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THE PSEUDO-SPECTRAL COLLOCATION METHOD FOR
RESONANT LONG-SHORT NONLINEAR WAVE
INTERACTION

ABDUR RASHID

Abstract. A pseudo-spectral collocation method for a class of equations
describing resonant long-short wave interaction is studied. Semi-discrete and
fully discrete Fourier pseudo-spectral collocation schemes are given. In fully
discrete case we establish a three-level explicit scheme which is convenient
and saves time in real computation. We use energy estimation methods to
obtain error estimates for the approximate solutions.
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1. INTRODUCTION

Interaction phenomena between long waves and short waves have long been
known and studied for many physical situations. This type of interaction is of
interest in several fields of physics and fluid dynamics, e.g. water wave theory
5], electron-plasma/ion-field interaction [9] or diatomic lattice systems [13]. In
the theory of capillary-gravity waves, Kawahara et al. [6] analyzed the coupled
system

1

where L and S describe long and short water waves respectively, and «, 3, ¢, and
¢; are real constants. When the resonance condition ¢, = ¢; holds, this equation
is known as the coupled Schrodinger-KdV equation. The physical significance of
(1) is that the dispersion of short waves is balanced by the nonlinear interaction
of long waves with short waves, while the evolution of long waves is driven by
the self-interaction of short waves.

One of the closely related resonant interactions is described by the system

{zst tic,Sy 4+ Shw = LS,

1€ + €40 = ane, t,x € R,
ne+Bel; =0, (2)
5($7 0) = €0<$)7 n(m, O) = no(l‘)
introduced by Benney [2] (see also [12], [5]). This system of equations has
been studied using both inverse scattering methods ([12], [8]) and the theory

of evolution equations ([1], [7], [11]). One important characteristic of Benney’s
equation (2) is that it is a completely integrable system. Moreover, Bekiranov
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et al. [1] showed that this system is well posed for weaker initial data, i.e.
(20,m0) € H*(R) x LY%(R) for any a > 0.

In this paper we consider a subclass of long-short wave interactions described
by Benney’s equation (2), namely the periodic initial boundary-value problem

1€+ e = ane, z,t e R, t>0,
2

e(xz,0) = eg(x), n(z,0) = ng(x),
e(z+2m,t) =e(x,t), n(z+2m,t)=n(z,t).

(3)

We investigate the implicit second order finite difference approximation in time,
combined with pseudo-spectral collocation in space, for solving (3). Both the
semi-discrete and the fully discrete schemes are analyzed and error estimation
for both are found. The rate of convergence of the resulting schemes are O(N )
and O(72 + N~*) where N is the number of spatial Fourier modes, 7 is the dis-
crete mesh spacing of the time variable t and s depends only on the smoothness
of an exact solution.

For a further discussion, we introduce the following notation. Let © = [0, 27]
and LZ(Q) denote the Set of all square integrable functions with the inner prod-

uct ( fo x)dz and the norm |Jul|?> = (u,u). Let L>°(2) denote the
Lebesgue space Wlth the norm ||ul|ze = esssup,cq |u(r)| and H;(€2) denote the

1/2
periodic Sobolev space with the norm |lul|s= ( > ||D°‘u\|2) , we define

la|<s

L?(0,T; H3 () :{ (-,t) € Hy(Q /||u t)||2dt < oo}

L= (0,T; Hi(Q)) = {u(~,t) € HXQ) : sup [fu(-,t)]odt < oo} .

0<t<T

Let Sy = span {wk = \/L e ‘k‘ < N} Suppose h = 21\2/11

of the variable x. The nodes are then xy = ¢y + th, xo = —m, £ =0,1,...,2N.
The discrete inner product and norm in the interval ) are defined by

is the mesh step

(wv) =hY ulzdv(@),  [ully = (w0))

Let Py : L?*(2) — Sy be an orthogonal projection operator i.e.
(Pnu,v) = (u,v), Yve Sy.
and P, : C(Q) — Sy be an interpolation operator, i.e. such that for all
ue ()
Pou(xp) = u(xy), 0</?¢<2N.

For the discretization in the time variable ¢, let 7 be the mesh spacing of ¢

and R, = {t =kt:0<k< [g]} and u* = u(x,kT). We define the following
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difference quotients as

1
ulg — Z (uk:-i-l _ uk_l),
1

ak _ _ (uk—i—l + uk—l)‘
2
2. SOME LEMMAS

In this section we state without proof a few lemmas which will be useful in
the next section.

Lemma 1 ([3]). Ifs >0 and 0 < pu < s, then for any u € HJ(S2)
lw = Pyull,, < CN*ulls.

If, in addition, s > 1/2, then
lu— Peully < CN**llulls and  |[Peulls < Cllulls.
Lemma 2 ([10]). If u,v € C(Q), then
(P.u, Pv)y = (P.u, P.v) = (u,v)n.
Lemma 3 ([4]). If s > 1 and u,v € H*(2) then
[uvl], < Clull, fJv]l, -
Lemma 4 ([3]). Assume that the following conditions are fulfilled:
(i) E(t) is a non-negative function defined on R,.

(ii) p, M and ¢ are non-negative constants.

(iii) For allt € R, and max E(t) < M we have
0<t<T

t
Et) <p+ C/E(T)dT.
0
(iv) B(0) < p < Me™T,
Then for all t € R, we have
E(t) < pe.

3. THE SEMI-DISCRETE PSEUDOSPECTRAL COLLOCATION METHOD

The semi-discrete pseudospectral approximation of equation (3) consists in
finding €., n. € Sy satistying

1€ct + Ecor — aPc(”cgc) = 07
Net + B (Pc |5c|2)$ =0, (4)
£:(0) = Pneo(z), n.(0) = Pyno(z).



146 A. RASHID
Suppose that (g,n) is the solution of (3) and (e.,m.) is the solution of (4).
Setting
e —e.= (e — Pne)+ (Pnve —ec) = A +E,
n—n.=(n—Pyn)+ (Pyn—n,) =0+,
one sees that, by (3) and (4), ¢ and 6 satisfy the system

i(&,w) — (&, wy) — a((I — P.)(ne),w) + a(P.(nee. —ne),w)) =0, (5)
(6, w) = B = Po)lel?, we) + B(Pe (lec|? — e]?) ,wa) = 0.
Setting w = ¢ in the first equation of (5), we have
d
2 I = aLu(( ~ PY(n).€) + alu(Pelne —ns €, (O
and
|l (I = P.)(ne),&)| < |a|(|(I = Po)(ne)lI” + [I€]1%)-
But by Lemmas 1 and 3 we obtain
(L = Fo)(ne)|| < CN?[[nells < CN?([n]s[le]]s
and
L (I = Po)(ne), )] < O([[€]* + N7, (7)

where C' = C(a, ||n]|s, ||€||s) and so
|l (Pe(ne = neee), €)| < |al(| Pe(ne — neee) | + [1€)I)-
But
[Pe(ne —neee)|| = [[Pe(n(e =€)l + | Pe(ec(n — ne))|
< |Inflocl| Pe(e =€) | + lleclloo | Pe(n = me)l-

Since P.(u—u.) = P.u—u, = —(I — P.)u+ (I — Py)u+ (Pyu—u), by Lemma
1, we have the following results:

[Pe(e — ec)l| < ONllells + €]l
[Pe(n = ne)|| < ON"*[|nls + [[6]].

Therefore
oL (Pe(ne = nese), )l < C(IEI° + [10]* + N72), (8)
and substituting (8) and (7) into (6), we have
1d os
5 7 I€I1P < CULI +116]” + N7>), 9)

where €' = C(a, [|n]loo, [le]lcos 7], [le]ls)-
Setting w = & in the first equation of (5), we have

1d

5 g6 = aRe((I = P)(ne). &) + aRe(Pe(ne — neeo),&). (10)
Similarly to the proof of (9), we get
1d o
S ll&N? < CUIEN® + 1617 + 101" + N72%). (11)

2dt
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Differentiate the first equation of (5) with respect to ¢ and take w = & to obtain
1d
2dt

and since

||§t||2 = al,((I — P.)(ne)s, &) + alyn(Pe(ne — neee)s, &), (12)

(ne —neee)t = eat(n —ne) + ec(n — ng) + (e —e) + nley — ew),
we have
|l (Fe(ne = nege)s, &) < [l 1€ ll([| Preellso || Pe(n — ne)[| + [|€cllool| Pe(r = 12ct)
+ [Inellco | Pe(e =€)l + [Inllo | Peler — ct)])-
By Lemmas 1 and 3, we have

|l (Pe(ne = neee)e, &)| < C (N7 + 1017 + 110:1” + 1€l + N =) (13)

and
oL (I = Pe)(ne)s, &)| < C ([1€]1” + N7 [Imellllels) - (14)
Putting (13) and (14) in (12), we get
1d 9s
5z 16l < CUEIP + €T + 11617 + 6.1 + N72), (15)

where €' = C(a, [|eclloo, [[1t]loos [[12lloos [l€l], llellcos lectll, Inells , nlls, lletlls)-
Setting w = € in the second equation of (5), we get

(0:,0) = B((I = Po)lel?,02) + B(Pellec]” — |e]*),02) = 0

and so
1d
2dt
To estimate the right-hand side of equation (16), we consider

< C(10:7 + (I = Po)lelP?) < Cll0:)1* + N72) - (17)

101> = B((I = Po)lel?, 02) + B(Pu(|e]* — lecl), 0a). (16)

and
o (Pelel® = lecl?), 02)] < CUIPe(lel” = lec)II” + 116211%),
where
1P:(el* — [ec )l = [1P(e8 — ez
= [[P(e(E =€) + Pe(E(e — &)
< llelloo 1 Pe(e =€) I + NIl oo | Pe(e — &)
< (lelloe + lleclloo) [ Pe(e — o)l
< (llelloo + lleclloo)(CN"*[lells + 1IE1)- (18)
Substituting estimates (17) and (18) into (16), we get
1d
24t

1611 < C(ll6* + [I][* + ON72). (19)
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Combining (9), (11), (15) and (19) we find

d —2s
= (ISP + €I + &l + 1617) < C (NEIP + T+ NE” + 11" + N7) .
By applying Gronwall’s inequality we obtain

IEON* + IEDT + 161 + loE)]1*
< €O + €T + 1€ )17 + [6(0)[* + CN~*

t

+ C/ (@ + Ne@IT + &I + 18()17) dr. (20)
0
The initial conditions read as

§c(0) =0:(0) =0,  &(0)=0. (21)

At t =0, setting w = &(0) in (5), we have
l&:(O)II* < CAIT = Pe)(nogo)I* + || Pe(PynoPyeo — noco) |,
and
l&:(0)]* < ON7>. (22)
Let
E(t) = @I + IE@OIT + I&O1* + o).

Using (21) and (22) in (20), we get

t
E@ch%+c/Emm.
0

Thus we have proved

Theorem 1. Suppose € and n are solutions of equation (3) and assume
e L™ (O,T; H;H), g, n,ny € L™ (O,T; H;). Then for €. and n. the solutions
for the pseudo-spectral scheme (4), there exist positive constants M and C' such
that N > M and s > 2,

le(t) — ec®)lls + llee(t) — ecr(t)ll + [In(t) — ne(t)]] < N7
where C' is independent of N.

4. THE FuLLYy DISCRETE PSEUDOSPECTRAL COLLOCATION METHOD

We consider the fully discrete pseudospectral collocation method which con-

sists in finding ¥, n* € Sy such that for k =1,. .., [g] the equations

ia’c“p—i— gt —aP.(nkek) =0,
nap+ 0 (Pe|eb?) =0, (23)
eY = Pyeg, n = Pyng, €l = Pyei(x), nl = Pymy

are satisfied at x =z, j =0,...,2N.
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Let
e¥ —ef = (eF — Pye®) + (Pye® — ) = \F 1 ¢F,
nk —nk = (nF — Pyn®) + (Pyn® —nk) = o* + 6",
From equations (3) and (23), we get
{i(éé’}w) — (€8 w) — a(P(n"e" — nlEl), w) = (G}, w), (24
(O w) = B(P("* = [e€*), wa) = (G5, w) + (G, wa),
where

G'fzi(ff’é—é?f)ﬂ?k —€§x)+04(f—P)( ") + anf(eh - &)

rx

o? o? 0? 0?
_ [81&3 (t5) + ﬁg(t’;)} ) [82&2 o (1) + 5 R——
—oka2 0? o?
1 {%s(tlg) + @a(t’g)} + oI — P.)(n*e"),
2 [ 9 o
Gt = (nf = nb) = T2 | Te(dh) + =tad)].
Gs = —B(I - P)|")
Setting w = & in the first equation of (24), we get
1
= [P = €711] = alm(Pr¥ 2 — nf2), 8 + La(Gh 8. (25)

Since we have

aln(Pu(n"e* = nk2), &) < € (I + 16"+ 7 + N), (26)

(G, €9 < C (IIEF2 + 74+ N2,
e

putting the above estimate (26) into (25), we get

= [IE I = 1] < o (J@e + et + 7+ N ) . @)

By summing (27) w.r.t. £k =1,2,...,n we find

n

e P < 1€l + g + et + N72) + O 3 (1812 + 16¥112) . (28)

k=1

Setting w = ffg in the first equation of (24), we get

Ll = e )] = —aRe (Pante — nt2t). 68) + Re (Gl &)
and hence

1
= [ = Nlest17] < € (1gh? + 1892 + oI + 4+ N>) . (20)



150 A. RASHID

By summing (29) w.r.t. £k =1,2,...,n we find
e < 1€l + el + Ot 4+ N7)

+ 01 (g2 + 18502 + 16¥)1) (30)

k=1

Differentiating the first equation of (24) with respect to t and taking w = gg ,
we get

{HWH N Hfg_lHQ] — ol (P.(n"E" — nk2*), &) + 1,(GL, 8. (31)
Substltutlng the estimates
aln(Pu(n"e* = nk2h), @) < € (ISP + 1012 + IO 12 + €112 + ).
(Gl ) < O (G112 + 7+ N7>).

into (31) and summing from k£ = 1 to n, we get

€8 (” < 1eDl® + Il + C (7t + N~%)

+ 077 (NG + M2 + 1612 + 16§11 (32)

k=1

Setting w = 6 in the second equation of (24), we get
1
=611 = 165 ] = 8 (Pt = |eb). 8 ) + (G5, 8%) + (G, B2). (33)

To estimate the right-hand side of (33) notice that the following inequalities
hold

18 (Pl = 1e£), 85 ) | < € (18I + Nk 12 + N =)
(65,09 < ¢ (12 + ).

02 + N2,

s <
and hence
% 651 = (11| < € (N85I + 10812 + k12 + 74 4+ =) . (34)
By summing (34) w.r.t. k=1,2,...,n we get
61 [F < 16°07 + 1612 + O (" 4+ N )
wor S (1B + 1612 + eHIP) (35)

k=1

Setting w = # in the second equation of (24) we find

165[1° < € (108112 + 165117 + 11512 + 7 + N=>) .
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Combining (28), (30), (32) and (35), we get
EY =y + [l + eIl
< (€113 + [16"]1° + Nl I” + [le°]* + 7 + N =)

n

+ O3 (M + ggl® + NI + 16" + 18*1%) .

k=1

and hence
BY <0 (1 + 0 + P + 0P + 7+ N) + or ST EL 30
k=0

Using the initial conditions £° = 0 and £2 = 0, substituting k¥ = 1 into the first
equation of (24) and setting w = fé, we find

l&l* < o (el + el + [l6 ] + = + N =),
Again taking k = 1 in the first equation of (24) and setting w = €' we get
l€2(? < & (& 1P + 16 +* + 3 >)
and since
€1 + ') < € (4 + ),

equation (36) can be rewritten as

EN(t)<C(r*+ N»)+Cr 2”: EF (37)

k=0
By applying Lemma 4 we obtain
C(r*+ N>) < M,
and so the estimate for E™(¢) in (37) takes the form
ENt) <C(r*+ N %) et IT (4 1) < T
Thus we have proved

Theorem 2. Assume that e(x,t) € L™ (O,T; H;“), g, n,ng € L™ (O, T: H;),
Ett, Mgy, € L (O, T; H;), Ettt, Nitt, € L (O,T; Hg). Then there exist constants C
and § such that 7>+ N~* < 8§ and Vn,(n+ 1)1 <t,

le™* = el + llep — elplls + 2" =T < C(F* + N79).
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