α

+
α∑

β=0

χ2β(q)q(2−k)β − χ2(q)q1−k

α∑

β=1

χ2(β−1)(q)q(2−k)(β−1)

= (1− χ2(q)q1−k)
α∑

β=0

χ2β(q)q(2−k)β = A2(n0)q
(2−k)α

α∑

β=0

χ2β(q)q(k−2)(α−β)

= A2(n0)q
(2−k)α

∑

δd=qα

χ2(δ)dk−2; (3.23)

b) if q - n0, then

A2(q
2αn0) = 1+

α∑

β=1

χ2β(q)q(2−k)β−1(q−1) + χ2α+1(q)q(2−k)αq
1−k
2

(
(−1)

k−1
2 n0

q

)

=

(
1 + χ(q)

(
(−1)

k−1
2 n0

q

)
q

1−k
2

)
χ2α(q)q(2−k)α − χ2α(q)q(2−k)α

+
α∑

β=0

χ2β(q)q(2−k)β − χ2(q)q1−k

α∑

β=1

χ2(β−1)(q)q(2−k)(β−1)

=

(
1 + χ(q)

(
(−1)

k−1
2 n0

q

)
q

1−k
2

)
χ2α(q)q(2−k)α

+ (1− χ2(q)q1−k)
α−1∑

β=0

χ2β(q)q(2−k)β

=

(
1 + χ(q)

(
(−1)

k−1
2 n0

q

)
q

1−k
2

)(
χ2α(q)q(2−k)α

+

(
1− χ(q)

(
(−1)

k−1
2 n0

q

)
q

1−k
2

)
q(2−k)α

α−1∑

β=0

χ2β(q)q(k−2)(α−β)

)

= A2(n0)q
(2−k)α

∑

δd=qα

χ2(δ)dk−2
∏

q1|d

(
1− χ(q1)

(
(−1)

k−1
2 n0

q1

)
q

1−k
2

1

)
. (3.24)

If q1 | n0, then
(

(−1)
k−1
2 n0

q1

)
= 0, therefore (3.24) contains (3.23).

Taking into account that f1(δ) = χ2(δ), f2(δ) = δk−2 and f3(d) =
∏
q1|d

(
1 −

χ(q1)
(

(−1)
k−1
2 n0

q1

)
q

1−k
2

1

)
are multiplicative functions, from (3.15), (3.16), (3.21)

and (3.24) follows (3.12). ¤
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Note that if χ = χ0, then by (1.9), (1.10)

L
(

k − 1

2
, χ0

(
(−1)

k−1
2 u

·
))

=

j∏

l=1

(
1−

(
(−1)

k−1
2 u

pl

)
p

1−k
2

l

)
L

(
k − 1

2
, (−1)

k−1
2 u

)
; (3.25)

L(k − 1, χ2
0) =

j∏

l=1

(1− p1−k
l )(1− 21−k)ζ(k − 1); (3.26)

if χ =
(

4N
·

)
, then χ2 = χ0 and by (1.9), (1.10)

L
(

k − 1

2
, χ

(
(−1)

k−1
2 u

·
))

= L
(

k − 1

2
, (−1)

k−1
2 uN

)
. (3.27)

Proposition 2. Let χ(n) = φ(n)ψ1,l(n)ψ2,l(n), where ψ1,l is a character
mod Nl (Nl | N) and ψ2,l is a character mod N/Nl, χ(−1) = 1, 2 - k; then the
system of functions

E1

(
τ ; k

2
, 4N,χ

)
=

∑

4N |m
n>0, (m,n)=1

χ(n)
(m

n

)
εk

n(mτ + n)−k/2, (3.28)

E2,l

(
τ ; k

2
, 4N, χ

)
=

∑
m>0,n

(2Nlm,Nn/Nl)=1

φ(n)ψ1,l(n)ψ2,l(m)

(
4Nlm

n

)

× εk
n(4Nlmτ + n)−k/2 (3.29)

(Nl | N, Nl 6= N, l = 1, . . . , 2j − 1, Nl1 6= Nl2 , when l1 6= l2),

E3,l

(
τ ; k

2
, 4N, χ

)
=

∑
m>0,n

(Nlm,2Nn/Nl)=1

φ(m)ψ1,l(n)ψ2,l(m)

( −n

mNl

)

× εk
mNl

(Nlmτ + n)−k/2 (3.30)

(Nl | N, l = 1, . . . , 2j, Nl1 6= Nl2 , when l1 6= l2)

is the basis of the space Ek/2(Γ̃0(4N), χ) for any odd k ≥ 5.

This proposition is proved exactly as Proposition 1.
Next, we derive Fourier expansions of functions (3.28)–(3.30).

Let ak = πk/2 exp(−πik/4)Γ
(

k
2

)−1
.

1) if 2 - n, n < 0, then by (3.17) we obtain

ε−n =

(−1

n

)(
n

−1

)
εnε−1 = −

(−1

|n|
)

(−1)εn · i =

(−1

−n

)
iεn. (3.31)

It is easy to verify that if m > 0, n < 0, τ ∈ H, then
√−mτ − n · i =

√
mτ + n . (3.32)
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Since χ(−n) = χ(n), by (3.31) and (3.32) we have
∑

4N |m, n>0
m<0, (m,n)=1

χ(n)
(m

n

)
εk

n(mτ +n)−k/2 =
∑

4N |m, n<0
m>0, (m,n)=1

χ(n)
(m

n

)
εk

n(mτ + n)−k/2;

therefore

E1

(
τ ; k

2
, 4N,χ

)
= 1 +

∑

4N |m, m>0
n, (m,n)=1

χ(n)
(m

n

)
εk

n(mτ + n)−k/2

= 1 +
∑
m>0

n, (2mN,n)=1

χ(n)

(
4Nm

n

)
εk

n(4Nmτ + n)−k/2.

Let n = r + 4Nmh, r mod 4Nm, h ∈ Z. Then χ(n) = χ(r), εn = εr and by
Lemma 5 we get

E1

(
τ ; k

2
, 4N,χ

)
= 1 + (4N)−

k
2

∞∑
m=1

(
m− k

2

∑

r mod 4Nm
(2N,r)=1

χ(r)

(
N

r

) (m

r

)
εk

r

×
∞∑

h=−∞

(
τ +

r

4Nm
+ h

)− k
2

)

= 1 + (2N)−
k
2 π

k
2 exp

(
−πik

4

)
Γ

(
k

2

)−1 ∞∑
n=1

(
n

k
2
−1

∞∑
m=1

m− k
2

×
∑

r mod 4Nm
(2N,r)=1

χ(r)

(
N

r

) (m

r

)
εk

r exp(2πinr/(4Nm))

)
zn

= 1 + (2N)−
k
2 ak

∞∑
n=1

(
n

k
2
−1

∞∑
α=0

∞∑

β1=0

· · ·
∞∑

βj=0

∞∑
ω=1

(2N,ω)=1

(2αpβ1

1 · · · pβj

j ω)−
k
2

×
∑

r mod 2α+2p
β1+1
1 ···pβj+1

j ω

(2N,r)=1

χ(r)

(
2

r

)α(p1

r

)β1+1

· · ·
(pj

r

)βj+1(ω

r

)
εk

r

× exp(2πinr/(2α+2pβ1+1
1 · · · pβj+1

j ω))

)
zn. (3.33)

Then, as in Proposition 1,

r = ω · 2α+2

j∑

h=1

rh

j∏

h1=1
h1 6=h

p
βh1

+1

h1
+ ωrj+1

j∏

h=1

pβh+1
h + 2α+2rj+2

j∏

h=1

pβh+1
h ,

0 ≤ rj+2 < ω, 0 ≤ rh < pβh+1
h , 1 ≤ h ≤ j, 0 ≤ rj+1 < 2α+2.

2 - rj+1, ph - rh, since (2N, r) = 1. After a simple calculation we obtain
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χ(r)

(
2

r

)α (p1

r

)β1+1

· · ·
(pj

r

)βj+1 (ω

r

)
εk

r

× exp(2πinr/(2α+2pβ1+1
1 · · · pβj+1

j ω)) = φ(N)ψ(4)χ(ω)

×
(−1

ω

)
εk

ω

(rj+2

ω

)
exp(2πinrj+2/ω)ψα(2)φ(rj+1)

(
2

rj+1

)α

εk
rj+1

× exp(2πinrj+1/2
α+2)

j∏

h=1

(
φβh(ph)

(−1

ph

)βh+1

εk

p
βh+1

h

ψh(rh)

(
rh

ph

)βh+1

×
j∏

h1=1
h1 6=h

(
ph1

ph

)(βh1
+1)(βh+1)

ψh(p
βh1

+1

h1
) exp(2πinrh/p

βh+1
h )

)
. (3.34)

From (3.33) and (3.34) we have

E1

(
τ ; k

2
, 4N, χ

)
= 1 + (2N)−

k
2 ak

∞∑
n=1

(
n

k
2
−1φ(N)ψ(4)

×
∞∑

ω=1
(2N,ω)=1

ω−
k
2 χ(ω)

(−1

ω

)
εk

ω

∑

rj+2 mod ω

(rj+2

ω

)
exp(2πinrj+2/ω)

×
∞∑

α=0

2−
k
2
αψα(2)

∑

rj+1 mod 2α+2

2-rj+1

φ(rj+1)

(
2

rj+1

)α

εk
rj+1

exp(2πinrj+1/2
α+2)

×
∞∑

β1=0

· · ·
∞∑

βj=0

j∏

h=1

(
p
− k

2
βh

h φβh(ph)

(−1

ph

)βh+1

εk

p
βh+1

h

×
j∏

h1=1
h1 6=h

(
ph1

ph

)(βh1
+1)(βh+1)

ψh1
(pβh+1

h )

×
∑

rh mod p
βh+1

h
ph-rh

ψh(rh)

(
rh

ph

)βh+1

exp(2πinrh/p
βh+1
h )

))
zn

= 1 + (2N)−k/2akφ(N)ψ(4)
∞∑

n=1

(
n

k
2
−1S1,k(n, χ)S3,k(n, χ)

×
2t1+1∑

β1=0

· · ·
2tj+1∑

βj=0

j∏

h=1

(
p
− k

2
βh

h φβh(ph)

(−1

ph

)βh+1

εk

p
βh+1

h

×
j∏

h1=1
h1 6=h

(
ph1

ph

)(βh1
+1)(βh+1)

ψh1
(pβh+1

h )S2,k,h(n, ψh)

))
zn. (3.35)
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2) Let χ1 = φψ1,lψ2,l; if Nl = 1, d = 0 or Nl = pδ1 · · · pδd
, 1 ≤ d ≤ j − 1, then

similarly to the above we obtain

E2,l

(
τ ; k

2
, 4N,χ

)
= (2Nl)

−k/2akφ(Nl)ψ1,l(4)
∞∑

n=1

(
n

k
2
−1S1,k(n, χ1)S3,k(n, χ1)

×
2tδ1+1∑

β1=0

· · ·
2tδd

+1∑

βd=0

d∏

h=1

(
p
− k

2
βh

δh
φβh(pδh

)

(−1

pδh

)βh+1

εk

p
βh+1

δh

×
d∏

h1=1
h1 6=h

(
pδh1

pδh

)(βh1
+1)(βh+1)

ψδh
(p

βh1
+1

δh1
)S2,k,δh

(n, ψδh
)

))
zn, (3.36)

and if Nl = 1, d = 0 or Nl = pδ1 · · · pδd
, 1 ≤ d ≤ j, then

E3,l

(
τ ; k

2
, 4N, χ

)
= 2k/2N

−k/2
l ak

∞∑
n=1

(
n

k
2
−1S3,k(n, χ1)

×
2tδ1+1∑

β1=0

· · ·
2tδd

+1∑

βd=0

d∏

h=1

(
p
− k

2
βh

δh
φβh(pδh

)

(−1

pδh

)βh+1

εk

p
βh+1

δh

×
d∏

h1=1
h1 6=h

(
pδh

pδh1

)(βh1
+1)(βh+1)

ψδh
(p

βh1
+1

δh1
)S2,k,δh

(n, ψδh
)

))
zn. (3.37)

For N = p, we obtain the following results.
Let now n = 22sp2tn2

1u, (2p, n1) = 1, q2 - u,

A1,k(u, χ) =
π

k
2 u

k
2
−1

Γ(k
2
)2

k−1
2

(
2

k

) L
(

k−1
2

, χ
(

(−1)
k−1
2 u
·

))

L(k − 1, χ2)

∑

δd=n1

χ2(δ)dk−2

×
∏

q|d

(
1−

(
(−1)

k−1
2 u

q

)
χ(q)q

1−k
2

)
,

d1,k(u) =




−1 when p | u,(

(−1)
k−1
2 u

p

)
p

k−1
2 when p - u,

d2,k(u) =




−1 when p - u,

p− 1 +

(
(−1)

k−1
2 u/p
p

)
p

3−k
2 when p | u,

d3,k(u) =





(
(−1)

k+1
2 u

p

)
ψ(u)εp

√
pg

(
ψ

(
·
p

))
when p - u,

φ(p)ψ
(

u
p

)
p

3−k
2 g(ψ) when p | u,
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Ak(u) =
2

k+1
2

(
k−1
2

)
! u

k
2
−1

(pk−1 − 1)(2k−1 − 1)π
k−1
2 B k−1

2

(
2

k

) (
1−

(
(−1)

k−1
2 u

p

)
p

1−k
2

)

× L
(

k − 1

2
, (−1)

k−1
2 u

) ∑

d|n1

dk−2
∏

q|d

(
1−

(
(−1)

k−1
2 u

q

)
q

1−k
2

)
,

where B k−1
2

are Bernoulli numbers;

Br,k(u) = pk−2(p− 1) · p(k−2)t − 1

pk−2 − 1
+ dr,k(u) (r = 1, 2),

C1,k(u, χ) = 2k−2ψ(4) · 2(k−2)sψs(4)− 1

2k−2ψ(4)− 1
+ ck(u, χ),

where ck(u, χ) is defined by Lemma 13.

Corollary 5. If χ 6= χ, χ(−1) = 1, then

E1

(
τ ; k

2
, 4p, χ

)
= 1 +

(
1 + φ(3)

(−1
k

)
i
)
p−

k
2(

1 +
(−1

k

)
i
)
ψ(4)

φ(p)

×
∞∑

n=1

A1,k(u, χ)C1,k(u, χ)ψ2(n1)d3,k(u)zn,

E2

(
τ ; k

2
, 4p, χ

)
=

1 + φ(3)
(−1

k

)
i

1 +
(−1

k

)
i

∞∑
n=1

p(k−2)tψs(4)A1,k(u, χ)C1,k(u, χ)zn,

E3,1

(
τ ; k

2
, 4p, χ

)
=

2k

1 +
(−1

k

)
i

∞∑
n=1

2(k−2)sp(k−2)tA1,k(u, χ)zn,

E3,2

(
τ ; k

2
, 4p, χ

)
=

2kp−k/2

1 +
(−1

k

)
i

∞∑
n=1

2(k−2)sψs(4)ψ2(n1)A1,k(u, χ)d3,k(u)zn.

Proof immediately follows from (3.35)–(3.37) and Lemmas 13–15, since

exp
(

πik
4

)
=

(
1 +

(−1
k

)
i
) (

2
k

) · 2− 1
2 when 2 - k. ¤

Corollary 6. If χ = χ0, then

E1

(
τ ; k

2
, 4p, χ0

)
= 1 +

∞∑
n=1

Ak(u)B1,k(u)C1,k(u, χ0)z
n,

E2

(
τ ; k

2
, 4p, χ0

)
= pk−1

∞∑
n=1

p(k−2)tAk(u)C1,k(u, χ0)z
n,

E3,1

(
τ ; k

2
, 4p, χ0

)
= 2kpk−1

(
1 +

(−1

k

)
i

)−1 ∞∑
n=1

2(k−2)sp(k−2)tAk(u)zn,

E3,2

(
τ ; k

2
, 4p, χ0

)
= 2k

(
1 +

(−1

k

)
i

)−1 ∞∑
n=1

2(k−2)sAk(u)B1,k(u)zn.
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Proof directly follows from (3.35)–(3.37) and Lemmas 13–15, taking
χ = χ0. ¤

Corollary 7. If χ(n) =
(

4p
n

)
, then

E1

(
τ ; k

2
, 4p, χ

)
= 1 +

∞∑
n=1

Ak(up)B2,k(u)C1,k(u, χ)zn,

E2

(
τ ; k

2
, 4p, χ

)
= pk/2

1 + (−1
pk

)i

1 + (−1
k

)i

∞∑
n=1

p(k−2)tAk(up)C1,k(u, χ)zn,

E3,1

(
τ ; k

2
, 4p, χ

)
= 2kpk/2

(
1 +

(−1

k

)
i

)−1 ∞∑
n=1

2(k−2)sp(k−2)tAk(up)zn,

E3,2

(
τ ; k

2
, 4p, χ

)
= 2kεp

(−1

p

) k+1
2

(
1+

(−1

k

)
i

)−1 ∞∑
n=1

2(k−2)sAk(up)B2,k(u)zn.

Proof. If p ≡ 1 ( mod 4), then χ(d) = φ0(d)
(

d
p

)
, and if p ≡ −1 ( mod 4), then

χ(d) =
(−1

d

) (
d
p

)
. Therefore χ(d) =

(−1
d

) p−1
2 ·

(
d
p

)
,
(
−1
p

) p−1
2

=
(
−1
p

)
and the

result follows from (3.35)–(3.37) and Lemmas 13–15. ¤
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