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ALMOST EVERYWHERE CONVERGENCE OF (C,a)-MEANS
OF QUADRATICAL PARTIAL SUMS OF DOUBLE
VILENKIN-FOURIER SERIES

GYORGY GAT AND USHANGI GOGINAVA

Abstract. We prove that the maximal operator of the (C, «)-means of quad-
ratical partial sums of double Vilenkin—Fourier series is of weak type (1,1).
Moreover, the (C,a)-means t&f of a function f € L! converge a.e. to f as
n — oo.
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1. INTRODUCTION

In 1939, for the two-dimensional trigonometric Fourier partial sums Sj;f
Marcinkiewicz [8] proved that for all f € Llog L([0,27]?) the relation

1 n
thf==> Syf—1f
n =
holds a.e. as n — oo. Zhizhiashvili [13] improved this result and showed that
for f € L([0,27]?) the (C, o) means
« 1 a—1
tnf - E ZAn—ij:jf

n

converge to f a.e. for any @ > 0. Dyachenko [3] proved this result for dimensions
greater than 2. In papers [12, 6] by Weisz and Goginava one can find that
the (C,1) means t.f of the double Walsh-Fourier series of a function f €
L([0,1]?) converges to f a.e. Recently, Gat [4] proved this result with respect
to two-dimensional Vilenkin systems. The d-dimensional Walsh—Fourier case is
discussed in [7]. The aim of this paper is to generalize the result of Zhizhiashvili
[13] concerning the (C,«)-means with respect to two-dimensional (bounded)
Vilenkin systems.

First, we give a brief introduction to the theory of Vilenkin systems. These
orthonormal systems were introduced by N. Ya. Vilenkin in 1947 (see, e.g.,
[11, 1]) as follows.

Let m := (mg,k € N) (N := {0,1,...}, P := N\ {0}) be a sequence of
integers, each of them not less than 2. Let Z,,, denote the discrete cyclic group
of order my. That is, Z,,, can be represented by the set {0, 1,...,my—1}, with
the group operation mod m;, addition. Since the group is discrete, every subset
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is open. The normalized Haar measure py, on Z,,, is defined by px({j}) := 1/my,
(] S {0,1,...,mk - 1}) Let

G = X iy, -
k=0

Then every x € GG, can be represented by a sequence z = (x;,i € N), where
x; € Zpy, (i € N). The group operation on G, (denoted by +) is the coordinate-
wise addition (the inverse operation is denoted by —), the measure (denoted by
1), which is the normalized Haar measure, and the topology are respectively
the product measure and the topology. Consequently, GG,, is a compact Abelian
group. If sup,,cym, < 00, then we call G, a bounded Vilenkin group. If the
generating sequence m is not bounded, then G,, is said to be an unbounded
Vilenkin group. In this paper we discuss bounded Vilenkin groups only. A
Vilenkin group is metrizable in the following way:

— |z — yi
d(z,y) == Z |]\4—+1| (z,y € Gpn).
i=0 t

The topology induced by this metric, the product topology, and the topology
given by intervals defined below, are the same. A base for the neighborhoods
of G, can be given by the intervals

In(z) :=Gp, IL(z)={y=(y;,i€N)eG,, :y; =x; for i <n}

for x € G,,, n € P. Let 0 = (0,7 € N) € G,,, denote the null element of G, and
I, (0) = I, I,, = G\ I.

Furthermore, let LP(G,,) (1 < p < o0) denote the usual Lebesgue spaces
(Il - ||, are the corresponding norms) on G,,, ,, the o-algebra generated by the
sets I,,(x) (x € Gy,), and E,, the conditional expectation operator with respect
ton (n € N).

Let 1 < p < 400 be real. We say that an operator T is of type (p,p) if
there exists an absolute constant C' > 0 such that || Tf]|, < C|f||, for all
f e LP. T is said to be of weak type (1,1) if there exist an absolute constant
C > 0 such that ||Tf|lwearrr < C||f|l1 for all f € LY(G,,), where || f|lwear-rt =
Supyso A(|f| > A). It is known that the operator which maps a function f on
the maximal function f* := sup|E, f| is of weak type (1, 1), and of type (p,p)
for all 1 < p < oo (see, e.g., [2]).

Let My := 1, M, 1 := m,M, (n € N) be the so-called generalized powers.
Then each natural number n can be uniquely expressed as

=0

where only a finite number of n;’s differs from zero. For 1 < n € N we denote by
In| := max {k € N: M <n} the order of a natural number n. In other words,
M, <n < M, 41. The generalized Rademacher functions are defined as

rn(x) = exp (27”&) (x € Gy, nEN, 1:=+/—1).

n
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The nt" Vilenkin function is

Hr (n € N).

The system ¢ = (¢, : n € N) is called a Vilenkin system. FEach v, is a
character of GG,,, and all the characters of (,, are of this form. Define the
m-adic addition as

kEdn:= Z(k] +n;(modm;))M; (k,neN).
§=0
Then %@n = wkwm lﬁn(ﬂf + y) = ¢n(x)wn(y)a ¢n(—$) = ¢n($)’ |wn| =1
(k,neN, z,y € Gp).

Set A% := (Ha)n—"m for any n € N, € R. It is known that A% ~ n®. Define
the Fourier coefficients, the partial sums of the Fourier series, the Dlrichlet
kernels, the (C, a) means, kernels, and the Fejér means and kernels with respect
to the Vilenkin system 1) as follows:

—GZ findp,

n—1
Sof = fk)ix,

k=0

onf =olf, K,=K' (f€LY(Gpn).

It is well-known that

::/f@ﬂ%@—nmm@)(nEN,yEGm,fGL%GM)

It is also well-known [1] that

M, if z e, = 1,(0),
DMX)_{O if 7¢I,
(1)
Su, f(x) = M, / fdu=E.f(x) (f€LGn), neN).

I ()
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Next, we introduce some notation for the theory of two-dimensional Vilenkin
systems. Let m be a sequence like m. The relation between the sequences (m,,)
and (M,) is the same as between the sequences (m,) and (M,). The group
G X Gg, is called a two-dimensional Vilenkin group. The normalized Haar
measure is denoted by p as in the one-dimensional case. We also suppose that
m = m, that is, G,, x Gz = G2,.

The two-dimensional Fourier coefficients, the rectangular partial sums of the
Fourier series, the Dirichlet kernels, the (C, «) means, the kernels of the (C, «)
means with respect to a two-dimensional Vilenkin system are defined as follows:

f(n1,ma) = / £ 9) P () 0s ()i, ),

ni—1ng—1

Sm n2f u, U = Z Z f k17k2 1/%1 )dij(/U)J

k1=0 ko=
Dy, n2<x y) = Dy, (I)Dnz(y),

ZAC“ YSiif
= —ZAQ 'D;

It is also well-known that

For the two-dimensional variable (x,y) € G?, we use the notation

Zﬁylz(l“’y) = @Dn(.ilﬁ), D;(xﬂl/) =
1%21(37,3/) = %(3/)7 Di(l‘,y) =

for any o > 0 and n € N.

Set the maximal operator ¢ f := sup [t% f| for any f € L'(G?,) and o > 0.
neN

W(z), KP'z,y) = K(),

n n

(
n(y),  K3P(z,y) = K (y)

2. MAIN RESULTS

Theorem 1. Let f € L'(G?) and a > 0. Then

185 Wl wear-r < C I Flly -
Corollary 1. Let f € L'(G?)) and o > 0. Then

tX(f) — f ae. as n— oo.
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3. AUXILIARY RESULTS
Lemma 1. Let 0 < j < n,M, and 0 < ng < ms. Then
Dot~ = Dagrt, = Ynoar, 1D
Proof. Tt is clear that

nsMs—1 j—1
Dyov, = Dogni—j + E Y = Dpa—j + E U Mo—k—1-
k=nsMs—j k=0

Consequently,
VnoMa—k—1(T) = Viny—1) Mot (ma—1~1) My 1 +-+(mo—1) Mo~k (T)
= W(na—ka— 1) Mt (ma—s —ks—1—1)Ma_y +...(mo—ko—1) Mo (T)

—w(né—lM—i—(ms 1—1)Ms_1+...(mo— 1Mo( )1/Jk( )
= Vnoar,—1 (2) k().

Lemma 1 is proved. U

Lemma 2. Let a € (0,1) and n :=n =nyaMu + -+ +ngMy. Then in the
one-dimensional case

A i Mp—1
cla
Ko< SO S S M ST UG M R+ M7 D
CO j=M,_1
Proof. 1t is evident that
naMa
ZAa iD= )" A2TID;+ Z ASTID; =T +11. (2)

7=1 j=naMa+1

Since [5] for r € {0,...,m4s — 1}

r—1
Diyrnt, = (Z %) Dary + 4y, Dj,

q=0

then for I we write

na—1 My r—1
MW (z%) D,
r=0 j=1 q=0

na—1

a—1
+ Z ( Z TLA T— I)MA+TL(A 1)+]DMA_j> ¢FWA - ]1 —I— ]2

It is evident that
11| < ¢(a) M3Day,. (3)
Using Lemma 1, for I, we obtain

na—1
%KW%W%#Z

r=0

Z (na—T—1)M+n(A- 1)+]D
j:
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Since
Dijinams = Dpymay + Yngn, Dy,
we write
1] < (@) {M§Dy, +nV | K20 )|} (5)
Combining (2)—(5), we obtain

Ma—1

n|Kg| < cla) {Mﬁ:DMA + D | 2 Al oD

r=0 | j=1

+n Al‘ n<A1)’}'

Iterating this inequality, we obtain

A n;—1
n|K® < c(a {ZM“DM +Y )

=0 r=0

na—1

Z (nl—r 1) M;+nli= 1)+]DA

7j=1

} |

Applying Abel’s transformation, we write

M;—1 M;—2
a—1 . a—2
Z A(ni—r—l)Mi+n(i—1)+jDJ - E , A(m_T 1) M;+nli= 1)+].7K

=1 j=1

a—1
+A (ni—r)M;+n(i-1) —1

(M; — 1) Kpg—1,
consequently,

Mp—1

A
n|Ke < c¢(a ZMO‘DM +ZZM‘“ DK+ MKy

=0 p=1 Jj=Mp_1 =0
Lemma 2 is proved. UJ

Lemma 3. Let A > k. Then
M,
/sup K, | < ch

n>A
I,
Proof. Since [9]

ms—1

|\ K, (2)] < eM; Z 17, (0)4eszs (), € IN\Ig11, s=0,...,n—1,

rs=1
where 1 is the characteristic function of a set F and e, := (0,...,0,1,0,...) €
(G, the s-th coordinate of which is 1 and the rest are zeros, we obtain

oo k—1

[ sl < Z/mm =5 [ 1Kl

0
Ik n=A s= 5+1\Is
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oo k—1 ms—1 0o 1 k—1 M
k
<3SN [ L e g Y M e
n=A s=0 zgilIerl\Is n=A s=0
Lemma 3 is proved. O

Lemma 4. Let A > k. Then

M, (A—Fk+1
[ sw K< k(A—krl)
n>M MA

Ty

Proof. Since
|K\<CZ |KM‘ for My <mn < My,

by Lemma 3 and the fact that [1]

n>1
Gm
we obtain
lﬁw%KZZ ﬂm\
J n2My v=A j=0 e
Iy
© k
=335 [l Y 5 /!KM\
v=A j=0 vik v=A j= k+1 =
% Mk(v—k+1) <0Mk(A—k+1)
MA M, - My ‘
Lemma 4 is proved. O

Lemma 5. Let o € (0,1) and A > k. Then

A—-k+1
Ko < —_—
[ s 182 < o)
Iy

Proof. From Lemma 2 we get

M,—1
/ sup |K| gc(a)/sup ZZM“ ! Z Kj|
Ip et Iy, =0 I M

+c su M | K
@) [ 3831y 2 B

I
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+c(a)/;1iaM—ZMaDM—I+II+HI (7)

Iy,
From (1), (6) and Lemma 4 we obtain

oo k

111 < M [ Dy < My
(@)Y g oM [ D < clo) 1 0
NfA i=0 Bt
Iy
00 N
II < c(a ZM]%ZMZ&/WM |
N=A =0 e
Iy
oo k
=@ 3 e M [ 1K
N: =0 it
Iy
=1
— M [ Ky -
R g STy NI
N=A i=k+1 7

MX N=A gl[z*k—i—l
1 k 7 Mp—l
r<e() [sp eSSt K
J nza My = p=1 g j=Mp_1
Iy
1 N k Mp—1
—l—c(a)/sup e Z Z:M;’1 Z | K|
T, N>A N k41 p=1 J=Mp_1
Mp—1
M/WFZZMHZM
s NzA —k+1 p=k+1 J=Mp_y
k
=5L+ 5L+ 15 (10)
Ma
I < ef0) 1 (11)
M
I <cla )MQ(A k+1), (12)
BEe@ Y g ZZW/ww

i=k+1 p=k+1

0% 2 3

i=k+1 p=k+1
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~ N—k+1 A-k+1
<c(a — < c(t) s 13
= e )Nz_;‘ (M /M) ( )<MA/Mk) (13)
Combining (7)-(13), we complete the proof of Lemma 5. O

Lemma 6. Let a € (0,1) and n =naMy + -+ noMy. Then

10
T2 < ele) B
=1

where
A+1 s—1 Myy1—1
a—1 1
=) STl SRl
s=0 r=0 j=M,

1 A
B2 = EZ:MSQ |T715MS )

A+1 Myy1—1

a—1 1,2
naZI e, ZM > K
Jj=My
na E :|Dn M
A+1 M'H»l 1

naZansMslea : Z KJ‘LI

j=M;
na E :|Dn My

1
«
By = — E M| Do ngnon
n

s=0

)

a | 71,2
M; KnsMs

I

o 1,1
M; KnSMS

1 A
=— Z D2 a | Ay | K200

Z |‘DnsMS (5 1) |K
BlO S C (OZ) .
Proof. 1t is evident that
naMa
AOT = Z ASTID;; + Z ASTID;
Jj=naMa+1
naMa—1 n(A-1)

o a—1 a—1
- E , An(Afl)_i_anAMA*jynAMA*j + E : An(Afl)_ij+nAMA,j+nAMA'
=0 j=1
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Since (see Lemma 1)

-2
DnAMA_j7nAMA_j = DnAMA,nAMA DnAMA naMa— 1D]

DnAMA A Ma— 1D + v, A Ma— 1¢nAMA 1Djj

and
_ 1 2
Dj+nAMA,j+nAMA - DTLAMA,HAMA + DnAMA nAMAD
1
+D”AMA nAMAD _'_wnAMA nAMAD,J7
we get
ao . po
AnTn - An(A)_1DnAMA,nAMA
naMa—1
§ a—1 2
- An(A—1)+ij DnAMA¢nAMA 1
Jj=0
naMa—1
a—1 -1
o Z An<A71)+ij DnAMA naMa—1
Jj=0
naMa—1
E : a— e 1
+ A (A 1 +]D]7J AMA lwnAMA 1
7=0
+A n(A-1) K (A I)DTLAMA naMy +An(A 1 K (A 1)D”AMA naMa
2
U s Vn i, Ay Ty
Consequently,

naMa—1

A% |TT?| < Az(A)q |DTLAMA7”AMA| + Z Aa(A 1)+ |DnAMA|

nAMA 1 naMa—1

Z An(A 1)+JD D”AMA+ Z An(A 1)+JD

AR [T 1>| | Dnanry |+ Ajam [ K- 1>\ \DnAMJ + Aoy [ Thian |-
[terating this inequality, we obtain

A nsMs—1
« o E « § a—
ATL |Tn| S An(S)—l |‘DnsMsfnsMs| + A (s 1)+] ‘DngMg
s=1 7=0
nsMs— nsMs—
o .
+ E : At 1>+] |D STAR: § : At 4 Dii
j:(] 7=0

A Ko | | D e | KS | |D2
Applying Abel’s transformation, we write

} + Al o) ’T <0)’ (14)

nsMs—1

E a—1 N
An(sfl)—}-iju]

Jj=0
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nsMs—2
<cl(a) { Y (¢ +j)a_21 75|+ (n(s))a_l (n® —1) TﬁsMsl}}

s Mry1—-1 _2
<o {3 0 g 0

r=0 j=M,
s Myyq—1
<3 3 ]+ ()
r=0 j=M,
Analogously,
nsMs—1 .
Z Az(iUﬂDJ
§=0
s Myy1—1
gc(a){ZMﬁl > ’K}’l o () N } 1=1,2.
r=0 j=M,

Combining (14)—(16) we complete the proof of Lemma 6.
Corollary 2. Let o € (0,1). Then

sup/\T,ﬂ < 00.

n>1

Proof. Since [1], [4]
sup/ ‘T,ﬂ < 00

n>1
Gz,
and

sup/|K,°;|<oo, a >0,

n>1
from Lemma 6 we obtain the proof of Corollary 2.

Lemma 7. Let a € (0,1). Then

/ sup |1 < ¢(a) < oc.
n>Mj,
IkXIk.

Proof. Since in [4] one can find

/ sup |T,H < ¢ < oo,

nZMk
IkXIk
by (17) we can write
A+1 s—1 Mry1—-1
sup By < ¢« su Mot T}
[ g see) [ apapd 3o 3

Iy x I, I x I

457

(15)

(16)
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Myj1—1

<c( [ 3@2MQZZM”1 > In]

s=0 r=0 j=M,

IkXIk

A+1 k-1 Mry1—1

re@) [y 3w 3 ]

=k+1 r=0 j=M,

IkXIk

A+1 s—1 Myy1—-1

IR S S DALl SN
= A s=k+1 r=k =M,

A+1 s—1

1 (03
+c (o) / ,841;112]\/[“ Z ZM lsup 1T} | < c(a) < oo

k+1 r=k
IkX[k s=htlr=

Analogously, we obtain

/ sup By < oo.

n>Mj,

IkXIk

We have

/ sup B3 = / sup Bs+ / sup Bs + / sup Bs.
n> My, _J_ n>Mj _ n> My, _ n>My

]kXIk IkXIk IkXIk IkXIk

It is evident that

1 A+1 fms—1 s—1 Mr41—1
[ swBize@ [ ili%MaZ<Z|D"sMs)ZM’?—1 2 |

r=0 Jj=M,

_ n> My,
IkXIk IkXIk

ns=0

ms—1 s—1 Mri1-1
<c(w) / igpkmg <Z Dy, ) DMt Y|

ns=0 r=0 j=M,
<c(a) < 0.

Analogously,
/ sup B3 < oo.

_J_ nz>Mg
IkXIk

(18)

(19)

(20)

(21)

(22)
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We write
A+1 ms—1 s—1 Myri1—1
sup Bs < c(« su D} Mot K}?
/nzl\% 3 S ()/A>II:MA;<nZ_:O| M)rZ:; j;r}y‘
IkXIk IkXIk
k ms—1 s—1 Myy1—1
a 1,2
<c@ [ spap (X Pl Sar Y I
_ AzZRRA D r=0 j=M
IkXIk "
A+1 ms 1 k-1 Myy1—1
+c (o) / sup —— D} v Mot Z ‘K;’Q
A>kM k 1 —0 )= =M,
IkXTk + s = =M
A—‘rl ms—1 s—1 Myy1—1
+c(a) / supﬁ (Z \DnSMS) Mot Z |K;?
AZE EA k1 \ =0 —k J=M,
IkXIk
=M+ N+ R. (23)
It is evident that
M < c(a) < oo, (24)
Mo A+l ms—1
veewd g 3 S [nk
s=k+1 nS—OI
N A—k+1
<c(o —— < c(a) < oo. 25
<@ e <@ 29
Using Lemma 4 and (1), for R we get
00 A+l ms—1 s—1
Re@dqp 3 S5 0 [ 1Dkl g 3
s=k+1 ns=0 r=k LoxTy
00 A+1 s—1
1 r—k+1
<c(a — MY
<o 2, 5 o)
00 A+1 s—1
o r—k+1
<e@d 3 2 X o
A=k My s=k+1 r=k (M, /M)
MOL
ZkMaA k+1) <c(a) < oo (26)
Combining (23)—(26), we obtain
/ sup Bj3 < o0. (27)
n>Mj,

IkXTk
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After substituting (21), (22) and (27) into (20), we have

/ sup Bs < o0. (28)
n>Mj,
I X1y,
Analogously, we obtain
/ sup Bj < oo, j=4,56,7. (29)

IkXIk

For By we write

/ sup By = / sup Bg—{—/ sup B9+/ sup By. (30)
n>Mj, n>Mj, n>Mj, n>Mj,

IkXIk Tkak YkXIk IkXTk

Using Lemma 2, we have

ms—1
sup By < ¢(« sup — sup A% |K>?
/an\IJ)k e <)/A>€:Maz(nz_0| nM|>1§n§%\/fs | |
I %1y, Ty 1y,
< —a / sup Az‘Kg’Q‘
- 1<n<Mg
1 s ) Mp*l
a—1 1,2
SRR N IR I N
Eos=1i=0 | p=1 J=Mp=1¢
+Mﬂ/‘K}\Z_1|+Mf‘/|DMi| <c(a) < . (31)
G’ny G"L
Analogously, we obtain
/ sup By < 0. (32)
n>Mj,

]k Xjk

By Lemmas 2, 5 and (1) we have

A ms—1 A
sup By < c(a su M sup | K2

/ nZ]\lil)k ? ( ) / A>pk Ma <2; Z S|> ; |q\:a‘ q ‘
I, <1y, Iy xTy

1
+c(a sup — D!
()/AngZSZ\ "

n(g 1)’ (5 1)‘

x A [me—
<@ ey [ 2 ( !DM) Mg sup |15
A=k A a=0_Y_  s=k \ns=0 lg|=a
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+c(a)zi2 / Z(iID MI)MC“SUP\K“\

IkXTk
1 k—1 ms—1
+c(a — D} sup A K
(@) My g (T;) | SMS|> 1<l<§4§ ’ |
IkXIk s
X A—k41le~ . A— k+1 La—k+1
SC@{ZWZMH ZMW
A=k A =0 A=k k)

+L 1 s {iM;+Mia}}§c(a)<oo. (33)

/ sup By < ¢(a) < oo. (34)

Analogously, we get

/ sup Bs < c¢(a) < 0. (35)
n>Mj,
IkXIk
Combining (18), (19), (28), (29), (34) and (35), by Lemma 6 we complete the
proof of Lemma 7. ]

Proof of Theorem 1. For o > 1 Theorem 1 is proved in [4]. Hence it can be
assumed that 0 < o < 1. As a consequence of Corollary 2 we have that the
maximal operator t¢f := sup,cy [t3f] is of type (00, 00). Since this sublinear
operator is quasi-local (this is what Lemma 4 means), then by standard argu-
ments (see, e.g., the book [10]) it follows that it is of weak type (1,1). That is,
the proof of Theorem 1 is complete. O

Proof of Corollary 1. The set of Vilenkin polynomials is dense in L'(G?)), so by
the well-known density argument we have that ¢ f — f a.e. for all integrable
two-variable functions f. We remark that the Marcinkiewicz interpolation the-
orem (see, e.g., [10]) also gives that the maximal operator t¢ is of type (p, p) for
all 1 < p < oo. The proof of Corollary 1 is complete. 0J
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