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RATE OF APPROXIMATION FOR CERTAIN DURRMEYER
OPERATORS

VIJAY GUPTA, TENGIZ SHERVASHIDZE, AND MARIA CRACIUN

Abstract. In the present note, we study a certain Durrmeyer type integral
modification of Bernstein polynomials. We investigate simultaneous approxi-
mation and estimate the rate of convergence in simultaneous approximation.
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1. INTRODUCTION

Durrmeyer [3] introduced the integral modification of Bernstein polynomi-
als to approximate Lebesgue integrable functions on the interval [0,1]. The
operators introduced by Durrmeyer are defined by

1

Do) = 0+ )Y pos@) [ par®F @ e, w0t

where p,, = (Z) oR(1 —x) k.

Gupta [5] introduced a different Durrmeyer type modification of Bernstein
polynomials and estimated the rate of convergence for functions of bounded
variation. The operators introduced in [5] are defined by

1

Bulfor) =3 pnal@) [ bosf @t 2 € 0.1, 2)
where

— (_ kx_k (k) _(_ k-i-lx_k (k+1)
pus(@) = (“1F T 60(@), buale) = (~1)F T 4D )

and ¢,(r) = (1 —z)". It is easily verified that the values of p, x(x) used in

n 1
(1) and (2) are the same. Also, Y pui(z) =1, [bux(t)dt =1 and b,, = 0.
k=0 0

Guo [4] estimated the rate of convergence for bounded variation functions for
the usual Bernstein—Durrmeyer operators defined by (1). By considering the
integral modification of Bernstein polynomials in form (2) some approximation

properties become simpler in the analysis. Therefore it is important to carry
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out a further study of different integral modifications of Bernstein polynomi-
als B, (f,x). Recently, Agratini [1] also estimated the rate of convergence for
functions of bounded variation for some integral operators which include oper-
ators (2). He obtained the results on ordinary approximation. In the present
paper, we estimate the rate of convergence in simultaneous approximation for
operators B, (f,x).

2. AUXILIARY RESULTS

In this section we give the results which are necessary to prove the main
result.

Lemma 1 ([7]). Form,r € N = NU{0} (the set of non-negative integers),
r <mn, if we define
1

=Y pocrale) [ BurasnOft = )",
k=0

0

then
(14+7r)—z(1+2r)
Vin =1, Vin = )
(r? 4+ 3r +2) +2z(n — 2r* = 5r — 2) — 22%(n — 2r? —4r — 1)
‘/7“7’”'72(2:) = ?
n+r+1

and we have the recurrence relation
47+ m+ 1V, e () = 2(1 — 2) [V (2) + 2mV, 1 ()]
+ (1 =2z)(m+7r+1)+ 2|V, pm(z).
Remark 2. If n is sufficiently large, then by Lemma 1 it is easy to verift that

z(1—x) < Vialr) < 2z(1 — x) '
n n
Lemma 3 ([8]). For every 0 <k <n, z € (0,1) and for alln € N, we have
1
k() < :
Prs(2) 2enx(1 — x)
Lemma 4 ([7]). If f € L1[0,1], f07Y € A.C.ioe, f) € L1]0,1] and 1 < r < n,

then
1

B (f.a) = — an 2] [ Dnsnsar OO0

(n—r)l(n+r)

0

Lemma 5. Let x € (0,1) and K,,.(z,t) = i Pr—r o (T)bptrptr(t), then for
k=0

n sufficiently large, we have

v
Qx(l—x)

Ano(@,y) /an m7 0<y<uz, (3)

0
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2z(1 — x)

YT r<z<l (4)

1—Apy(z,2) = /K,W(x,t) dt <
Proof. We first prove (3) by Lemma 1 as follows:

Y

Yy
AW
/ Koo (,t) dt < / Ko (o) B0 g
0

) (z —y)?

2z(1 — x)
n(z—y)*

IA

—1 1 x —x)? VT’”’2(x
= (x_y)zo/Knﬁ( (¢ ) dt < (r —y)

The proof of (4) is similar. O

3. MAIN RESULT

Theorem. Let f € H,, r € N°. Then for every x € (0,1) and n sufficiently
large, we have

O () — (g
e R

B o) o

where Hy = {f : f0=D € C[0,1], () € [0,1], r > 0}, Hy = {f : fo(x) €
0,1]}, wa(f, 1) :sgp{|f(x+u—f(x)| Dul <tz +uwe[0,1]} and

- "@), 0<t<a,
gm,y: 07 t:.ﬂf,
Dy - f), z<t<1.

Proof. Using Lemma 3, we can write

B0 - U0 + 1)

x

Wi ZMM>/WWWM>

“(n—r)(n+r) /

- an T, k / n+r, k:-‘,—r t) dt

_|_

()" ZMM>/WWwM>

(n—r)(n+r)
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xT

_ ipn_nk(x)/ n+rk+r( )f+ ( )

0

| r
+§}B()(81gnt—a7 )| ‘f+ fE)(ZL‘)‘
:Il+[1+[3, say.

Using Lemma 4, we have

x

(n') n—r ) )
B S G ) b 1960 = £
r (77/+T)(71—T)|
* ff)(x)’ (n!)? - 1'

T

< an ol / wirsere (Do — £ dt+ O(n™)

0

Szpn rk </ /) n+rk+r wx x—t)dt—f—O( 71)
k=0 e

< an rk

Wa (T — 1) [bpr prr () dit]

O\T

+ wa (6 an rie (T /n+rk+r )dt +O0(n™")
z—0

E Pn— rk / n-+r, k+T
= 0

z—0
2x(1 —x) B -
Therefore
x—0
2x(1 — x) 20(1 — ) [—we(8)  wy(x)
/ n(t —x)? dws(z = 1)) < n [ 92 * x? }
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and
wa(0) :Z_épn_w:) / bt (1) dt < 0, (%) < m;(f_ 7 Z“’ (%)
Thus

Choosing §; = % and proceeding similar to 11, we get

IQ S anfrk ( / / ) n+7’k+r w:p(ta; )dt + O( )
k=0

< m; @%) oM, (8)

Next, we estimate I3 as follows:

B (sign(t — x), /Kny z,t) dt—/Knﬁ(x,t) dt

_AM—B

nys  Say.
It is easy to verify that A, . (z) + B, ,(x) = 1. Thus BY (sign(t —z),xz) =1—

k 1
2A,, (). Using Lemma 1, Lemma 2 and the fact that > p, ;(z) = [ bux(t) dt,
7=0 T
we have
k+r

An,'y ($) = Z Pn—rk (.CC) Z Prtr,j (l’)
k=0 J=0

n—r k n—r k+r
S k) S s (@) + S k@) S Bases(®)
k=0 j=0 k=0 Jj=k+1

< an i Zp”+” \/26(n+7’)$(1 —x)

By the Berry—Esseen theorem [2] we readily obtain

i (j=(n=r)a/r/(n—r)z(l—z)
1 2
_ /2
E n—r k(L) — — e dt| <
k:Op #(2) V2T /

—0o0
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and
(G—(ntr)z// (n+r)z(l-z)
1 7t2/2 1
e dt| < . (10
V2r / V(n+r)z(l—2) (10)
Hence by (9) and (10), we have
2+
n—r, n-—-r, . 11
ZP k(@ ZP+ k(T \/(n—r)x(l—x) (11)
By (11) it follows that
k k
2+
RIOINEED T (12)
2 erae) = 2t Vi —ra(l=2)

Let

n—r k
S - an—r,k(x) an—ﬁj<m>
k=0 j=0

If £ and n are independent random variables with the same distribution P

assigning the probability pg, > pr = 1, to the number by, &k = 1,2,..., such
k=1
that by <b+2 < -+, then

P(fén)zzp(nzbk (€ <by)= Zkapw

P(E=n)=>_ P(n=b)PE=1bs) = Zpi
k=1
and we obtain
0<Zpk2pt—§:§z:pi. (13)
k=1 t=1 k=1

If now P is the binomial distribution with the parameters n — r (number of
independent trials) and z (success probability in each trial), then we have S =
P(¢ <n) and due to (13) and Lemma 2, we have

1
0=5-5=3 an il 2\/26(7”L —r)z(l — ) an%k(x)
1
B 2¢/2e(n —r)z(1—z)

(14)
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Combining (12) and (14), we obtain

n—r k 1 1 1
kzzopnr,k(l') ;Pmm‘(x) 3= (2 e \/§) Vin=rz(l-2)

B (sign(t — ), x) = |24, (z) — 1

1 1
<2(2+2r+ .
( \/8e> Vn—r)z(l—2z)
(15)
Combining estimates of (6), (7), (8) and (15), our theorem follows. O
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