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MODULUS OF CONTINUITY AND BEST APPROXIMATION
WITH RESPECT TO VILENKIN-LIKE SYSTEMS IN SOME

FUNCTION SPACES

ISTVÁN MEZŐ

Abstract. We rephrase Fridli’s result [2] on the modulus of continuity with
respect to a Vilenkin group in the Lebesgue space. We show that this result
is valid in the logarithm space and for Vilenkin-like systems. In addition, we
prove that there is a strong connection between the best approximation of
Fourier series and the modulus of continuity, not only in the Lebesgue space
[5] but in the logarithm space too. We formulate two variable generalizations
of the obtained results, which have not been known till now even in the Walsh
case.
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The basic concepts used in this paper are discussed in [5]. The Vilenkin
spaces are generalizations of many well known structures. One of them is the
Walsh–Paley system which is a good tool for solving differential and integral
equations, and in pattern recognizing and image processing. The Walsh analysis
can be easily applied in computer sciences.

Now we introduce the necessary notions of this paper.
Let m := (mk)k∈N be a sequence such that 2 ≤ mi ∈ N for all i ∈ N. Let Gmk

be an arbitrary set with cardinality mk. Equip Gmk
with a discrete topology,

which means that every subset of Gmk
is open. Thus, all sets will be open and

closed and Gmk
will be compact. Let the measure µk be as follows: if x ∈ Gmk

,
then µk({x}) = 1/mk (k ∈ N). Denote

Gm :=
∞×

k=0
Gmk

.

Gm is equipped with the product topology and the product measure µ. Thus,
the elements of Gm are sequences: x = (xi)i∈N ∈ Gm, where xi ∈ Gmi

(i ∈ N).
As a result, Gm is a compact topological space and a probability space. We call
this structure a Vilenkin space that is bounded if supk∈Nmk < +∞.

A neighbourhood base of Gm is defined by

I0(x) := Gm, In(x) := {y = (yi)i∈N ∈ Gm | yi = xi if i < n} (n ≥ 1).

The elements of this base are called intervals.
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We introduce the generalized powers: M0 := 1, Mn+1 := mnMn (n ∈ N).
Then all n ∈ N can be represented uniquely in the form

n =
∞∑
i=0

niMi (ni ∈ {0, 1, . . . , mi − 1}, i ∈ N).

Note that µ(In) = M−1
n . We define an orthonormal system on Gm, which is

called a Vilenkin-like system. The generalized Rademacher functions satisfy the
following properties:

(1) rk
n : Gm → C.

(2) rk
n(x) (x ∈ Gm) depends only on x0, . . . , xk and rk

0 = 1, k, n ∈ N.
(3) If Mk is a divisor of numbers n and l and if n(k+1) = l(k+1) for all

k, l, n ∈ N, then

Mk

∫

In(z)

rn
k (x)rl

k(x)dµ(x) =

{
1 if nk = lk,

0 if nk 6= lk,

where n(k) =
∞∑

j=k

njMj, z ∈ Gm.

(4) If Mk+1 is a divisor of n, then

mk−1∑
j=0

|rjMk+n
k (x)|2 = mk (x ∈ Gm).

(5) There exists δ > 1 such that ‖rn
k‖∞ ≤ √

mk

δ
.

A Vilenkin-like system is written as

ψn(x) :=
∞∏

k=0

rn(k)

k (x) (n ∈ N).

It can be proved (see [7]) that (ψn)n∈N is really orthonormal, i.e.,

∫

Gm

ψn(x)ψm(x)dµ(x) =

{
1 if n = m,

0 if n 6= m.

We define Fourier coefficients, partial sums of Fourier series and Dirichlet
kernels with respect to (ψn)n∈N as follows:

f̂(n) :=

∫

Gm

fψn,

Snf :=
n−1∑

k=0

f̂(k)ψk,

Dn(y, x) :=
n−1∑

k=0

ψk(y)ψk(x), D0 := 0.
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Now we would like to recall some structures that are special cases of a
Vilenkin-like system.

• Walsh(–Paley) and Vilenkin systems.

If Gmk
= Zmk

and the Rademacher functions are rn(x) = exp
(
2πi xn

mn

)

(x ∈ Gm, n ∈ N), then we get a Vilenkin-like system. Here we can define
the operation as coordinate-wise addition modulo mk. The simplest case
is mk = 2 (k ∈ N) (the Walsh–Paley system) and it has vast literature,
see, e.g., [9].

• The group of m-adic integers.
Let Gmk

= Zmk
for all k ∈ N. Define on Gm the following commutative

addition: let x, y ∈ Gm, then x + y = z ∈ Gm is defined in a recursive
way. First, x0 + y0 = t0m0 + z0, where z0 ∈ Gm0 and t0 ∈ N. Now let us
assume that we have z0, . . . , zk and t0, . . . , tk. Then xk+1 + yk+1 + tk =
tk+1mk+1 + zk+1, where zk+1 ∈ Gmk+1

and tk+1 ∈ N. Then Gm is called
the group of m-adic integers. The Rademacher functions are

rn
k (x) :=

(
exp

(
2πi

(
xk

mk

+ · · ·+ x0

mkmk−1 · · ·m0

)))nk

.

Let ψn :=
∏∞

k=0 rn(k)

k . This system is the character system of the group
Gm. For more information see, e.g., [3].

• Almost even arithmetical functions.
We can consider a Vilenkin-like system in the Fourier analysis of arith-

metical functions. An arithmetical function f : N → C is even mod k,
if f(g.c.d.(n, k)) = f(n) (n ∈ N). These functions form (with the aid of
usual pointwise operations) a subalgebra of {f | f : N→ C};

M(f) := lim sup
x→∞

1

x

∑
1≤i≤x

|f(i)|;

‖f‖p := M(|f |p) 1
p ;

B := {f : N→ C | f even, ‖f‖p < ∞} .

The elements of the Banach space B are called almost even arithmetical
functions. (The topology is derived from the above p-norm.) A Vilenkin-
like system is a useful tool for the approximation theoretic investigations
of the functions mentioned above. One can read more about this in [6].

To introduce a logarithm space, we need some preliminary notions: let
(X,A, µ) be a fixed finite-measure space. The distribution function of f : X →
C is:

µf (λ) = µ{x ∈ X | |f(x)| > λ}.
The nonincreasing rearrangement of f is the following function:

f ∗(t) = inf {λ | µf (λ) ≤ t} , here inf ∅ = +∞,
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The Llog+L-norm of f is

‖f‖∗Llog+L :=

µ(X)∫

0

f ∗(t) loge

(
1

t

)
dt.

The Logarithm space is defined in the following way:

Llog+L
∗
(X) :=

{
f : X → C

∣∣‖f‖∗Llog+L < +∞}
.

The norm defined above cannot be calculated easily even for simple functions,
but we can give a value which is finite if and only if the Llog+L-norm of f is
finite:

‖f‖Llog+L :=

∫

Gm

|f(x)| log+ |f(x)|dµ(x),

where

log+(x) =

{
1 if x ≤ e,

loge(x) if x > e.

Thus

Llog+L
∗
(X) = Llog+L(X) := {f : X → C |‖f‖Llog+L < +∞} .

One of the notable properties of a logarithm space (which is a Banach space
with the norm defined above) is that it is larger than the Lebesgue space Lp if
p > 1. Its dual space is an exponential space (Lexp) and there are the following
set theoretic relations between them:

L∞ ⊂ Lexp ⊂ Lp ⊂ Llog+L ⊂ L1 (1 < p < ∞).

One can find detailed information about Llog+L and Lexp in [1]. A logarithm
space is often called a Zygmund space (A. Zygmund, E. C. Titchmarsh, 1928).

One of the main results of this paper is that we prove the validity of Fridli’s
theorem [2] for a logarithm space. The history of this is the following:

• Rubinshtein [4] proved Fridli’s result in the case of functions in C(Gm),
L1(Gm) and in L2(Gm), where Gm is a Vilenkin group.

• Fridli verified that Rubinshtein’s conjecture is true, i.e., Rubinshtein’s
theorem holds for any Lp(Gm), where 1 ≤ p < ∞.

Now we show that this result is true for Vilenkin spaces and in logarithm
spaces too.

Definition.

Λn :=

{
(λ0, λ1, . . . ) : Gm → Gm

∣∣∣∣
λi = idGmi

, if (0 ≤ i ≤ n− 1)
λi bijective if i ≥ n

}
.

Consequently, Λn contains functions of which the first n coordinate functions
are identical functions, the rest are coordinate-wise bijections.

We use the following convention: if some definitions in the sequel formally
coincide for two space Llog+L and Lp, we use L instead of Llog+L or Lp.
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Definition. The modulus of continuity of f ∈ L(Gm) is the sequence

ωk(f)L := sup
λ∈Λk

‖f − f ◦ λ‖L (k ∈ N).

Theorem 1. If Gm is a Vilenkin space and (ωk)k∈N is a sequence of real
numbers monotonously decreasing to zero, then there exists f ∈ L(Gm) such
that ωk(f)L = ωk (k ∈ N).

Conversely, if f ∈ L(Gm), then (ωk(f)L)k∈N is a sequence monotonously
decreasing to zero.

Definition. The *-modulus of continuity of f ∈ Llog+L(Gm) with respect
to the norm ‖ · ‖∗Llog+L is the sequence

ω∗k(f)Llog+L := sup
λ∈Λk

‖f − f ◦ λ‖∗Llog+L (k ∈ N).

Theorem 2. If Gm is a Vilenkin space and (ωk)k∈N is a sequence of real
numbers monotonously decreasing to zero, then there exists f ∈ Llog+L(Gm)
such that ω∗k(f)Llog+L = ωk (k ∈ N).

Conversely, if f ∈ Llog+L(Gm), then (ω∗k(f)Llog+L)k∈N is a sequence monoto-
nously decreasing to zero.

Definition. The set of Vilenkin-like polynomials with degree at most n is
defined as

Pn := {c0ψ0 + c1ψ1 + · · ·+ cn−1ψn−1 | c0, c1, . . . , cn−1 ∈ C} .

Denote

P :=
∞⋃

n=0

Pn.

Definition. Let f ∈ Llog+L(Gm), where Gm is a Vilenkin space. Then the
best approximation of f with polynomials of degree Mn is

En(f)Llog+L := inf
P∈PMn

‖f − P‖Llog+L (n ∈ N).

By definition, we have

‖f‖1 ≤ ‖f‖Llog+L f ∈ Llog+L(Gm).

The triangle inequality is not valid for the norm ‖ · ‖Llog+L, but the following
is true:

‖f + g‖Llog+L ≤ 3‖f‖Llog+L + 3‖g‖Llog+L (f, g ∈ Llog+L(Gm)).

In the next theorem we give an upper bound for the modulus of continuity
of a function f with respect to partial sums of the Fourier series of f and the
best approximation.

Theorem 3. If f ∈ Llog+L(Gm), then

ωn(f)Llog+L ≤ 6‖SMnf − f‖Llog+L

and
ωn(f)Llog+L ≤ 6En(f)Llog+L.
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Now, we extend our result to two variables.
Let Gm and Gem be two Vilenkin spaces with measures µ and ν, respectively.

Let us denote the product measure on Gm ×Gem by µ⊗ ν.

Definition. Let for all n, k ∈ N,

Λn :=

{
(λ0, λ1, . . . ) : Gm → Gm

∣∣∣∣
λi = idGmi

if (0 ≤ i ≤ n− 1)
λi is bijective if i ≥ n

}
,

Λ̃n :=

{
(λ0, λ1, . . . ) : Gem → Gem

∣∣∣∣
λi = idG emi

if (0 ≤ i ≤ n− 1)

λi is bijective if i ≥ n

}
,

Λnk := Λn × Λ̃k.

One can find the basic definition of different types of the modulus of conti-
nuity, e.g., in [8].

Definition. The partial moduli of continuity are:
1
ωk (f)L = sup

λ∈Λk

‖f − f ◦ (λ, id)‖L (k ∈ N),

2
ωk (f)L = sup

λ∈eΛk

‖f − f ◦ (id, λ)‖L (k ∈ N).

Theorem 4. If (ωk)k∈N is a sequence of real numbers monotonously decreasing

to zero, then there exists f ∈ L(Gm) such that
i
ωk (f)L = ωk (k ∈ N) with

i = 1, 2.

Conversely, if f ∈ L(Gm), then (
i
ωk (f)L)k∈N is a sequence monotonously

decreasing to zero (i = 1, 2).

Definition. The (total) modulus of continuity is defined as

ωk(f)L = sup
(λ1,λ2)∈Λkk

‖f − f ◦ (λ1, λ2)‖L.

Theorem 5. If (ωk)k∈N is a sequence of real numbers monotonously decreasing
to zero, then there exists f ∈ L(Gm ×Gem) such that ωk(f)L = ωk (k ∈ N).

Remark. Since theorems like the above ones are valid for the *-norm of a
logarithm space, we do not formulate them. They are proved similarly to the
case of one variable, see the proof of Theorem 2.

To proceed, we must introduce the fundamental notion of the Fourier ana-
lysis with two variables with respect to Vilenkin-like systems. For this, let us
fix two arbitrary Vilenkin spaces, Gm and Gem. The corresponding Vilenkin-like

systems are denoted by (ψi)i∈N and (ψ̃j)j∈N, respectively.

Definition. Let f ∈ L1(Gm × Gem) and n, k ∈ N be arbitrary. Let two-
dimensional Fourier coefficients, partial sums of Fourier series and polynomials
with degree (n, k) be, respectively, defined by

f̂(n, k) :=

∫

Gm×G em

f(t1, t2)ψn(t1)ψ̃k(t2)dµ⊗ ν(t1, t2),
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Sn,kf :=
n−1∑
i=0

k−1∑
j=0

f̂(i, j)ψiψ̃j,

Pn,k :=

{
n−1∑
i=0

k−1∑
j=0

cijψiψ̃j

∣∣∣∣∣ cij ∈ C
}

.

Therefore Sn,k ∈ Pn,k. The best approximation of f is

En,k(f)L = inf
P∈Pn,k

‖f − P‖L.

To define the Dirichlet kernel we fix two elements: x = (x1, x2) and y =
(y1, y2) ∈ Gm ×Gem. Then

Dn,k(x,y) :=
n−1∑
i=0

k−1∑
j=0

ψi(x1)ψ̃j(x2)ψi(y
1)ψ̃j(y

2), D0,0 := 0.

By the above notation and definitions we have for all n, k ∈ N and x =
(x1, x2), t = (t1, t2) ∈ Gm ×Gem:

Sn,kf(x) =

∫

Gm×G em

f(t)Dn,k(t,x)dµ⊗ ν(t),

Dn,k(t,x) = Dn(t1, x1)D̃k(t
2, x2),

DMn,fMk
(t,x) =

{
MnM̃k if t ∈ In(x1)× Ĩk(x

2),

0 otherwise,

SMn,fMk
f(x) = MnM̃k

∫

In(x1)×eIk(x2)

f(t)dµ⊗ ν(t).

Now we give the theorems showing that the two-dimensional partial sums of
Fourier series – as operators – are of type (p, p) (1 < p < ∞).

Theorem 6. Let f ∈ L1(Gm × Gem) and n, k ∈ N be arbitrary. Then the
operator Sn,k is of type (strongly) (p, p) if 1 < p < ∞, i.e.,

‖Sn,kf‖p ≤ c2
p‖f‖p,

where cp is the constant of the one-dimensional operator and depends only on p.

Theorem 7. If f ∈ Lp(Gm ×Gem) (1 < p < ∞), then

1

2
ωn(f)Lp ≤ ‖SMn,fMn

f − f‖p ≤ ωn(f)Lp

and
1

2
ωn(f)Lp ≤ En,n(f)Lp ≤ ωn(f)Lp .

Corollary. If f ∈ Lp(Gm ×Gem), then

lim
n→∞

‖SMn,fMn
f − f‖p = 0.

We formulate the two-dimensional version of Theorem 4.
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Theorem 8. If f ∈ Llog+L(Gm ×Gem) (1 < p < ∞), then

ωn(f)Llog+L ≤ 6‖SMn,fMn
f − f‖Llog+L

and
ωn(f)Llog+L ≤ 6En,n(f)Llog+L.

Proofs

Proof of Theorem 1. For convenience, we write (τλf)(x) := (f ◦ λ)(x) and
gλ := f − τλf . Thus

ωk(f)L = sup
λ∈Λk

‖gλ‖L .

Let us fix an arbitrary element z = (z0, z1, . . . ) ∈ Gm and denote it and its
coordinates by “0”. This makes the reading easier. Let us divide Gm into
disjoint sets:

Gm = {0} ∪
( ∞⋃

i=0

Ii(0) \ Ii+1(0)

)
.

In the sequel we do not write z and 0 whenever possible, so Ii = Ii(z) =
Ii(0). Let us investigate a monotonously increasing step function (1 denotes
the characteristic function):

f(x) =
∞∑
i=0

Fi1Ii\Ii+1
(x) (Fi ≥ Fj if i ≥ j).

Hence

gλ(x) =
∞∑
i=0

(Fi − τλf(x))1Ii\Ii+1
(x).

To study gλ, first consider the values of τλf .
Let z = 0 6= x ∈ Gm be fixed and let, after fixing k, λ ∈ Λk be arbitrary.

Thus x ∈ Ii \ Ii+1 for some i,

x = (0, . . . , 0, xi 6= 0, xi+1, . . . ),

λ = (id, . . . , id, λk, λk+1, . . . ).

Hence

i < k =⇒ λ(x) = (0, . . . , 0, xi 6= 0, . . . , xk−1, λk(xk), . . . ) ∈ Ii \ Ii+1

=⇒ τλf(x) = Fi,

i = k =⇒ λ(x) = (0, . . . , 0, λi(xi), λi+1(xi+1), . . . ) ∈ Ii,

i > k =⇒ λ(x) = (0, . . . , 0, λk(0), . . . , λi−1(0), λi(xi), . . . ) ∈ Ik.

Since, for i = k either λ(x) ∈ Ik \ Ik+1 = Ii \ Ii+1 and thus τλf = Fi or
λ(x) ∈ Ik+1 \ Ik+2 ∪ · · · and thus τλf = Fl for some l ≥ k + 1. This case will
be considered below. Therefore we can start the summation only from k + 1.
To find the supremum of gλ, we need to minimize τλf . Since i > k, λ(x) ∈ Ik.
Hence

τλf(x) ∈ {Fl | l ≥ k}
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which is minimal if l = k. Therefore it is enough to consider λ’s such that

λk(0) 6= 0, i.e., λ ∈ Λk \Λk+1. Let us fix such λ, for example, λ̃ and let g := geλ.
Thus we have to take the integral multiplied by 2 because λ̃ maps Ik(0) to Ik(w)
(for some w ∈ Gm where w0 = · · · = wk−1 = 0, wk 6= 0) and – because of the
maximality assumption and bijectivity – vice versa. So if we integrate only over
Ik = (Ik \ Ik+1) ∪ (Ik+1 \ Ik+2) ∪ · · · , we get Ik(w). Therefore

ωk(f)L = sup
λ∈Λk

‖gλ‖L = ‖geλ‖L = ‖g‖L,

‖g‖Llog+L =

∫

Gm

|g(x)| log+ |g(x)|dµ(x)

=
∞∑
i=0

∫

Ii\Ii+1

|g(x)| log+ |g(x)|dµ(x)

= 2
∞∑

i=k+1

(Fi − Fk) log+(Fi − Fk)

∫

Ii\Ii+1

1dµ(x)

= 2
∞∑

i=k+1

(Fi − Fk) log+(Fi − Fk)

(
1

Mi

− 1

Mi+1

)
.

For the space Lp we have

‖g‖p
p =

∫

Gm

|g(x)|pdµ(x) = 2
∞∑

i=k+1

|Fi − Fk|p
(

1

Mi

− 1

Mi+1

)
.

This is the same result as in Fridli’s paper and so it is enough to consider the
space Llog+L.

Lemma 1. Let n ∈ N be given and let (xl)l∈N be a real sequence such that
xn+i := xn+1 (i > 1). There exist real numbers xn+1 ≥ xn ≥ · · · ≥ x0 such that
for all k ≤ n,

2
∞∑

i=k+1

(xi − xk) log+(xi − xk)

(
1

Mi

− 1

Mi+1

)
= ωk(f)Llog+L ∈ [0, +∞[.

Proof. Let us use the method of descent. For n = k

2(xn+1 − xn) log+(xn+1 − xn)
∞∑

i=n+1

(
1

Mi

− 1

Mi+1

)
= ωn(f)Llog+L.

The series written above is convergent because

0 ≤
∞∑

i=n+1

(
1

Mi

− 1

Mi+1

)
≤

∞∑
i=0

(
1

Mi

− 1

Mi+1

)
= µ(Gm) = 1.

By the substitution xn+1 − xn Ã z we get z log+ z = c, where c is the quotient
of ωn(f)Llog+L/2 and the sum of the series. There are two cases:

1) c ≤ e. Then let z = c.
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2) c > e. Now f(z) := z log+ z = z loge z (z > e); dom f = ran f = ]e, +∞[;
f is strictly increasing and thus injective, therefore z exists.

The statement is true for n = k.
Now let us assume that we have already got the numbers xn+1 ≥ xn ≥ · · · ≥

xj+1 which satisfy the statement. Denote

aj(x) := 2
∞∑

i=j+1

(xi − x) log+(xi − x)

(
1

Mi

− 1

Mi+1

)
.

Let us observe that in the definition of aj the coefficients of 1/Mi − 1/Mi+1

are independent of i after finitely many indexes, since xi’s coincide for i =
n + 1, n + 2, . . . . Because of the induction hypotheses we know that aj(xj+1) =
ωj+1(f)Llog+L. Since aj is continuous (as it is the product and the finite sum
of continuous functions), monotonously decreasing (as its derivative is nowhere
positive) and limx→−∞ aj(x) = +∞, there exists xj ≤ xj+1 such that aj(xj) =
ωj(f)Llog+L. ¤

Lemma 2. There exists a sequence of functions (fn) in Llog+L(Gm), con-
taining step functions, such that

1) (Fi(fn))i∈N is increasing and F0(fn) = 0;

2) ωk(fn)Llog+L =

{
ωk, k ≤ n
0, k > n

(k ∈ N).

Proof. It is clear that if we define fn as

fn =
∞∑
i=0

(xi − x0)1Ii\Ii+1
,

where (xl)l∈N is derived from the preceding lemma, then the statement of this
lemma is satisfied. ¤

We continue the proof of Theorem 1. We have

2
∞∑

i=k+1

(xi − xk) log+(xi − xk)

(
1

Mi

− 1

Mi+1

)
= ωk(f)Llog+L

If k = 0, then we get the norms of fn from the preceding lemma:

‖fn‖Llog+L = ω0(f)Llog+L < ∞ (n ∈ N),

whence because of the continuity of the norm we get∥∥∥ lim
n→∞

fn

∥∥∥
Llog+L

= ω0(f)Llog+L =⇒ lim
n→∞

fn ∈ Llog+L(Gm).

By part 2) of Lemma 2 we get

lim
n→∞

ωk(fn)Llog+L = ωk(f)Llog+L (k ∈ N).

The space Llog+L(Gm) is complete and thus the function we needed is

f := lim
n→∞

fn.
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The converse statement of the theorem is obvious because Ik+1 ⊂ Ik. Therefore
(ωk(f)Llog+L)k∈N is monotonously decreasing. If k → ∞,then the limit of the
sequence is 0 by the definition of Ik. ¤

Proof of Theorem 2. The only difference between the proof of Theorem 1 and
this proof is the determination of the norm. We use the notation introduced
above.

Let us calculate µg(s):

0 ≤ s < Fk+1 − Fk =⇒ µg(s) = 2µ(Ik+1)(= 2µ(Ik+1 \ Ik+2 ∪ · · · ),
Fk+1 − Fk ≤ s < Fk+2 − Fk =⇒ µg(s) = 2µ(Ik+2)(= 2µ(Ik+1 \ Ik+2 ∪ · · · ),

and so on. Generally,

Fk+i − Fk ≤ s < Fk+i+1 − Fk =⇒ µg(s) = 2µ(Ik+i+1) =
2

Mk+i+1

.

Now we determine g∗(t):
2

Mk+i+1

≤ t <
2

Mk+i

=⇒ g∗(t) = Fk+i − Fk (i ∈ N).

If t ≥ 2
Mk+1

, then by the last formula (because i = 0) g∗(t) = 0. Therefore

ω∗k(f)Llog+L = ‖g‖∗Llog+L =

1∫

0

g∗(t) log

(
1

t

)
dt

=

2
Mk+1∫

0

g∗(t) log

(
1

t

)
dt =

∞∑
i=1

2
Mk+i∫

2
Mk+i+1

(Fk+i − Fk) log

(
1

t

)
dt.

Using the equality
∫

log
(

1
t

)
dt = log

(
1
x

)
x+x+c, replacing the index i by k+ i,

we get

‖g‖∗Llog+L = 2
∞∑

i=k+1

(Fi − Fk)

[
log(Mi/2) + 1

Mi

− log(Mi+1/2) + 1

Mi+1

]
.

This is convergent because
∞∑

i=k+1

log(Mi/2) + 1

Mi

≤
∞∑

n=1

log(2n−1) + 1

2n
= log(2) + 1,

aj(x) := 2
∞∑

i=j+1

(xi − x)

(
log(Mi/2) + 1

Mi

− log(Mi+1/2) + 1

Mi+1

)
.

Now we are absolutely in the same situation as above. ¤

Proof of Theorem 3. Let P ∈ PMn and λ ∈ Λn. Then [5] we get P ◦ λ = P ,

‖f − f ◦ λ‖Llog+L = ‖f − P + P − P ◦ λ + P ◦ λ− f ◦ λ‖Llog+L

= ‖f − P + P ◦ λ− f ◦ λ‖Llog+L
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≤ 3‖f − P‖Llog+L + 3‖P ◦ λ− f ◦ λ‖Llog+L = 6‖f − P‖Llog+L.

Thus we get ωn(f)Llog+L ≤ 6En(f)Llog+L. Since SMnf ∈ PMn , we also get
ωn(f)Llog+L ≤ 6‖SMnf − f‖Llog+L.

Proof of Theorem 4. Let

f(x, y) =
∑

(i,l)∈N×N
Fil1il(x, y),

where

1il(x, y) :=

{
1 if (x, y) ∈ (Ii \ Ii+1)× (Ĩl \ Ĩl+1),

0 otherwise
(x, y) ∈ Gm ×Gem.

Let x ∈ Ii \ Ii+1, y ∈ Ĩl \ Ĩl+1. By the same reasoning as that used at the
beginning of the proof of Theorem 1 we obtain

inf
λ∈Λk

f ◦ (λ(x), y) =





Fil if i < k,

Fil if i = k,

Fkl if i > k.

Let gλ = f − f ◦ (λ, id),

gλ(x, y) =
∑

(i,l)∈N×N
(f(x, y)− f ◦ (λ(x), y))1(Ii\Ii+1)×(eIl\eIl+1)

(x, y).

This sum is maximal if f ◦ (λ(x), y) is minimal. We denote this gλ by g. From
the maximality condition we can calculate the p-norm of g:

‖g‖p
p =

∫

Gm×G em

|g|p dµ⊗ ν

=
∞∑
i=0

∫

Ii\Ii+1

∞∑

l=0

∫

eIl\eIl+1

|g(x, y)|p dν(y)dµ(x)

= 2
∞∑

i=k+1

∫

Ii\Ii+1

∞∑

l=0

∫

eIl\eIl+1

|Fil − Fkl|p dνdµ

= 2
∞∑

i=k+1

∞∑

l=0

|Fil − Fkl|pµ⊗ ν[(Ii \ Ii+1)× (Ĩl \ Ĩl+1)].

We know that

µ⊗ ν[(Ii \ Ii+1)× (Ĩl \ Ĩl+1)] =

(
1

Mi

− 1

Mi+1

) (
1

M̃l

− 1

M̃l+1

)
.

We can define f such that it be constant in the second variable:

Fil = Fi0, l = 1, 2, . . . .
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Hence for the p-norm of g we have

‖g‖p
p = 2

∞∑

i=k+1

∞∑

l=0

|Fil − Fkl|p
(

1

Mi

− 1

Mi+1

) (
1

M̃l

− 1

M̃l+1

)

= 2
∞∑

i=k+1

|Fi0 − Fk0|p
(

1

Mi

− 1

Mi+1

) ∞∑

l=0

(
1

M̃l

− 1

M̃l+1

)
.

The inner sum is ν(Gem) = 1,

1
ωk (f)Lp = ‖g‖p .

The rest of the proof is the same as in the one variable case both for the
Lebesgue space and logarithm space.

If we consider a function which is constant in its first variable, we can apply

this proof for
2
ωk (f)L too. ¤

Proof of Theorem 5. Let x ∈ Ii \ Ii+1, y ∈ Ĩl \ Ĩl+1. From this – as above –
we get

inf
λ1,λ2∈Λk

f ◦ (λ1(x), λ2(y)) =





Fil if i < k, l < k,

Fik if i < k, l ≥ k,

Fkl if i ≥ k, l < k,

Fkk if i ≥ k, l ≥ k,

g(x, y) :=

(
sup

λ1,λ2∈Λn

(f − f ◦ (λ1, λ2))

)
(x, y).

It is enough to take the integral over the following three sets:

∪{Ii \ Ii+1 × Ĩl \ Ĩl+1 | i < k, l ≥ k} =: A,

∪{Ii \ Ii+1 × Ĩl \ Ĩl+1 | i ≥ k, l < k} =: B,

∪{Ii \ Ii+1 × Ĩl \ Ĩl+1 | i ≥ k, l ≥ k} =: C.

It is obvious that C = Ik × Ĩk.
By the minimum condition we get

λ := (λ1, λ2) ∈ (Λk \ Λk+1)× (Λ̃k \ Λ̃k+1),

therefore

λ(A) =
⋃ {

(Ii \ Ii+1)× Ĩk(w̃)
∣∣∣ i < k

}
,

λ(B) =
⋃ {

Ik(w)× (Ĩl \ Ĩl+1)
∣∣∣ l < k

}
,

λ(C) = Ik(w)× Ĩk(w̃).

where (w, w̃) ∈ Gm × Gem such that w0 = · · · = wk−1 = 0, wk 6= 0 and w̃0 =
· · · = w̃k−1 = 0, w̃k 6= 0. Actually, we should differentiate between 0 ∈ Gm and

0̃ ∈ G̃m, but we will not do it.
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We can see that A, B, C, λ(A), λ(B), λ(C) are pairwise disjoint. So if we
integrate over A ∪B ∪ C, then we have to take the integral multiplied by 2.

Let us calculate the p-norm of g (just like in the proof of Theorem 5):

1

2
‖g‖p

p =
∑

i<k, l>k

|Fil − Fik|pcil +
∑

i>k, l<k

|Fil − Fkl|pcil

+
∑

i≥k, l≥k

|Fil − Fkk|pcil, (1)

where

cil = (µ⊗ ν)[(Ii \ Ii+1)× (Ĩl \ Ĩl+1)] =

(
1

Mi

− 1

Mi+1

) (
1

M̃l

− 1

M̃l+1

)
.

We will show that there is a double sequence (Fil) such that (1) is equal to
ωk(f)Lp . For this reason in (1) the first and the second sum will be zero for
properly chosen values of Fil. Let all Fpq in the sequence (Fil) be equal for
n < p, n < q for a fixed n ∈ N. Furthermore,

Fil := Fik, i = 0, 1, . . . , k − 1; l = k + 1, k + 2, . . . , n + 1,

Fil := Fkl, l = 0, 1, . . . , k − 1; i = k + 1, k + 2, . . . , n + 1.

The third sum in (1) can be decomposed as
∑

i>k, l=k

|Fil − Fkk|pcil +
∑

i=k, l>k

|Fil − Fkk|pcil +
∑

i>k, l>k

|Fil − Fkk|pcil.

Again, the first and the second sum will be zero if we assume that

Fil := Fkk, i = k + 1, . . . , n + 1; l = k,

Fil := Fkk, l = k + 1, . . . , n + 1; i = k.

The third sum can be written in the form
∞∑

i=l=k+1

|Fii − Fkk|pcil +
∑

i 6=l

|Fil − Fkk|pcil.

The second sum will be zero if we assume that

Fil := Fkk, i, l = k + 1, k + 2, . . . , n + 1; i 6= l.

Finally, the problem is reduced to checking whether
(

2
∞∑

i=l=k+1

|Fii − Fkk|pcil

) 1
p

=ωk(f)Lp .

Since the sum above contains only one and the same double indexes we can
consider it as a simple sequence. For this, the proof of the one variable case can
be applied. Thus, we have constructed the wanted double sequence.

Let (fn) be a function sequence such that

fn|(Ii\Ii+1)×(eIl\eIl+1)
= Fil − F00.
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Hence

ωk(fn)Lp =

{
ωk, k ≤ n

0, k > n
(k ∈ N).

The function we need is

f = lim
n→∞

fn.

The construction can be applied for a logarithm space, but we must use the
approach of the proof of Theorem 1 instead of Fridli’s one.

The constructed double sequence is monotonously increasing on the diagonal,
i.e., in the sense of

Fii ≥ Fjj if i ≥ j. ¤

Proof of Theorem 6. Let x = (x, y).

‖Sn,kf‖p
p =

∫

Gm×G em

|Sn,kf(x)|pdµ⊗ ν(x)

=

∫

Gm

∫

G em

∣∣∣∣∣∣∣

∫

Gm

Dn(t1, x)

∫

eGm

f(t1, t2)D̃k(t
2, y)dν(t2)dµ(t1)

∣∣∣∣∣∣∣

p

dν(y)dµ(x).

Introduce the mapping gy(t
1) :=

∫
G em

f(t1, t2)D̃k(t
2, y)dν(t2), this equality can be

continued in the following manner:

=

∫

Gm

∫

G em

∣∣∣∣∣∣

∫

Gm

Dn(t1, x)gy(t
1)dµ(t1)

∣∣∣∣∣∣

p

dν(y)dµ(x)

=

∫

G em

∫

Gm

∣∣∣∣∣∣

∫

Gm

gy(t
1)Dn(t1, x)dµ(t1)

∣∣∣∣∣∣

p

dµ(x)dν(y)

=

∫

G em

‖Sngy‖p
pdν(y) ≤ cp

p

∫

G em

‖gy‖p
pdν(y)

= cp
p

∫

G em

∫

Gm

∣∣∣∣∣∣∣

∫

eGm

f(t1, t2)D̃k(t
2, y)dν(t2)

∣∣∣∣∣∣∣

p

dµ(t1)dν(y)

= cp
p

∫

Gm

∫

G em

∣∣∣∣∣∣∣

∫

eGm

f(t1, t2)D̃k(t
2, y)dν(t2)

∣∣∣∣∣∣∣

p

dν(y)dµ(t1).

Let us define ht1 as

ht1(t
2) := f(t1, t2).
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Hence we can continue the previous calculation as

= cp
p

∫

Gm

∫

eGm

∣∣∣∣∣∣∣

∫

eGm

ht1(t
2)D̃k(t

2, y)dν(t2)

∣∣∣∣∣∣∣

p

dν(y)dµ(t1)

= cp
p

∫

Gm

‖S̃kht1‖p
pdµ(t1) ≤ (cp

p)
2

∫

Gm

‖ht1‖p
pdµ(t1)

= (cp
p)

2

∫

Gm

∫

eGm

|f(t1, t2)|pdν(t2)dµ(t1) = (c2
p)

p‖f‖p
p.

The proof of the theorem is complete. ¤

Proof of Theorem 7. Let P ∈ PMn,fMn
. Then P ◦ λ = P for all λ ∈ Λnn.

‖f − f ◦ λ‖p ≤ ‖f − P‖p + ‖P − P ◦ λ‖p + ‖P ◦ λ− f ◦ λ‖p,

whence ωn(f)Lp ≤ 2En,n(f)Lp . Since SMn,fMn
∈ PMn,Mn , we get

1

2
ωn(f)Lp ≤ ‖SMn,fMn

f − f‖p.

We will prove that if P ∈ PMN ,fMN
, λ ∈ Λnn (n < N), then ‖SMn,fMn

P − P‖p ≤
ωn(P )Lp . For this reason we define the following coordinate-wise bijections:

λi : G2
mi
→ Gmi

such that λi(·, xi) and λi(yi, ·) are 1-1 functions

for all xi, yi ∈ Gmi
(i ≥ n),

λ̃i : G2
emi
→ Gemi

such that λ̃i(·, xi) and λ̃i(yi, ·) are 1-1 functions

for all xi, yi ∈ Gemi
(i ≥ n).

For all t1, x ∈ Gm and for all t2, y ∈ Gem let

λ(t1, x; t2, y) :=
(
x0, . . . , xn−1, λn(t1n, xn), . . . ; y0, . . . , yn−1, λ̃n(t2n, yn)

)
.

Moreover,

SMn,fMn
P (x, y) = MnM̃n

∫

In(x)×eIn(y)

P (t1, t2)dµ⊗ ν(t1, t2)

= MnM̃n

∫

In(x)×eIn(y)

P ◦ λ(t1, x; t2, y)dµ⊗ ν(t1, t2)

=
MnM̃n

MNM̃N

∑

t1n∈Gmn

· · ·
∑

t1N−1∈GmN−1

∑

t2n∈G emn

· · ·
∑

t2N−1∈G emN−1

P (x0, . . . , xn−1,

λn(t1n, xn), . . . , λN−1(t
1
N−1, xN−1);

y0, . . . , yn−1, λ̃n(t2n, yn), . . . , λ̃N−1(t
2
N−1, yN−1)).
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Hence
‖SMn,fMn

P − P‖p
p

=

∫

Gm×G em

∣∣∣∣∣∣∣
MnM̃n

∫

In(x)×eIn(y)

P (t1, t2)− P (x, y)dµ⊗ ν(t1, t2)

∣∣∣∣∣∣∣

p

dµ⊗ ν(x, y)

=
1

MNM̃N

∑
x0∈Gm0

· · ·
∑

xN−1∈GmN−1

∑
y0∈G em0

· · ·
∑

yN−1∈G emN−1∣∣∣∣∣∣
MnM̃n

MNM̃N

∑

t1n∈Gmn

· · ·
∑

t1N−1∈GmN−1

∑

t2n∈G emn

· · ·
∑

t2N−1∈G emN−1

P ◦ λ− P

∣∣∣∣∣∣

p

≤ MnM̃n

M2
NM̃2

N

∑
x0∈Gm0

· · ·
∑

xN−1∈GmN−1

∑
y0∈G em0

· · ·
∑

yN−1∈G emN−1∑

t1n∈Gmn

· · ·
∑

t1N−1∈GmN−1

∑

t2n∈G emn

· · ·
∑

t2N−1∈G emN−1

|P ◦ λ− P |p

=
MnM̃n

MNM̃N

∑

t1n∈Gmn

· · ·
∑

t1N−1∈GmN−1

∑

t2n∈G emn

· · ·
∑

t2N−1∈G emN−1

1

MNM̃N

∑
x0∈Gm0

· · ·
∑

xN−1∈GmN−1

∑
y0∈G em0

· · ·
∑

yN−1∈G emN−1

|P ◦ λ− P |p

=
MnM̃n

MNM̃N

∑

t1n∈Gmn

· · ·
∑

t1N−1∈GmN−1

∑

t2n∈G emn

· · ·
∑

t2N−1∈G emN−1

‖P ◦ λ(t1, ·; t2, ·)− P‖p
p.

Since λ(t1, ·; t2, ·) ∈ Λnn,

‖SMn,fMn
P − P‖p ≤ ωn(P )Lp .

Moreover,
‖SMn,fMn

f − f‖p

≤ ‖SMn,fMn
f − SMn,fMn

P‖p + ‖SMn,fMn
P − P‖p + ‖P − f‖p

≤ (c2
p + 1)‖f − P‖p + ωn(P )Lp .

On the other hand,
ωn(P )Lp = sup

λ∈Λnn

‖P − P ◦ λ‖p

sup
λ∈Λnn

‖P − f‖p + sup
λ∈Λnn

‖f − f ◦ λ‖p + sup
λ∈Λnn

‖f ◦ λ− P ◦ λ‖p

= 2‖f − P‖p + ωn(f)Lp .

Continuing the above calculations, we have

‖SMn,fMn
f − f‖p ≤ (c2

p + 1)‖f − P‖p + ωn(P )Lp

≤ (c2
p + 1)‖f − P‖p + 2‖f − P‖p + ωn(f)Lp
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= (c2
p + 3)‖f − P‖p + ωn(f)Lp .

From this and because SMn,fMn
∈ PMn,fMn

we get the wanted relations, since

Vilenkin-like polynomials are dense in Lp(Gm ×Gem). ¤
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