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MONADIC BL-ALGEBRAS

REVAZ GRIGOLIA

Abstract. We define and study monadic BL-algebras as a pair of BL-
algebras one of which is a special case of relatively complete subalgebra.
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1. INTRODUCTION

The notion BL-algebra was introduced by Hajek in [1] as an algebraic coun-
terpart of the Basic logic BL. The predicate Basic logic QBL is defined in a
standard way: given some universe and complete BL-algebra, which generates
the variety of all BL-algebras, and defining existential (universal) quantifier as
supremum (infimum), the predicate calculus is defined as all formulas having
value 1 for any assignment.

Monadic B L-algebras is an algebraic model for the monadic predicate calculus
gBL, in which only a single fixed individual variable occurs. We follow P. R.
Halmos’ study of monadic Boolean algebras.

Adapting the axiomatization of the predicate calculus QBL, given by Hajek
in [1], we can define the modal Basic logic MBL as a logic which contains the
Basic logic BL, formulas of which are written as the axiom schemes

M1. Va — «

M2. a — Jo

M3. V(da — ) — (Ja — VP)
MA4. V(o — 36) — (Ba — 3P)
M5. V(a Vv 36) — (Va Vv 3IP)

and is closed under modus ponens and necessitation (o/Vav).

Let L denote a first-order language based on V, A, *x, —, 4,V and L,, denote
the monadic propositional language based on V, A, x, —, 3,V, and Form(L) and
Form(L,,) be the set of all formulas of L and L,, respectively. We fix a variable x
in L, associate with each propositional letter p in L,, a unique monadic predicate
p*(z) in L and define by induction a translation ¥ : Form(L,,) — Form(L) by
putting

e U(p) = p*(x) if p is propositional variable,

o U(awof)=U(a)oW(F), where o =V, A, x, —,
e U(Ja) =32V (a),

o U(Va)=Va¥(a).
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Through this translation ¥ we can identify the formulas of L,, with the monadic
formulas of L containing the variable x. Moreover, it is a routine to check that
U(MBL) C QBL.

In a monadic Boolean algebra B the set of elements of B, which is closed
under quantifier operations, forms a relatively complete Boolean subalgebra of
B. And, conversely, any relatively complete Boolean subalgebra of a Boolean
algebra defines quantifier operations on the Boolean algebra converting the lat-
ter into a monadic Boolean algebra. We have the same situation for monadic
Heyting algebras [2]. But we do not have such kind of balance for monadic
BL-algebras, and for monadic MV -algebras as well [3]. In other words, not ev-
ery relatively complete B L-subalgebra defines a monadic operator converting a
B L-algebra into a monadic B L-algebra. For this aim we introduce the notion of
an m-relatively complete subalgebra of a given BL-algebra (as an m-relatively
complete subalgebra of a given MV-algebra [3]). We restore thereby the bal-
ance between m-relatively complete subalgebras of a given BL-algebra A and
monadic operators on A.

2. MoNADIC BL-ALGEBRAS
A monadic BL-algebra (M BL-algebra for short)
(B7 \/7 /\7 —>7 *7 H,V, 07 1)

is a universal algebra of type (2,2,2,1,1,1,0,0) such that:

1) (B,V,A,0,1) is a bounded lattice;
2) (B, *,1) is a commutative monoid with identity:

Tkq=q*p,
px(gxr)=(pxq)*r,
p*x1l=1xp.
3) (1) pA(g— (pxq) =p,
(2) (p—q)*p)Va=q,
B)(p—(pVq)=1,
4 (p—r1)—(r—(pVq) =1,
(5) (pAq)xr=(px71)N(gxT1),
6) pAg=px(p— q),
(M pVva=(p—q) —qN({qg—p) —Dp),
®)p—aVig—p =1
4) El.p—3Ip=1.
Al. Vp —p=1.

E2.V¥(p — 3q) = (Ip — Jg).
A2.¥(3p — q) = (Fp — Vq).
A3.VY(pV3q) = (YpV dq).
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Let us note that the monoidal operation multiplication *, which preserves
partial order < and binary (left-) residuation operation —, is characterized by
rxy < zif and only if x <y — 2.

Let us consider the set M of all functions from some non-empty universe X
into the unit interval BL-algebra ([0,1],V,A,—,%*,0,1). Then we can convert
M into the M BL-algebra in the following way. po ¢ = p(z) o g(z) for every
p,q € M, where o € {V, A\, —, x} and Ip = Supy p(z), Vp = Infx p(x). We call
this M B L-algebra the functional M B L-algebra.

E1 and Al are obvious in the functional M BL-algebra. Let us prove the
validity of £2, A2 and A3 in the functional model.

B2 Tnfx(p(x) — Supy q(z)) = (Supy p(z) — Supy ¢(x)).

Indeed, Supy p(r) > p(x) = Supy p(x) — Supy ¢(z) < p(z) — Supy q(z) =
Supy p(z) — Supx q(x) < Infxp(zr) — Supyg(r) = Infx(Supyp(z) —
Supy q(z)) < Infx(p(z) — Supy ¢(x)). If z < Infx(p(z) — Supy ¢q(z)), then
z < p(x) — Supyq(x) for all z € X = p(z) < (¢ — Supy¢(x)) for all
v € X = Supxp(z) < z — Supyq(z) = 2z < Supyp(z) — Supy q(z).
On the other hand, p(x) — Supy q(x) > Supy — Supy q(z) = Infx(p(x) —
Supy ¢(x)) > Supy — Supy ¢(z). Hence we have the equality E2.

A2. Infx(Supy p(z) — q(x)) = Supx p(z) — Infx p(z).

Indeed, Supy p(x) is a constant, say, a € [0,1]. Then Infy(a — ¢(z)) = a —
Infx g(z). Since for each z € Xq(z) > Infx g(z), we have (a — ¢(x)) >
(a — Infx q(z)) = Infx(a — ¢(x)) > a — Infx q(z). On the other hand,
if z < (a — q(z) for every z € X, then z xa < ¢(x) for every x € X =
zxa < Infyq(z) = 2 < (a = Infxq(z) = a — q(z) < a — Infxq(z) =
Infx(a — ¢(x)) <a — Infx g(z). Thus Infx(Supy p(x) — ¢(x))=Supy p(z) —
Infx p(z).

A3. Infx(p(z) V Supy q(z)) = Infx p(z) V Supy ¢(x).

Indeed, Supy q(z) < Supx q(z) V p(z) = Supy q(z) < Infx(Supy g(z) V
p(z). Similarly, Infx p(x) < Infx(Supy ¢(x) V p(x)). Therefore Infx(p(z) Vv
Supy ¢(x)) < Infx p(z) V Supy ¢(z). Conversely, let z < Supy q(z) V p(x) for
all z € X. Consider two cases:

1) Supy ¢(z) < Infx p(x) = 2z < p(x) for every z € X = 2z < Infx p(x)
and z < Supy ¢q(z) V Infx p(x).

2) Supy q(z) > Infx p(x) = for some 2y € X Supy q(z) > p(zg). Thus
z < Supy ¢(x) and z < Supy q(x) V Infx p(z). Therefore z < Supy q(x) V
p(r) = z < Infx p(z).

We shall denote by MIBL the category and the variety of all M BL-algebras.
In the sequel, for the sake of brevity, we shall sometimes denote the M BL-
algebra (B, V, A, —,*,3,V,0,1) by (B, 3,V).

Now we shall prove some useful equalities.

Lemma1l. (1) Vvl=1, 30=0.
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(2) VIp =3p, Ip¥p =Vp.

(3) 3Fp =3p, VVp=Vp.

(4) Y3p — 3¢) = — Jq.

(5) 3Ep — @) — (3p — ).

(6) If p < gq, then ¥p < Vq and Jp < Jq.

(7) Y(3p Vv 3q) = IpV Jq.

(8) If Vp = p, then Ip = p.

(9) 3(pVvae) =3V
(10) 3(Ip*3Jq) = Ip*Jq.
(11) V(p — q) — (Vp — Vg) = 1.
(12) Vip—¢q) - (Fp—3g) = L.
(13) (Vpx3q) — Ip=*q) = 1.
(14) J(p+3Jq) = Ip*xq.

(15) I(p*Vq) = Ip = Vq.

(16) 3(Fp —q) —» Fp—3g) = 1.

(17) 3(p — 3¢) — (Vp — 3g) = 1.

(18) 3(p*p) = Ip*Ip.

(19) 3(3p — Jq) = 3p — Jq, I(Vp — Vq) = Vp — Vq.
(

(20) I(Ip A dg) = TIp A q.

Proof. (1) V1 =V(p — Jp). But, by E2, ¥(p — 3p) = Ip — Ip = 1. The other
inequality is proved analogously.

(2) Vdp < Ip. On the other hand, Ip — VIp = V(Ip — Jp) = 1 (by A2)
= dp < Vdp. The other inequality is proved analogously.

(3) From E1 we have 33p > Jp. On the other hand, E2 implies 39p — Jp =
V(dp — Jp) = V1 = 1. Therefore 39p < Jp. The other inequality is proved
analogously.

(4) ¥(3Ip — Jq) = Ip — V3¢ = Ip — Fq.

5)Ip—q<Ip—-TFg= Fp—q — Fp—F9)=1=VY((Fp—q —
(Fp — 3¢)) =3(EFp — q) — (Fp — 3¢) =1 (by E2).

6)p<qg=VVp<q=VpVqg=q=Vqg=VY(VpVq) =VpVVq=Vp<
Vg. p<q=—=p<dg=3dp—Jqg=V(p—dg) =V1l=1= dp < dqg.

(7)V(Ip Vv Iq) =VIpVvVdg=3TpV Jq.

) Vp=p=TIp=IVp=Vp=p.

9 p<3p ¢<Ig=pVqeg<3IPpV3g= 3pVe) <3GV By
Lemma 1, item 7 we have ¥(3p V J¢) = Ip V Jq. Hence, by Lemma 1, item
8, 3(Ip vV Jq) = Ip V Jq. Therefore I(p V q) < Ip V J¢. On the other hand,
FIp<3pVa), 3¢<3ApVe) = IpVvIg<3IpVa).

(10) (Fz % Jy) < I(Fz % Jy). On the other hand, (Jz * Jy) — (Fx * Jy) = (by
(E2)) V((FzxJy) — (FrxJy)) =1 = F(Fzr*Jy) < (Fz * Jy).
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(11). Y(p = q) = (Vp = q) =1 = V(V(p — q) — (Vp — ¢)) = (according
to (A2)) V(p — q) — Y(Vp — ¢) = 1. But ¥(Vp — q) = Vp — Vq. Therefore
V(p — q) — (Vp — Vq) = 1.

(12). ¥(p —q) = (p—3¢) =1 = V(V(p — ¢) — (p — Jq)) = (according
to (A2)) V(p — q) — V(p — Jg) = (according to (E2)) V(p — ¢q) — (Ip —
dg) = 1.

(13). p — (¢ — (p*q)) = 1 according to the definition of the implication
—. Then V(p — (¢ — (p* q))) = (according to (11)) Vp — V(g — (p*q)) =
(according to (12)) Vp — (3¢ — I(p* q)) = (Vp*Jq) — I(p*q) = 1.

(14). It is obvious that 3(p * 3¢) < Ip * I¢. On the other hand, 3¢ — Vg =
1 = (3px3q) — (Ip*xV3q) = 1. According to (13) (Ip*3Jq) — (3(p*xJq) = 1.
Therefore 3p * 3¢ < J(p * q.

(15). A(p*Vq) = I(p * IYq) = (according to (14)) Ip x IVq = Ip x Vq.

(16). 3p — q) — (3p — 3q) = 1. Hence ¥((Ip — q) — (Fp — Fq)) =1 =
(according to (E2)) 3(Ip — ¢) — (Tp — Jq).

(17). (p — Jq) — (Vp — Jq) = 1. Therefore ¥((p — Jq) — (Vp — Jq)) =
Ap —3g) = (Vp—3g) = L.

(18). pxp < JIpxJp = J(px*xp) < I(Ip=*3Ip) = Ip x Ip. On the other
hand, p+p — 3(p*p) =1 =V(pxp — 3Ip*p) =V(p — (p = Ip*p)) =
dp = V(p—3pxp)=3p— (Fp— Ipxp)) = (Fp=*3Ip) — 3(p*p). Hence
(3p*3p) <3(p*p).

(19). 3(3Ip — Jq) < (according to (16)) Ip — I3¢ = Ip — Jg. The con-
verse inequality is obvious. The identity I(Vp — Vq) = Vp — Vq is proved
analogously.

(20). (FIp A 3Jq) < 3FIp = 3Fp, I(Fp A Jq) < 3F3q = Fq. Hence I(3p A Jq) <
Ip A dq < 3(Ip A Jg). O

If (A,3,V) is a monadic BL-algebra, then we denote by 3A the subset of A
such that x € A if and only if z = Jy for some y € A.

Lemma 2. xr € dA & do =2 = Va.

Proof. x € 3A = x = Jy for some y € A. Jdr = 33y = Jy = = by (2).
Ve =Vdy =3y =z by (2). And x = Jz = = € JA. O

Lemma 3. 3A is a BL-subalgebra of (A, 3,V).

Proof. The proof immediately follows from Lemma 1. U

3. m-RELATIVELY COMPLETE BL-ALGEBRAS

A subalgebra Aq of the BL-algebra A is said to be relatively complete if and
only if for every a € A the sets {b € Ay : a < b}, {b € Ay : a > b} have
respectively the smallest and the largest elements: inf{b € Ay : a < b} or

/\agber b, sup{b€ Ap:a>b} or \/azbeA0 b.
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Theorem 4. Let A be a monadic BL-algebra. Then its subset AA defined
above is a relatively complete subalgebra of the BL-algebra A and Ip = inf{q :
g€ A& p<q} andV¥p=inf{q:q € FA & p > q} for each p € A.

Proof. By Lemma 3, 3A is a subalgebra of A. Let 3A(p) = {¢:q € JA& p < q}.
By (7) ¢ € 3A(p) = Ip < 3q = ¢. But Ip € FA(p), and ¢ € FA(p) = Ip < ¢. So
dp = inf{q: ¢ € 3A & p < q}. Analogously, Vp =sup{q: ¢ € A& p >¢q}. O

Let us consider a function h : Ag — A. The functions V,,3d, : A — A
are called, respectively, right and left adjoint to h if a < ¥3b < h(a) < b
and 3,(b) < a < b < h(a) for any a € Ay and b € A. If, in addition,
3 (p*p) = Fn(p)*3n(p), Vr(p*xp) = Vi (p)*Vy(p), then ¥, and 3, are respectively
called right and left m-adjoint to h.

A subalgebra Ag of the BL-algebra A is said to be m-relatively complete if
Ap is relatively complete and, in addition, there holds

(#) Wae A)(Ve € Ap)(Fv € Ap)(z > axa=v>a& vxv <x).

Let us remark that not every relatively complete subalgebra Ay of the BL-
algebra A defines the monadic operator 3 converting A into a monadic BL-
algebra. For illustration, let us consider BL-algebra ([0, 1],V,A,*,—,0,1),
where * and — are MV-operations: z *y = max(0,z +y — 1), * — y =
min(1, 1 —z+y). The two-element Boolean subalgebra ({0,1}, V, A, *, —,0,1)
is relatively complete. We define Ja as inf{z € {0,1} : x > a}. If 1 # a # 0,
then da = 1 and da x 3a = 1. But this operation does not satisfy the condition
d(a * a) = Ja x Ja ( see (18)). The subalgebra ({0,1},V,A,*,—,0,1) is not
m-relatively complete. Indeed, let @ = 1/2 and x = 0. Then z * z > a % a. But
the only element v € {0, 1} such that v > a is 1, and thus v * v £ = * x.

Theorem 5. Let (A,V, A, %,—,¥,3,0,1) be a monadic BL-algebra. Then
the BL-subalgebra 3A of the BL-algebra (A, V, A, x,—,0,1) is m-relatively com-
plete.

Proof. According to Theorem 4, the algebra 3A is relatively complete. Now
it is enough to check the validity of the condition (#). Let a € A, x € JA
be any elements of A and JA, respectively. Suppose that z > a * a. Then
x = Jdz > J(a*a) = Ja*Ja. Hence in the case where v = Ja the condition (#)
is satisfied. O

Denote by BL? the category whose objects are pairs (A, Ag) of BL-algebras,
where Ag is an m-relatively complete subalgebra and the injective BL-algebra
homomorphism h : Ay < A has left and right adjoint functions 3, and Vj
respectively, and whose morphisms are pairs of functions (f, fo) : (4, 4g) —
(A’, Ap) such that the following conditions are satisfied:

(1) f: A— A’'is a BL-algebra homomorphism;

(2) foh="hofy, where ' : A — A’ is an injective BL-algebra homomor-
phism;

(3) foodn =3 o f, where 3y, is the left adjoint of A';

(4) fooVy =V o f, where V}, is the right adjoint of A'.
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(1) implies that fj is also a BL-algebra homomorphism.

f

A A

Hh h Vh E|h’ h Vh’

Ao 1 A

Fig. 1

Theorem 6. There exists a one-to-one correspondence between:

1) monadic BL-algebras;

2) the pairs (A, Ag), where Aq is an m-relatively complete subalgebra of A;

3) the pairs (A, Ag), where Ag is a subalgebra of A and the canonical em-
bedding h : Ay — A has left and right m-adjoint functions.

Proof. For a given A € MBL let us put Ag = {Ja : a € A} = JA. Then,
according to Theorem 5, Ay is an m-relatively complete BL-subalgebra of A.
Vice versa, for a given pair (A, Ag), where Ag is an m-relatively complete BL-
subalgebra of A, let us define on A the operators V and 3 by putting

Vp=sup{g€ Ay:qg<p}=\/ ¢
P>q€-Ao

dp=inf{qe Ay: ¢ >p} = /\ q.

p<q€Ao
It is obvious that Al and E'1 are satisfied.
E2. Show the validity of identity E2: V(p — J¢) = Ip — dg.

Vp—3g= \/
p—3Iq>reAo

r<p—3dq =rxp<3dg= I(rxp) < 3Iq (since Ir = r, according to (10))
= r+I3p<dg = r<dp—-3d¢ = r+«I3p<dqg = r*p<dg = r<p—Jq.
Thusr <p—d¢g & r<dp— Jq. So

V(p— Jq) = \/ r= \/ r=3dp— Jq.
p—3q>reAo Ip—Iq>reAp
A2.V¥(3p — q) = Ip — V.
V@ —a= \
Jp—g=redo
r<dp—q = rxdp<q = r+xdp<Vqg = r<dp—-Vqg = rxdp<
Vg = r+3p<q = r<dp—q Thusr<dp—-qg& r<dJp—Vq So

V(3p—q) = \/ r= \/ r=dp — V¥q.

Ip—q>reio Ip—Vg>reAp
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A3.V(pV3dq)=VpVdq.
VpVdq = \/ rVidg= \/ (rvdg) = \/ (rv3q) =V(pVdg).

Apar<p Apar<p Ap3rvIq<pVvig
Hence there exists a one-to-one correspondence between BL-algebras and pairs
A, Ap), where Ay is m-relatively complete subalgebra of A. Let us prove that 3)
implies 2). Indeed, for a given pair (A, Ag), where A is a subalgebra of A and
the canonical embedding h : Ag — A has right and left m-adjoint functions, let
us define Va = hoV,(a) and Ja = ho 3 (a) for every a € A. It is easy to check
that the left m-adjoint is order preserving, i.e. if x < y, then 3,(z) < . (y).
Let = be any element of Ay and x > a * a, where a € A. Let v = 3,(a). Then
v > a,3p(z) = x > Fp(a*xa) = Ip(a) * Ip(a) = v * v. This means that Ay
is m-relatively complete. Conversely, for a given pair (A, Ag), where Ag is an
m-relatively complete BL-subalgebra of A, let us define V,(a) = Sup{b € Ay :
b < a} and Fp(a) = Inf{b € Ay : b > a}. It is obvious that these functions
are right and left m-adjoint to the canonical embedding h : Ay — A. Indeed,
let us show that V), is right m-adjoint to the canonical embedding h : Ay — A,
where h(a) = a. Then it obvious that if a < V,b = Sup{zx € Ay : v < b}, then
h(a) = a < Vpb < b. If h(a) = a < b, then a = Vya < Vpb. So, a < Vjb.
Moreover, Vj(a *x b) = Vpa x Vyb. We can show analogously that 3, is left
m-~adjoint to the canonical embedding h. Hence 2) implies 3). O

Theorem 7. The category MBL is equivalent to the category BL?.

Proof. Define the functors ® : MBL — BL? and ¥ : BL? — MBL by assum-
ing ®(A) = (A, Ag), where Ay = {Ja : a € A} and ®(f) = (f, fla,), and
U((A,Ap)) = (A,3,V), where V=hoV, and 3 =hod,, and V((f, fo)) = f. It
is easy to check that the functors ® and ¥ are defined correctly. Using Theorem
6 it easy to check that ¥ o & and ® o ¥ are natural isomorphisms. Hence the

category MBL is equivalent to the category BLZ.
O

4. SUBDIRECT REPRESENTATION

Let (A,V,A,*,—,3,V,0,1) be a monadic BL-algebra. A subset F' C A is
called a monadic filter if F' is a filter, i.e. for each a,b € A
e a,be Fimpliesaxb e F,
e g€ Fand a < bimplies b € F,
and, in addition, for every a € A a € F implies Va € F.
For any set X C A, let [X) denote the filter generated by X, i.e. [X) =
{a€A:a>xy % - *xx,,x1,...,0, € X}. Note that if X is closed under the
operation #, then [X) = {a € A:a > x for some z € X}.

Lemma 8. If A = [{a} UF), where a € Ay (= 3A) and F is a monadic
filter, then /\ is also a monadic filter.

Proof. If ¢ € /A, then there exists b € F' such that ¢ > a % Vb. Hence V¢ >
V(a *b) > Va x Vb and since Vb € F', we get Vc € A. O
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Theorem 9. A filter F C A is monadic if and only if ' = [FF'N Ay), and
there exists a lattice isomorphism between the lattice of all monadic filters and
the lattice of all filters of Ay.

Proof. Let (A,3,V) be a monadic BL-algebra and F' be a monadic filter of A.
Let a € F'. Then Va € F and Ya € F N Ag. Therefore, since a > Va, we have
a € [FNAp). Consequently, if a € [F'N Ay), then a > x for some x € F N Ay.
Therefore, since Ya > Vx = x and a > Va, we have a € F. Note that Ay
is a BL-algebra. The correspondence F' +— [F) maps any filter F' of Ay to
the monadic filter [F') of (A, 3,V), since F' is closed under *. It is clear that
F = [F) N Ap. On the other hand, let M be a monadic filter of A. Then
M = [M N Ap). Since M N Ay is a filter of Ay, we have showed the required
1 — 1 correspondence between the set of monadic filters of A and the set of
filters of Ag. It is obvious from the definition that if F} C Fy (M; C M;), then
[Fy) C [Fy) (MiNAy C ManAp). This completes the proof of the theorem. [

Theorem 10. If F is a monadic filter of a monadic BL-algebra (A,3,V),
then the relation R on A, defined by xRy if and only if (x — y)x(y — z) € F,
s a congruence relation.

Proof. Since F is a filter of a BL-algebra A, the relation R preserves the
operations V, A, %, — [1]. Let zRy, ie. (v — y)*(y — z) € F. Then
(r = y),(y — x) € Fand V(& — y),V(y — 2),3(x — y),3(y — z) € F.
But V(zr — y) < Vo — Yy,V(y — x) < Vy — Vz (by (11)). Consequently,
Ve - VYy,Vy = Ve € F. By (17) V(z - y) < Jz — Fyand V(y — =) < Jy —
Jx. Hence dx — dy, dy — dz € F. Therefore VxRVy and JxRJy. U

From Theorems 9 and 10 we obtain

Corollary 11. For every monadic BL-algebra (A,V,3), there exists a lat-
tice isomorphism between the lattice of all monadic filters and the lattice of all
congruences of (A,V,3).

A filter F' of a monadic BL-algebra (A,V,3) is called prime provided that
F#AandaVbe Fimpliesae€ ForbeF.

Remark. This definition is equivalent to the one given by Héjek in [1] : F is
prime if and only if for each x,y € A either x -y € Fory — x € F.

Theorem 12. Any monadic BL-algebra (A,Y,3) is isomorphic to a subdirect
product of monadic BL-algebras (A;,V,3) such that JA; is totally ordered.

Proof. Let S be a family of all prime filters of 3A such that (.S = {1}, which
exists by Hajek’s theorem on the representation of any B L-algebra as a subdirect
product of totally ordered BL-algebras [1]. Then (S’ = {1}, where S’ = {[F) :
F € S} is the family of the monadic filters of A. O

Remark. The results of the paper were reported at the International Work-
shop “Issues in Non-Classical Logics”, March 14-16, 2001, University of Milan,
Italy.
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