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OSCILLATION THEOREMS FOR CERTAIN EVEN ORDER
DELAY DIFFERENTIAL EQUATIONS INVOLVING GENERAL
MEANS

ZHITING XU AND PEIXUAN WENG

Abstract. By using the general means, we establish some oscillation theo-
rems for the even order delay differential equation

(r®lz" =D @) a0 (@) + F(t,2[g(t)]) = 0,

where a > 0 is a constant, r € C1([tg, <), R;), F € C([tg,00) x R,R), and
g € C([tp,00),R). The results obtained extend and improve some results
known in the literature.
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1. INTRODUCTION

In this paper, we study the oscillatory behavior of solutions of the even order
delay differential equation

(r@®)|z" D)2 2™V @) + F(t,z[g(t)]) =0, n is even. (1.1)

Throughout this paper, we assume that the following conditions hold:
(A1) a > 0 is a constant;
(42) g € C({to, ). R), lim g(t) = oo

(A3) for F € C([tg,o0) x R,R), there exist functions ¢ € C([tg, 00), Ry),
where ¢(t) is not identically zero for all large ¢, o € C'([tg,00),R;), and a
constant 3 > 0 such that

F(t,z)signz > q(t)|x|® for x#0and t > t,
and
o(t) <min{t,g(t)}, o'(t) >0 fort>ty, and lim o(t) = oo,

t—o00

where Ry = [0, 00), Ry = (0, 00);

t
(A4) r € CY([ty, ), R,), tlim /rl/o‘(s)ds = 00, li{ninfr(t) =c¢> 0. For
to
any € > 0, there exists a t. > to such that |r'(¢)| < eq(t) for all ¢ > t..

By a solution of equation (1.1), we mean a function x € C" ([T, c0),R)
for some 7T, > t, which has the property that r(t)|z"~V(¢)[* " tz("=V(t) €
CY([T,,00),R) and satisfies equation (1.1) on [T,,00). A nontrivial solution
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of equation (1.1) is said to be oscillatory if it has arbitrarily large zeros; oth-
erwise it is said to be nonoscillatory. Equation (1.1) is oscillatory if all of its
solutions are oscillatory.

The problem of obtaining sufficient conditions to ensure that all solutions of
certain classes of n-th order delay differential equations are oscillatory has been
studied by many researchers. Some of these results have been obtained for an
equation of the form

([P @) a0 (1) + F(t,z[g(t)]) =0, n is even, (1.2)

where the function F' satisfies (A3) with o = 3. For typical results for equation
(1.2), we refer the reader to the papers [1], [13]. Recently, in [2], Agarwal and
Grace have presented the oscillation criteria for the equation

(V)Y + q(t)2°[g(t)] =0, n is even, (1.3)

where « and  are the ratio of positive odd integers, ¢ € C([ty,0),Ry),
g € CY([ty,00),R) and tlirilog(t) = o0, ¢'(t) > 0 for t > t3. The obtained
theorems extend and improve some well-known oscillation results reported in
the literature. For a general interest in the oscillation of high order differential
equation, see, for example, [1]-[4], [7], [8], [10], [12], [13] and the references
therein.

Motivated by the idea of [1], [9],
oscillation theorems for equation (1.

[11], [13], in this paper, we establish some
1). In fact, by using general means [9], [11],
we extend the results of [6], [9], [11], [14] to the general equation (1.1), which
improves the main results in [1], [13]. We believe that our approach is simple
and also provides a more unified tool for the study of Kamenev-type oscillation
theorems. To show the importance of our results, two interesting examples are
included.

2. MAIN RESULTS

First of all, we introduce the general means [9], [11] and present some pro-
perties which will be used in the proof of our main results.

Let D = {(t,s) :t > s >ty} and Dy = {(t,s) : t > s > to}. We say that a
function H € C(D,R) belongs to a function class &, written as H € S, if

(H1) H(t,t) =0 for t > ty, H(t,s) > 0 on Dy;

(H2) H has a continuous and nonpositive partial derivative in Dy with re-
spect to the second variable;

(H3) There exist functions p € C*([ty, ), R, ) and h € C(D,R) such that

aas [H(t,s)p(s)] = —H(t,s)h(t,s), (ts) € Dy.



OSCILLATION THEOREMS 385

Let p € C'([tg,00),Ry) and H € S, we take the integral operator A, which
is defined in [11], in terms of H(¢,s) and p(s) as

Ap(:t) = / Ht, $)o(s)p(s)ds for t>T > to, 2.1)

where ¢ € C([ty, 00),R). It is easily seen that the integral operator A satisfies
the following properties:

AT(alhl + OKQ}LQ; t) = alAT(hl, t) + CYQAT(hg; t);

Ar(hs;t) >0 whenever hg > 0;

Here hl,hg,hg S C([to,OO),R), h4 € Cl([to,OO>,R), and o, O € R.

The following two lemmas will be needed in proving our results. The first is
the well-known Kiguradze’s Lemma [7]. The second can be easily obtained by
Kiguradze and Koplatadze’s lemmas (see [8], Ch. 1).

Lemma 2.1 ([7]). Let u € C"™([ty,00),Ry). If u™(t) is of constant sign
and not identically zero on any interval of the form [t*,00), then there exist a
ty > to and an integer 1, 0 < 1 < n, with n+1 even for u'™(t) >0, orn+1 odd
for u™(t) <0 such that

1>0 implies that u®(t)>0 for t>t,, k=0,1,---,1—1,
and
I <n—1 implies that (=) u® (@) >0 for t>t4, k=11+1,...,n—1.

Lemma 2.2 ([8]). If the function u(t) is as in Lemma 2.1 and u"V(t) x
u™(t) <0 for any t > t,, then

1-n

1
u(zt) = (n—1)!

2

" Hu V(@) for all large t.

We are now able to state and prove the main results.

Theorem 2.1. Suppose that there exist functions p € C([tg,0),R), H,h €
C(D,R) with H € &, and for any ki, ko > 0 such that

1
li — A, (q— O~ p Dot ) = 2.5
i sup g 0 (@ —0rp |h|*F 1) = oo, (2.5)
where

0= (a+ 1)+,
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and

(8 2" Bja)-1 Ajary 2
a(n—2) ki r ()" (t)o' (1), when 3 > «;
6 21_n —1/a n—2 /

A =9 = RO ()" 2(t)o' (1), when 3 = a:

B 2" 01, DB )1 )
a(n—2)! k2 vt e (t)o'(t), when B < a.

k .

Then equation (1.1) is oscillatory.

Proof. Suppose to the contrary that equation (1.1) has a nonoscillatory solution
x(t). Without loss of generality, we may assume that z(t) > 0 for t > t; > ¢, >
0. Since
(r() "D @) 2" V(@) = —F(talg(8)]) <0,
the function 7(t)|z™ =V (¢)[* 1z~ (t) is decreasing and ™~V (t) is eventually
of one sign. If ("~ (¢) < 0 eventually, then there exists a constant § > 0 such
that
—r(t)(—z" V() < 6% < 0.

Integrating the above inequality from t; to ¢, we get

2" < 2B (1y) -6 /t (%) " ds.

By (A4) we find that (*~2)(¢) < 0 eventually. But then Lemma 2.1 (note that n
is even) implies that () < 0 eventually, which is a contradiction. So z(™~ V() >
0 eventually, then again from Lemma 2.1 we have 2/(t) > 0 eventually. Thus
there exists a ty > t; such that

Z(t) >0 and 2 V() >0 for t >t (2.6)

Observing that the function r(¢)(z"~Y(¢))* is decreasing for t > 5, by (A4),
there exists a t3 > ty such that

(@ D(B) < U (o 1)) <

T(t) c ($(n_1)(t3))a for tZ t3. (27)

Equation (1.1) implies that
(r(H) (@D (0)°Y = OV E) + ar(t) @D () 1)

= —F(t,z(g(t)) < —q(t)z’[o(t)]. (2.8)

c 2P[o(t3)]

2r(t3) ("~ V(L))
such that, taking into account (2.7) and (2.8), for ¢ > 1y,

ar(t)(@" D) (1) < ()] V(1) — a(t)a (o (t)]

Now, in view of (A4), let € = —, then there exists a ¢4 > {3
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< cq(t) "0 () - a(02?lo(t)
< alt) (32/lot60)] — o”lo(0)

= =3 a2’ (ts)) <0,

Thus 2™ () < 0 for t > t,. It is easy to check that we can apply Lemma 2.2
for 2/ = u and conclude that there exists a ¢5 > ¢4 such that

" W} > <n2_ ;)!‘7”2(2?>9«“‘"”(t) for ¢ > 15, (2.9)

since 2" Vo (t)] > ™=V (t) for t > t5. Put
r(t) (=" V()"

MO
Taking into account (1.1) and (2.9), for ¢ > t5, we have
W) < ~a(0)- g (00 (a9 | T2 wieqo, (210)

Next we consider (2.10) in the following three cases.

Case 1. > a. In view of 2/(t) > 0, for t > t5 there exist constants k; > 0
and T} > t5 such that

z{#] >k, fort>1Tj.

Thus (2.10) takes the following form

() < —4(0) = 2 K0 20 (O )

= —q(t) — ar(t)WH(1). (2.11)
Applying the operator Ar, t > T > Tp, to (2.11), and using (2.4), we have
Ar(q;t) < Ht, T)p(T)W(T) + Ar(p~ ! [h[W; 1) — aAp (s WHYo51). (2.12)
The Young inequality [5, Theorem 61] gives
p AW < as WiV g gmap=letl)patl,
Substituting the above inequality into (2.12), we get
Ag(g1) < H(t, TYp(TIW(T) + 0Ag(5~2p @ Doty (213)
Furthermore, we may rewrite (2.13) as follows:
A (q =0 5=p~ @R 1) < H (L TO)p(T)W () < H(t to)p(Th)[W(Th))-
Now it is easy to see that for all ¢t > T
Ay (q =0 p~ @D [R[** 1)
= Ay (q = Orp~ VRS TY) + Ay (g — 05 p” D[R 1)
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T

< Hit,t) / 4(s)p(s)ds + p(T) W (Ty)|
This gives 0

1
lim sup ———— Ay, (q — 0 5~ p~ “FV[R|*F 1) < / q(s)p(s)ds + p(T1)W (T1).
t—o00 H<t7 tO)

to
which contradicts (2.5).

Case 2. = «. In this case, inequality (2.10) takes the form

W/<t) < —q(t) — (i 2_12”)' T*l/a(t)o.an(ﬂo_/(t)quLl/a(t)
= —qlt) — ar(IV ), (214

Once again, we can complete the proof by proceeding as in the proof of case 1.

Case 3. 3 < a. Note that 2™ (t) < 0 for t > t4, then there exist a t5 > t4
and a constant b > 0 such that

x("’l)(t) <b for t>t.

Integrating the above inequality (n — 1) times, there exist a T, > t5 and a
positive constant ko > 0 such that

t
x [?] < koo™ Ht) for t > Ty

Thus inequality (2.10) takes the form

217n 3
W/(t) < —q(t) — 6_ k,(ﬂ/a) lrfl/a(t)o_an<t>0,/(t)o_(n71)[(ﬁ/a)fl] (t)WlJrl/a(t)

(n—2)! 2
= —q(t) — ar(t)WHHY(t). (2.15)
The rest of the proof is similar to that of Case 1 and hence is omitted. U

Remark 2.1. For equation (1.2), Theorem 2.1 improves Theorem 2.1 in [1],
and also improves Theorem 2.1 dropping the restriction “p(t) > 07 in [13].

As an immediate consequence of Theorem 2.1 we get the following corollary.

Corollary 2.1. Let condition (2.5) in Theorem 2.1 be replaced by

1
I Sup t(q;t) = o0, (2.16)
and 1
li A, (kopletbipatl gy oo 2.17
U to(K™%p |h|*T 5 t) (2.17)

Then the conclusion of Theorem 2.1 holds.

It is clear that (2.16) is the necessary condition for (2.5) to hold. In case
(2.16) fails, then the following theorem may be applicable.
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Theorem 2.2. Let p, H and h be as in Theorem 2.1. Suppose that there
exist functions ¢1, g € C([to,00),R) and for any ky, ko > 0, T > to such that

lim sup 7707 Ar(q;t) = ou(T), (2.18)
and .
lim sup WAT(R_QP_(QH)WI“H 1) < 6a(T), (2.19)
where ¢ and ¢o satisfy
litrgglf #,T)AT(KJ p IO (g — 9¢2)1++1/a; t) = oo, (2:20)

where 0 and k are as in Theorem 2.1, and ¢ (s) = max{¢(s),0}. Then equation
(1.1) is oscillatory.

Proof. Proceeding as in the proof of Theorem 2.1, we get that (2.10) holds for
t > t5. Next, like in the proof of Theorem 2.1, we consider the following three
cases.

Case 1. (3 > a. In view of Case 1 of Theorem 2.1, we get that (2.12) and
(2.13) hold for ¢t > T' > Tj. Then, by (2.13), we have

0
A t——A —a _(a+1)ha+1.t< TWT t>T>T
) TGN gy At e IR < p(MWAT), > Ty
Taking limsup in the above inequality as t — oo and applying (2.18) and (2.19),
we obtain

¢1(T) — 0¢2(T) < p(TYW(T),
from which it follows that

1 1
A —(H1/a) (g g ) 1) < A Lhl/a. ) (2,21
HE,T) " (“p (1= 02) ) “HET) " (W) - (2.21)
On the other hand, by (2.12), we have
«
A 1+1/cx. o A —1 .

1
< p(TYW(T) — Ht T)AT (q:t).
Thus, by (2.18), we have

1 1 .
e An i |

< p(T)W(Th) — ¢i(Th) < Gy (2.22)

. . « «
it | g7y (W 750)

where () is a constant. According to (2.22), there exists a sequence {t;}52, €
[to, 00) with lim; .o t; = oo such that for j large enough, we have

(0%

— A Witl/e. .
H(t]7T1) Ty (F‘: IR

1
—— A -1 i) < 1. (2.2
)~ A ) < G (229)
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Now we claim that

1
lim inf TG Tl)ATl (kW) < 0. (2.24)
If (2.24) does not hold, then
1
li A /o)) = 0. 2.2
]EgloH(ﬁTl) i (R W 1) =0 (2.25)

So, (2.23) and (2.25) give
Ar, (p~ 1| W5 t;)
Agy (R W) 1)

—a > —% for j large enough,
that is,
Ag, (p7 'R Wity) > %ATl (kW'Ve)  for all large j. (2.26)
By the Holder inequality [5, Theorem 189], we have
Az (07 |h] Wit;) < [ATl (K W1+1/a;tj)}a/(a+1)
X [ATl (Kfap*(a+1)’h’a+l;tj)]l/(a'i'l)' (2.27)

From (2.26) and (2.27), we obtain

1

. —a —(a+1) h a+1't‘
H(tj,Tl) T1 (’% P | | ) J)

o\ otl 1 1+1/c. 4

By (2.19), the left-hand side of (2.28) is bounded, which contradicts (2.25).
Therefore (2.24) holds. Hence, by (2.21),

1
—(1+1/a) . I+1/a,
hggclgf i Tl)A ) (Iip (1 — Op2) ,t)

1
< hgg}f it Tl)AT1 (/‘f Witt/e.y ) < 00,

which contradicts (2.20).

Case 2. = a. Then (2.14) holds for t > t5. Once again, we can complete
the proof by proceeding as in the proof of Case 1.

Case. 3. [ < a. Then (2.15) holds for ¢t > Ty, the rest of the proof is the
same as in Case 1. O

Remark 2.2. For equation (1.2), Theorem 2.2 extends and improves Theorems
2.2-2.4 in [13].

Remark 2.3. Our results are presented in the form which is essentially new.
Note that we do not assume that the function ¢(t) satisfies the condition

“[q(s)ds < o” in [2].
t
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3. EXAMPLES AND SOME REMARKS

This final section presents two examples that illustrate the results obtained
in Section 2. It is easy to see that the results in [1]-[4], [7], [8], [10], [12], [13]
are not applicable in these examples.

Example 3.1. Consider the delay differential equation

—t . —t =0 1 en
= is e
T 5 T 5 , nis even,

(3.1)

(Ol DO DO + 7 P

where t > 1, 3> a > 0,9, >0, and r(t) =t~ + ¢, ¢ > 0.
For Corollary 2.1, let

-2 A a(n—1)
= (t — = s 1.
t™, H(t,s)=(t—s)", and 5 1 >A>a+

Q
—~
~
N~—
|
DO |
e
—~
~
SN—
I

AsA1t
t—s '’
6 22(1—n) Bla—1
t) =— k
(1) an =2

22(1—n) o
- g(n — 2)|kf/ W4 o) 2 = oy,

h(t,s) =

(tf(aJrl) + C)fl/atn72

where
2(1-n
- é 2% LP/a—1
a(n—2)!
It follows from Theorem 41 in [5] that

01 . (14_0)—1/&'

(t—s)*>t* —Ast™! for t > s> 1.

By the above inequality, we obtain that

t
. 1 . é! )\1
1 —Ai(q;t) =1 t—s)'~d
msup gy Ai(ast) = fim (t—l))‘/< sy s
1
t)\ Y t>\_1
> tlir?o i jll)/\ / 88 ds =7 liﬁris;lp(lnt — ) = o0,
1
and
1
1 A —a —(a+1) hoz-i-l.t
msup ey (k™% [h|*5 1)

a+1
< Cl—a>\a+1 lim sup ———— /(t _ S)A—a—lS—a(n—1)+)\(2a+1)—1d8
t—o0 (t - 1)>\
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t
< C’l_"‘/\o‘Jrl lim sup/s‘a("_l)“@a“)_lds < 00.

t—o00

1

Thus all conditions of Corollary 2.1 are satisfied and equation (3.1) is oscillatory.

Example 3.2. Consider the delay differential equation

t t
(r(t)|a7(”_1)(t)|°‘_la:(”_1)(t))'—I—72 t_5/2|x (5) P~y <§) =0, niseven, (3.2)
where t > 1, a > 3> 0,7 >0, 268(n —1) > 3(a+ 1), and r(t) = t73/2 + ¢,
c>0.
For Theorem 2.2, let

t
o(t) = > p(t)=1, H(t,s)=(t—s)", and A>a+1.
Then
h(t,s) = ——
(t,5) t—s’
3 o(1—n)(B/a+1) Bla1,, . B -
H=-=_ [ ¢ (3/2) l/at(n 1)8/a—1
Ii( ) o (7’L _ 2)| 2 ( + C)
1-n)(68/a+1
2 EQ( )(B/ )kQﬂ/a—1<1 +C)_1/at(n—1)ﬁ/a—1 —- CQt(n_l)ﬁ/a_l-

a (n—2)!
By a direct computation, one has, for all T" > 1,

t

i 1 ) = 1 2 A —5/2 279 1
o gy ) = i g [ o2 S
T
and
1
i A —a —(a+1) Blatt. ¢
MSUp r(k=p IR
t
1
S CQ_(X)\OH—l hl;IlSOzlp m /(t — S)A_a_ls_ﬁ(n_l)"’ads
T
—aya . (t_T))\iail —B(n— «a
< Gy A limsup — s [ 5 ds
t
< C;aAa+1 hltriigp W/83(a+1)/2+ad8 —0.
T
Now, set
2 1
61(T) = 22 and  ¢o(T) =0,

EWEE
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then
lim inf ;AT(K p_(1+1/a) [Cbl _ 9¢2]1+1/a; t)
t—oo H(t,T) +
t
2 1
2 UG i s [0 sl

T
t

2
> @(%)“1/“ litrgiogf/slds = 0.
T

Thus we can conclude that equation (3.2) is oscillatory by Theorem 2.2.

Remark 3.1. With an appropriate choice of functions H and p, it is possible to
derive a number of oscillation criteria for equation (1.1). Defining, for example,
for some integers A > 1 and v € R, the functions H(t, s) and p(t) by

H(t,s) = (t—s)", p(t)=1t", (t,s) €D, (3.3)

as direct consequences of Theorems 2.1 and 2.2, we can establish a number of
oscillation criteria.

Of course, we are not limited only to a choice of H defined by (3.3), which has
become standard and goes back to the well known Kamenev-type condition [6].
With a different choice of the function H, it is possible to derive from Theorems
2.1 and 2.2 other sets of oscillation criteria. Indeed, other possibilities are to
choose the function H as follows:

t A
H(t,s):< %) , 1 >5>t,

where A > 1 and ¢ € C[ty, 00), R, ) satisfies the condition

t

lim d_u =00
t—oo | 1h(u)

to

Remark 3.2. Tt is straightforward to formulate and prove an analogue of our
main results for the even order damped delay differential equation

(r()|" V@) "I (@) + p() |2V () D)
+E(t 2lgo ()], s 2lgom (@), -+, 2" Pgor (8)], -+, 2 Vlgom(1)]) = 0, (3.4)
(for its particular cases, we refer to [3],[4], [10], [12]) and to various forms of
differential equations by making appropriate changes in the hypotheses.
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