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MODULUS OF CONTINUITY AND BEST APPROXIMATION
WITH RESPECT TO VILENKIN-LIKE SYSTEMS IN SOME
FUNCTION SPACES

ISTVAN MEZO

Abstract. We rephrase Fridli’s result [2] on the modulus of continuity with
respect to a Vilenkin group in the Lebesgue space. We show that this result
is valid in the logarithm space and for Vilenkin-like systems. In addition, we
prove that there is a strong connection between the best approximation of
Fourier series and the modulus of continuity, not only in the Lebesgue space
[5] but in the logarithm space too. We formulate two variable generalizations
of the obtained results, which have not been known till now even in the Walsh
case.
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The basic concepts used in this paper are discussed in [5]. The Vilenkin
spaces are generalizations of many well known structures. One of them is the
Walsh—Paley system which is a good tool for solving differential and integral
equations, and in pattern recognizing and image processing. The Walsh analysis
can be easily applied in computer sciences.

Now we introduce the necessary notions of this paper.

Let m := (my)ren be a sequence such that 2 < m; € Nfor all i € N. Let G,,,
be an arbitrary set with cardinality my. Equip G,,, with a discrete topology,
which means that every subset of G,,, is open. Thus, all sets will be open and
closed and G,,, will be compact. Let the measure j, be as follows: if x € G,,,,
then p({z}) = 1/mg (k € N). Denote

o0
G = X Gy,
k=0

G, is equipped with the product topology and the product measure p. Thus,
the elements of G,, are sequences: © = (x;)ien € G, Where z; € G, (1 € N).
As a result, GG,, is a compact topological space and a probability space. We call
this structure a Vilenkin space that is bounded if sup,cy mi < +00.

A neighbourhood base of Gy, is defined by

Iy(z) = Gp, Li(x)={y=W)ien€Gnl|yi=azifi<n} (n>1).

The elements of this base are called intervals.
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We introduce the generalized powers: My := 1, M, 1 := m, M, (n € N).
Then all n € N can be represented uniquely in the form

=0

Note that u(I,) = M;!. We define an orthonormal system on G,,, which is
called a Vilenkin-like system. The generalized Rademacher functions satisty the
following properties:

(1) r*: G, — C.

(2) r*(z) (v € G,,) depends only on z, ..., 7 and r§ =1, k,n € N.

(3) If My is a divisor of numbers n and [ and if n 1) = [*+D) for all
k,l,n € N, then
1 if Nng = lk
My | @)l @)du(z) = ’
o [ @) {Oﬁm%%

I,(2)
where n®) = 3" n;M;, z € G,,.
=k

(4) If Mgy is a divisor of n, then
mi—1

Z P @) 2 =my (x € G).
j=0

(5) There exists 6 > 1 such that ||r} . < /5.

A Vilenkin-like system is written as

Un(z) =[] i (2) (neN).

It can be proved (see [7]) that (¢, )nen is really orthonormal, i.e.,

1 if n=m,

/mmmamm@:{eﬁn#m

We define Fourier coefficients, partial sums of Fourier series and Dirichlet
kernels with respect to (1, )nen as follows:

Dy (y,z) = ZW(Q)%(I), Dy := 0.
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Now we would like to recall some structures that are special cases of a
Vilenkin-like system.

e Walsh(—Paley) and Vilenkin systems.

If G, = Zy,, and the Rademacher functions are r,(x) = exp (27rz' Lo >

mn

(x € G, n € N), then we get a Vilenkin-like system. Here we can define
the operation as coordinate-wise addition modulo my. The simplest case
is my = 2 (k € N) (the Walsh—Paley system) and it has vast literature,
see, e.g., [9].

e The group of m-adic integers.

Let Gy, = Z,, for all k € N. Define on G, the following commutative
addition: let z,y € G,,, then x +y = 2z € G, is defined in a recursive
way. First, z¢ + yo = tomo + 20, where 2y € Gy, and ¢y € N. Now let us
assume that we have zg,..., 2z, and g, ..., t;. Then xp1 + Y1+t =
Lhy1Mig1 + 2k41, Where 2p1 € Gy, and t1 € N. Then Gy, is called
the group of m-adic integers. The Rademacher functions are

n . Tk Zo "
rp(z) = (exp|2mi | — 4+ -+ :
M mMEMg—1 My

Let ¥, := [0, Tz<k). This system is the character system of the group
G- For more information see, e.g., [3].
e Almost even arithmetical functions.

We can consider a Vilenkin-like system in the Fourier analysis of arith-
metical functions. An arithmetical function f : N — C is even mod k,
if f(g.c.d.(n,k)) = f(n) (n € N). These functions form (with the aid of
usual pointwise operations) a subalgebra of {f | f: N — C};

M(f) = timsup— 37 |6

r=oo 1<i<z

1£ll, == M f1P)7;
B:={f:N=C|feven, |f], <oo}.

The elements of the Banach space B are called almost even arithmetical
functions. (The topology is derived from the above p-norm.) A Vilenkin-
like system is a useful tool for the approximation theoretic investigations
of the functions mentioned above. One can read more about this in [6].

To introduce a logarithm space, we need some preliminary notions: let
(X, A, i) be a fixed finite-measure space. The distribution function of f : X —
C is:

1) = ufe € X | ()] > A},

The nonincreasing rearrangement of f is the following function:

fr@) =inf {\ | pp(A) <t}, here inf @ = +o0,
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The Llog*L-norm of f is
w(X) .
= [ 000 (1) at
0
The Logarithm space is defined in the following way:

Llog"L'(X) :={f: X —»C U|f|];log+L <400},

The norm defined above cannot be calculated easily even for simple functions,
but we can give a value which is finite if and only if the Llog*L-norm of f is
finite:

Il = [ 17 log” 1) ldu(o)
Gm

where

log*(x): 1 if x<e,
log (z) if x >e.

Thus
Llog"L"(X) = Llog"L(X) := {f : X = C|||f|luiog+r < +00} .

One of the notable properties of a logarithm space (which is a Banach space
with the norm defined above) is that it is larger than the Lebesgue space LP if
p > 1. Its dual space is an exponential space (Ley,) and there are the following
set theoretic relations between them:

L® C Ley C L C LlogtL C L' (1 < p < o0).

One can find detailed information about Llog™L and Ley, in [1]. A logarithm
space is often called a Zygmund space (A. Zygmund, E. C. Titchmarsh, 1928).

One of the main results of this paper is that we prove the validity of Fridli’s
theorem [2] for a logarithm space. The history of this is the following;:

e Rubinshtein [4] proved Fridli’s result in the case of functions in C(G,,),
LY(G,,) and in L*(G,,), where G,, is a Vilenkin group.
e Fridli verified that Rubinshtein’s conjecture is true, i.e., Rubinshtein’s
theorem holds for any L*(G,,), where 1 < p < 0.
Now we show that this result is true for Vilenkin spaces and in logarithm
spaces t0o.

Definition.

. . Ni=idg,, , if(0<i<n-—1)
An = {(/\0’/\1’ )1 G = G A; bijective ifi >mn '
Consequently, A,, contains functions of which the first n coordinate functions

are identical functions, the rest are coordinate-wise bijections.

We use the following convention: if some definitions in the sequel formally
coincide for two space Llog™L and LP, we use £ instead of Llog™L or L?.
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Definition. The modulus of continuity of f € L(G,,) is the sequence
wi(fle = sup [[f = fo A, (k€EN).
AEAL

Theorem 1. If G, is a Vilenkin space and (wg)ren 8 a sequence of real
numbers monotonously decreasing to zero, then there exists f € L(G,,) such
that wk(f)g = Wk (k’ S N)

Conversely, if f € L(Gp), then (wi(f)c)ken s a sequence monotonously
decreasing to zero.

Definition. The *-modulus of continuity of f € LlogtL(G,,) with respect

to the norm || - |7+, is the sequence
Wi (f)Liog+1, := sup [|f — fo >‘H;1og+L (k € N).
AEA

Theorem 2. If G, is a Vilenkin space and (wg)ken S a sequence of real
numbers monotonously decreasing to zero, then there exists f € LlogTL(G,)
such that wi(f)Leg+r, = wi (K € N).

Conversely, if f € Llog*L(G,,), then (Wi(f)Liog+L)ken 1S a sequence monoto-
nously decreasing to zero.

Definition. The set of Vilenkin-like polynomials with degree at most n is
defined as

Pn = {Cowo + Clwl + -+ Cnflz/)nfl | C0,C1y---,Cn—1 € (C} .

P = G Pn.
n=0

Definition. Let f € Llog"L(G,,), where G,, is a Vilenkin space. Then the
best approximation of f with polynomials of degree M, is

En(f)Llog+L = Pé%f ||f - P||L10g+L (TL € N)

In

Denote

By definition, we have

1Alls < I flluogrr. f € Llog " L(Gr).

The triangle inequality is not valid for the norm || - ||Ljog+r, but the following
Is true:

I+ 9llogr < 3|l flliog+r + 3l|gllLiog+r.  (f, g € Llog™L(G.)).

In the next theorem we give an upper bound for the modulus of continuity
of a function f with respect to partial sums of the Fourier series of f and the
best approximation.

Theorem 3. If f € LlogTL(G,,), then
wn(f)Llog""L S 6HSMnf - fHLlog‘*’L

and
wn(.f)Llog*L S 6En(f)Llog+L-
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Now, we extend our result to two variables.
Let GG, and G be two Vilenkin spaces with measures p and v, respectively.
Let us denote the product measure on G, X G by p ® v.

Definition. Let for all n, k € N,

A; is bijective if i >n

An = {()\0,)\1,...)2Gm—>Gm

Ai = idg,,, 1f(0§¢§n—1)}

Kn = {(}\0,)\1,...>:Gm—>G@

Ai =ldg, if(0<i<n-1)
A; is bijective if i > n ’
Ank = An X Kk

One can find the basic definition of different types of the modulus of conti-
nuity, e.g., in [8].

Definition. The partial moduli of continuity are:

wi (f)e = sup If = foXid)ll,  (keN),

Ok (Ne=swp [If = foid N, (k€N).
)\Egk
Theorem 4. If (wg)ren is a sequence of real numbers monotonously decreasing
to zero, then there exists f € L(G,,) such that wy (f)r = wi (k € N) with
1=1,2.
Conversely, if f € L(Gn), then (Wr (f)z)ken @S a sequence monotonously
decreasing to zero (i = 1,2).

Definition. The (total) modulus of continuity is defined as
we(fle=sup |If = fo (A, N)llc.

ALAZ) Ak

Theorem 5. If (wg)ren is a sequence of real numbers monotonously decreasing
to zero, then there exists f € L(G,, X Gg) such that wp(f)z = wi (k € N).

Remark. Since theorems like the above ones are valid for the *-norm of a
logarithm space, we do not formulate them. They are proved similarly to the
case of one variable, see the proof of Theorem 2.

To proceed, we must introduce the fundamental notion of the Fourier ana-
lysis with two variables with respect to Vilenkin-like systems. For this, let us
fix two arbitrary Vilenkin spaces, Gy, and G . The corresponding Vilenkin-like
systems are denoted by (1;);en and (1) en, respectively.

Definition. Let f € L'(G,, X Gg) and n,k € N be arbitrary. Let two-
dimensional Fourier coefficients, partial sums of Fourier series and polynomials
with degree (n, k) be, respectively, defined by

fn,k) = / (' ) () dp @ (1),

GmXGe
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n—1 k—1 . ~
nkf = f(l ])¢z¢]’
=0 7=0
n—1 k—1 _
Pn,k = {ZZ%%% Cij - C} .
i=0 5=0

Therefore S, € Pnx. The best approzimation of f is
Eni(f)e = Pgl{’k If = Pllz.

To define the Dirichlet kernel we fix two elements: x = (z!,22) and y =
(91792) € G,, X Gg. Then
n—1 k-1 _ B
Dn,k(x7 Y) = wz(fl)@bj(l‘Q)’gbl(yl)w](yQ), DO,O = 0.

I
o
Il
=)

=0 j

By the above notation and definitions we have for all n,k € N and x =
(', 2%), t = (t1,1?) € Gy X G

Surf() = [ FODu(ERdu e (o)
G X Gl
Dn7k(t7 X) = Dn(tlv wl)ﬁk(tQa 12)7
MM, if t € L(z) x I(2?),
D t,x) =
M’“ﬁ’c( ) {0 otherwise,
S, .S (X) = M, M, / ft)dp @ v(t).

In(z1) x B (22)
Now we give the theorems showing that the two-dimensional partial sums of
Fourier series — as operators — are of type (p,p) (1 < p < o0).

Theorem 6. Let f € LY(G,, X Gg) and n,k € N be arbitrary. Then the
operator Sy is of type (strongly) (p,p) if 1 <p < o0, i.e.,
1Sk fll < cl.fllps

where ¢, is the constant of the one-dimensional operator and depends only on p.

Theorem 7. If f € LP(G,, X G) (1 < p < 0), then

Lo <84, . Sl S

and
1

Swnlf)er < Bun(f)re < walf)re.
Corollary. If f € LP(G,, X Gg), then
Tim 18,5 — £l = 0.

We formulate the two-dimensional version of Theorem 4.



322 I. MEZO

Theorem 8. If f € LlogTL(G,, X Gg) (1 < p < ), then
wn(f)LlongL S GHS nyﬁnf - f“Llog*L

and
wn(f)Llog*’L S 6En,n(f)Llog+L'
PROOFS
Proof of Theorem 1. For convenience, we write (7)f)(z) := (f o A\)(z) and

gr ;= f —7nf. Thus
wi(f)e = sup [|gall. -

AEAL
Let us fix an arbitrary element z = (zp,21,...) € G,,, and denote it and its
coordinates by “0”. This makes the reading easier. Let us divide G,, into

disjoint sets:
- {O}U (UI \Iz—l—l )) :

In the sequel we do not write z and 0 whenever possible, so [; = [;(z) =
I;(0). Let us investigate a monotonously increasing step function (1 denotes
the characteristic function):

= ZFiﬂh\hﬂ(x) (FZ > FJ if > ])

Hence
o0

g)\(l') = Z(Fl - T)\f(x))]‘li\li+1 (:IZ‘)
=0
To study gy, first consider the values of 7, f.
Let z = 0 # x € G,, be fixed and let, after fixing k, A € Ay be arbitrary.
Thus = € I; \ I;41 for some i,
Tr = (0,...,0,1’1‘ 7é O,Ii+1,...)7
A= (id, ..., id, A, A1, - -+ )-
Hence
1< k= )\(l‘) = (0,...,0,1‘1' %0,...,Z‘k_1,)\k(l’k),...> € Ii\]z’—H
= T)\f(SC) = Fi;
1=k = )\(l‘) = (O, ..., 0, )\Z(ﬁl), )\i—l—l(wi—&-l)a .. ) e I,
1>k = /\(I) = (O, ooy 0y )\k<0); . 7)\1'—1(0)7 )\z(mz)7 . ) € Ii.
Since, for i = k either A(z) € I \ Iy;1 = I; \ I;11 and thus 7\f = F; or
AMz) € Iy \ Iyo U- -+ and thus 7, f = F for some | > k + 1. This case will
be considered below. Therefore we can start the summation only from k& + 1.

To find the supremum of g,, we need to minimize 7, f. Since i > k, A(z) € Ij.
Hence

nf(z) e{F |1 >k}
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which is minimal if I = k. Therefore it is enough to consider A’s such that
Ae(0) # 0, ie.; A € Ap \ Apqi. Let us fix such A, for example, A and let g := gg.

Thus we have to take the integral multiplied by 2 because A maps I;,(0) to I(w)
(for some w € G, where wg = -+ = w_1 = 0, wy, # 0) and — because of the
maximality assumption and bijectivity — vice versa. So if we integrate only over
I = (I \ Txs1) U (Lgy1 \ Igy2) U -+ -, we get I (w). Therefore

wi(f)e = sup llgalle = llgslle = llglle,
AEAL

T —_ / l9(2)|Log™ |g(x)|dp(z)

—Z / 2)|log" |g(x)|dyu(x)

I \Iz+1
=2 Z (F; — Fy)logt (F; — Fy) / Ldu(x)
i=k+1 INIi1
=2 i (F; — Fy,)log" (F; — FY) <L— : > :
Pt M; My

For the space LP we have

1
— )Pdu(x) =2 F, — F.|P
ol = /|g e =2 3 17— (3 - 5 )

i=k+1

This is the same result as in Fridli’s paper and so it is enough to consider the
space Llog™L.

Lemma 1. Let n € N be given and let (x;)en be a real sequence such that
Tpti = Tpy1 (i > 1). There exist real numbers x,q > x, > -+ > xo such that
for all k <n,

1 1
2 i — o) logt (v — @ (—— )—w f)Liog+L € |0, 400].
7,;1 K (@i — zy) VAR k()Liog+r. € | [

Proof. Let us use the method of descent. For n = k

- 1 1
Z(xn 1 xn) 10g+<xn 1 an) (_ - ) - wn(f)Llo +L-
" " i;ﬂ M; M &

The series written above is convergent because

> 1 1 = /1 1
0< — — < — - = u(Gy) = 1.
it <Mz Mi+1> N Z (Mz Mi—i—l) #Gn)

=0
By the substitution z,,.; — x, ~ z we get zlog™ z = ¢, where c is the quotient

of wy,(f)Log+1./2 and the sum of the series. There are two cases:
1) ¢ <e. Then let z = c.
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2) ¢ >e. Now f(z) :=zlogt z = zlog, z (2 > e); dom f = ran f =]e, +o0];
f is strictly increasing and thus injective, therefore z exists.

The statement is true for n = k.

Now let us assume that we have already got the numbers z,, 1 >z, > --- >
xj41 which satisfy the statement. Denote

—QZ z; — x)log™ (x ‘_”“")(ﬁ_MjH)‘

=741

Let us observe that in the definition of a; the coefficients of 1/M; — 1/M; 4
are independent of ¢ after finitely many indexes, since x;’s coincide for i =
n+1,n+2,.... Because of the induction hypotheses we know that a;(x;41) =
Wjt1(f)Liog+L. Since a; is continuous (as it is the product and the finite sum
of continuous functions), monotonously decreasing (as its derivative is nowhere
positive) and lim,_ ., a;(x) = 400, there exists x; < ;41 such that a;(x;) =
wj(f)LlongL- 0

Lemma 2. There exists a sequence of functions (f,) in Llog*L(G,,), con-
taining step functions, such that

1) (Fi(fn))ien is increasing and Fy(f,) = 0;

wr, k<n
2) wk(fn)Llog"’L = Ok E>n (]{7 c N)

Proof. 1t is clear that if we define f,, as

o0

fn = Z(% — 20) 111y 1

i=0
where (x;);en is derived from the preceding lemma, then the statement of this
lemma is satisfied. U

We continue the proof of Theorem 1. We have

1 1
2 Z i — ap) log™ (2 — p) (M i 1) = Wi (f)Liog+L
i it

i=k+1

If k=0, then we get the norms of f,, from the preceding lemma:

| fallLiog+r, = Wo(f)Liogtr, < 00 (n €N),

whence because of the continuity of the norm we get

lim fn(

n—oo

= wo(f)L10g+L = lim f, € L10g+L(Gm).
LlogtL n—00

By part 2) of Lemma 2 we get
nll_{lgo Wi (fr)uiogtt, = Wi(fuog+. (B € N).

The space Llog*L(G,,) is complete and thus the function we needed is
f:=lim f,.

n—o0
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The converse statement of the theorem is obvious because Iy, C Ij. Therefore
(wi(f)Llog+L)ken is monotonously decreasing. If & — oo,then the limit of the
sequence is 0 by the definition of I. O

Proof of Theorem 2. The only difference between the proof of Theorem 1 and
this proof is the determination of the norm. We use the notation introduced
above.

Let us calculate p,(s):

0<5< Fpy1 — Fp = py(s) = 2p(Ipq1) (= 20(Lpgr \ Tpg2 U -+ ),

Frpn — Fp <5 < Fryo — Fe = 1y(s) = 2u(Ipq2) (= 20(Lpgr \ Tpy2 U - ),
and so on. Generally,

2

Mk+l+1

Fryi — Fp, <5 < Fipiy1 — F, = Mg( ) = 2ﬂ(fk+z+1)

Now we determine g*(¢):

<t< — ¢"(t) = Fyyi — Fr, (i € N).
Mitiva ki
(because i = 0) g*(t) = 0. Therefore
1
* * * 1
i = ol = [ o700 ()

0
Mk+1 MkJrz
/ log< >dt Z / (Fyyi — Fr) log( )dt
0

]\/jk+1+1
Using the equality [ log (%) dt = log (%) x+x+ ¢, replacing the index i by k41,
we get

Hgl|£log+L =2 Z (E - Fk)

{log(Mi/Q) +1  log(Miy1/2) + 11 _
i=h+1

M; M; 4

This is convergent because

i log(M;/2) + 1 < i log(2"™) +1 _ log(2) + 1.

) M; AL
i=k+1 n=1
, - log(M;/2) +1  log(Mi41/2) +1
z) =2 Z (w:~ ) < M; - M '
i=j+1
Now we are absolutely in the same situation as above. 0

Proof of Theorem 3. Let P € Py, and A € A,,. Then [5] we get Po A = P,
Hf_fo)\HLlongL: ||f—P+P—PO>\+PO/\—fO)\||L10g+L
— Hf—P—i-PO)\—fO)\HLlOngL
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< 3||f = Plluog+r + 3[[P oA = f o AM|uiog+L = 6/ f — Pl|Liog+L-
Thus we get wn(f)Logrt < 6E,(f)Logrr- Since Su, f € Pu,, we also get
Wi ()Liog+. < 6/[Sar, [ — fllLiog+L-

Proof of Theorem 4. Let
Z Fllﬂ-ll :C y
(i,l)ENxN
where

Ly(z,y) := {1 it (2,y) € (I \ Tiyr) X (I \ Tiy),

1Y) € Gy X G-
0 otherwise (z,y) b

Let © € I; \ I;11, y € I, \ Tl+1- By the same reasoning as that used at the
beginning of the proof of Theorem 1 we obtain

Fy 1fZ</{Z,
Jnf fo(Ma)y)=qFu ifi=k,
Fy if 7> k.

Let gn=f—fo ()\,id),
a@y) = D (f@y) = Fo M@y, xEe,,) (@ )-

(4,))eNXN

This sum is maximal if f o (A(z),y) is minimal. We denote this g, by g. From
the maximality condition we can calculate the p-norm of g:

lgllz = / 9P dp v

GmXGe

= [ X [ o

L ey,

22 /Z / |Fy — Ful? dvdp

i= k+1] AV E\E+1

=2 Z Z By — FulPp @ v[(Li\ Lisa) x (I \ L)),
i=k+1 [=0
We know that

RN ) x (BTl = (7 - 3 )(é—i )

Mi Mi-‘rl Ml Ml+1
We can define f such that it be constant in the second variable:

Fy=Fo, 1=12....
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Hence for the p-norm of g we have

1 1 1
glp =2 Fy — Fiy p( ) Y
1 || Z Z| | M; MZ+1 M, M,

i=k+1 1=0

1 > 1 1
_y F_F( ) 1)
Z| o= Ful” (37~ 35 Z .

i=k+1

The inner sum is v(Gp) = 1,

@k (Fir = lgly -

The rest of the proof is the same as in the one variable case both for the
Lebesgue space and logarithm space.
If we consider a function which is constant in its first variable, we can apply

this proof for u%k (f)c too. O

Proof of Theorem 5. Let x € I; \ I;11, y € E \ fl+1~ From this — as above —
we get

Fy, ifi<k, <k,

. Fp if i<k 1>k
f M (), Aa(y)) =
snf fo (@), A (y)) Fy ifi>k <k

Fu ifi>k, 1>k,

o) i= (s (7= o 0u)) ()

AL, 2€A,
It is enough to take the integral over the following three sets:

UL\ Liss x [\ Tpa i < b 1>k} =t A
U{L\ Ly x [\ Ti1|i >k, I <k} =B
U{]Z\IH_lXE\INH_1|ZZ]{?,ZZ]€}:O

It is obvious that C' = I, x Eg
By the minimum condition we get

A= (A, Ae) € (A \ Agr) % (Ag \ Agg),
therefore

MA) = J{ B\ L) < @) | i < k)

AB) = J{ Te(w) x T\ Tn) | 1< K}

NC) = Li(w) x Ti(@).

where( W) € Gy X G such that wy = -+ = w1, = 0,wy, # 0 and wy =
= wk 1 = 0,w;, # 0. Actually, we should differentiate between 0 € G,, and
0e Gm, but we will not do it.
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We can see that A, B,C,A\(A),\(B), A\(C) are pairwise disjoint. So if we
integrate over AU B U (', then we have to take the integral multiplied by 2.
Let us calculate the p-norm of ¢ (just like in the proof of Theorem 5):

1
5“9“5 = Z |Fa — FiglPea + Z |Fy — FralPci

i<k, >k ik, 1<k
+ Z |Fit — F|Pca, (1)
ik, >k
where
~ = 1 1 1 1
et = (@ VLN ) x (T Treo :(__ ) 1o 1)
+ +1)] i ) \5 T T

We will show that there is a double sequence (Fj;) such that (1) is equal to
wi(f)re. For this reason in (1) the first and the second sum will be zero for
properly chosen values of Fj;. Let all F,, in the sequence (F};) be equal for
n < p, n < q for a fixed n € N. Furthermore,

Fp=Fy, i=01,...,k—1 l=k+1,k+2,...,n+1,
Fy:=Fy, 1=0,1,....k—1; i=k+1,k+2,....,n+ 1.
The third sum in (1) can be decomposed as
> |Fu— Fulrea+ Y |Fu—Falcu+ Y |Fa— FulPcu.
i>k,l=k i=k, 1>k i>k, 1>k
Again, the first and the second sum will be zero if we assume that
Fy=Fy, i=k+1,....n+1; =k,
Fy,=Fy, |l=k+1,....,n4+1;, i=k.

The third sum can be written in the form

o0
Z |Fz'z'—Fkk|p0iz+Z|Fil—Fkk|pCil-
i=l—k41 it

The second sum will be zero if we assume that
ElZ:Fkk, i,l:k+1,k+2,...,n+1; Z#l
Finally, the problem is reduced to checking whether

1
(2 Z \Fz'z'—Fkk!pCil> =wi(f)re-
i=l=k+1

Since the sum above contains only one and the same double indexes we can
consider it as a simple sequence. For this, the proof of the one variable case can
be applied. Thus, we have constructed the wanted double sequence.

Let (f,) be a function sequence such that

I

N L) < (BB = Tt = Foo-
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Hence

Wk, k <n
wWr(fu)rr = {0 L (k € N).

The function we need is
f=lim f,.
n—oo
The construction can be applied for a logarithm space, but we must use the

approach of the proof of Theorem 1 instead of Fridli’s one.
The constructed double sequence is monotonously increasing on the diagonal,

i.e., in the sense of

Proof of Theorem 6. Let x = (x,y).
ISuaflp = [ 1Sas (0P v

GmXGe
p

// /D /ftl t2) Dy (£, y)dv(2)dp(t") | dv(y)dp().

Introduce the mapping g, ( tl : f F(E, 12 Dy (12, y)dv(t2), this equality can be

ﬁ

continued in the following manner:

_ / / / Do (t', 2)g, (") dpu(t! )pdv(zndu(:v)
- / / / 9, () Dy (t, x)du(tl)pdu(x)dV(y)

/”Sngy |pd7/ <Cp/||gy |pd1/
:ng/ G/ [ £ OB gyavie) du(tl)du@)

p

= [ [|[ re2)Bue i) aviwn(e)

Gm G

Let us define h,: as

ho (t%) = f(t,12).
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Hence we can continue the previous calculation as

—q [/ / B (1) D82, ) ()| dv(y)dp(t)
Gm &,

_cP/HSkhtl Pdu(t') < /||ht1 Pdu(t!

/ / L )Pdv()du(e) = (P12,

The proof of the theorem is complete.

Proof of Theorem 7. Let P € Py, - Then PoA =P for all A € A,p-
[f =foXlp<If =Ply+[[P=Poll+[[Por—foll,
whence wy,(f)rr < 2E,,(f) 1. Since S,, &, € P, we get

1
§Wn(f)m <18y, & f— fllp:

We will prove that if P € P, g . A€ Ay, (n < N), then [|S), & P — P, <
wn(P) . For this reason we define the following coordinate-wise bijections:

Ai 0 G2, — G, such that \;(+,z;) and Ai(y;, -) are 1-1 functions
for all z;,y; € Gy, (i > n),
X Gy, — G, such that Xi(+,2;) and X;(y;, ) are 1-1 functions

for all z;,y; € G, (i > n).
For all t', 2 € G,, and for all t?,y € G let

)\(tla xT; t27y) = (x(b ey Ip—1, )\n<t:uxn)7 - Y0, - 7yn7175\/n(t7217 yn)) .

Moreover,

—~

Sy . P(,y) = M, / P, 2)dp ® (i, 12)

In(z)xFa(y)
= MNMH / PO)\(tl,I;t2,y)du®V(tl7t2)
(@) £ (y)

—~

M, M,
= MNMN tlz Z Z Z P(ZL‘Q,...,[En_l,

leGm, th_1€Gmy_, t2€Ga, t3_1€Gap_,

)‘n(t}w xn)> ) ANfl(t}V—p fol);

Yos - -+ Yn—1, An(tzm yn)7 R AN—I(t?\[—h yN—l))'
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Hence

1S

o, 8L = Pl

P
- / M, M, / Pt t*) — P(x,y)dp @ v(t', t*)| du® v(x,y)
Gm X G In(@) % Ba(y)

:MNlﬂNmOZ Y Y Y

EGmO xN—leGmN_l yOEGmO yN—1€G

BN -1

M, M,
n~n Pol—P
e SR VD DI DL

€Gmy, tny_1€Gmy_, thE€Ga, t_1€Gen_,

M, M,
SM?VM?V D D

:EOGGmO foleGmel yOGGmo nylEGmN_l

Sy > o ) |[Poa-PF

th€Gm,  th_€Gmy , 12€CGq,  t3,_,€G

BN -1

€Gmy, th_1€CGmpy_, t2€Ga, t%,_,€G

BN -1

1 _ pPIP
Ve xoz > ) S Por-P|

€Gmy TN-1€Gmpy_; Y0EGa, YN-1€Gmy_

_MnMn o e oo 1.'2._
_MNMMZ S > PoA(, ) — PP,

EGmn t}v_leGmN_l t%GGﬂn t?\l—leG
Since A(t!, ;t2,+) € Ay,
15y, 5, P — Pllp < wn(P)1s.

’N -1

Moreover,
1Sy, m.f = flly
<\Su, w.f = Supm, Ello + 115y, &, L — Pllp + 1P =l
<+ DIf = Pllp + wn(P) s
On the other hand,
wn(P)» = sup [P — Po Al

sup [|P = fll, + sup [[f = fo M|, + sup [[for—=PoAl,

AEAnn AEARn AEARR

=2[[f = Pllp + wa(f) Lr-
Continuing the above calculations, we have

1S s, 4, f = fllp < (cp + DI = Pllp +wn(P)rs
< (g + DIf = Pllp+ 2l = Pllp + wnlf) s
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= (¢ +3)ILf = Pllp + wa(f) s
From this and because S, & € P, g we get the wanted relations, since
Vilenkin-like polynomials are dense in LP(G,, X Gg). O
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