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ON THE CONVERGENCE OF CONJUGATE
TRIGONOMETRIC POLYNOMIALS

LARRY GOGOLADZE

Abstract. Sufficient conditions are found, under which for f € C([—7,7])
or f € L(|—m,x]) the convergence of a sequence of trigonometric polynomials
in the norms of these spaces implies the convergence of their conjugates in
the same norms.
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Let X denote the space C(T') or L(T), T = [—7, x|,
X={f:feX, feX},

where as usual fdenotes the conjugate function of f. By E,(f)x we denote
the best approximation of the function f by trigonometric polynomials of order
< n in the norm of the space X.

Let f € X and let the sequence of trigonometric polynomials {7},(X)} con-
verge to the function f with respect to the norm of the space X i.e.,

Jim || - Tulx = 0. 1)

The question arises about the least rate of convergence to zero of the sequence
{|If = Tu|lx} which yields

i [~ Tl = 0. ®
In the case when f € L,(T),
lim ||f = Tollz, =0 = lim ||f = T,[lx =0.

This follows from the Riesz theorem (see [1, Ch. 8, §14]).

Consider also the case where as approximating polynomials of functions we
take the triangular means of their Fourier series. Let the triangular matrix
A= (Ak), i = 0if k£ > n, be given. The linear means of functions f and f
formed by the matrix A have, respectively, the following form

Un(f, A\, z) = % Ano + Z A (ag cos kx + b sin kx), (3)
k=1
Un(f) Azx)= Z)‘mk(_bk cos kx + ay sin kx), (4)
k=1
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where a and by, are the Fourier coefficients of the function f.
There naturally arises a question what conditions the elements of the matrix
A should satisfy so that the convergence

T [|f — Ua(fA)]|x = 0

yield the convergence
i ||~ U,(F. A)lx = 0.

This paper deals with the above problem.
Let (see [2, Ch. 3, §3])

1 i k 2 sin(n + 1)\ 2
Kn(t):—+z 1— cos kt = ( - t)Q ;
2 — n-+1 n+1 281n§

IN(n(t) = Z (1 _ k ) ikt — (n+ 1)sinnt — sm(n2+ 1)t |
k=1 n+1 (n+1)(2sin?)

be, respectively, the Fejer and the conjugate Fejer kernel. Tt is known (see |2,

Ch. 3, §3] that
/Kn(t) dt = O(1). (5)
T
Besides, it is easy to prove that there exist positive absolute constants A;

and As such that

Alln(n“)g/|f<n(t)|dt§,421n(n+1), n=1,2.... (6)

T

Let
V() = 2Ka_1(t) — K1 (1),
Vo (t) = 2K, 1 (t) — K1 (t)

be, respectively, the de la Vallée-Poussin kernel and the conjugate de la Vallée-
Poussin kernel. From (5) and (6) we have

/|v ) dt =0,
/|Vn(t)|dt:0(ln(n+1)).

The expressions
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are said to be, respectively, the de la Vallée-Poussin means and the conjugate
de la Vallée-Poussin means.

Theorem (de la Vallé¢’-Poussin (see [2, Ch. 3, §13]).

1f = Tullx < 4E.(f)x. (8)

It should be noted that in [2, Ch. 3, §13] inequality (8) is proved for X =
C(T'). The proof of inequality (8) when X = L(T") is similar.
We have the following statement.

Theorem 1. a) Let f € X. Then for any trigonometric polynomial T, (x) of
degree < n the inequality
1F = Tallx = O (Eal)x + 11f = Tullx nn + 1) (9)

holds.
b) For any function f € X there exists a sequence of trigonometric polyno-
mials {T,,(x)} such that

I = Tl =0 (BulDx + s )
If = Tallx = 1= 4E.(f)x-

Proof. a) Since
Tn(Th, ) = Tyh(x)

and ~
T, 2) = Ta(f, ),
we have _ _ _ _
f(2) = Th(z) = f(z) = m(f, 2) + Tu(f — Tn, @). (10)
In view of the de la Vallée-Poussin theorem
If = 7u(f)llx <4E.(f)x. (11)

Moreover, we have

~ 1 ~
Rl = Two) =3 [ 40~ Tu(o+ 0] Ta(t .
T
Hence, using (7), we get
170 (f = To)llx = O(If = Tallx n(n + 1)) (12)
From (10)-(12) we get the validity of inequality (9).
b) First, let X = C(T). For any f € C(T) let us assume that
1 " sin kx
In(n+1) &= k&

To(x) = 1o(f ) +

Since there exists an absolute constant As > 1 such that

n

sin kx
2

k=1

< Az
c
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for all n € N and x € T', we have

1 =Talle <If =mu(Hllet T3

sin kx
P

(En(f)c + m) ;

it is clear that

~ ~ 1 " coskx

Therefore

Z

k=

C

ln (n+1) —If =7 (H)lle- (13)

Using (11) and the fact that

Z cos kx

k=1

Z

k=

from (13) we get
If = Tulle > 1 = 4E.(f)c-
Consider now the case where X = L(T"). Assume that

T.(z) = 1,(f,x) + m K, (z),

where K, () is the Fejer kernel and A; is the positive absolute constant from
inequality (6). Using (7) and (8) we have

K, 1
If = Talle < 1f = 7(Hlle + % =0 (E”(f>L T+ 1)) ’
o - K,
||f _TnHL = "f_Tn(f) - m
L

1~ ~ ~
=N [Knll = 4En(f)r =1 = 4Eu(f) 1.
Thus the validity of b) is proved. Note that in b) the order of T, (z) is 2n—1. O
Theorem 1 yields

Corollary 1. Let f € X. Then
a) if
lim ||f —T,||lxInn =0, (14)
then L
T [[F = Tollx =0
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b) for any function f € X satisfying the condition

Eufx =0 (517

Inn

there exists a sequence of trigonometric polynomials such that

I =Tl =0 () (15)

Inn

and L

Thus for (1) to yield (2) it is sufficient to fulfill condition (14). The condition
b) of the corollary shows that it is impossible to weaken condition (14), i.e., to
replace condition (14) by condition (15).

Let s be some natural number, let p; > 1,7 =1,...,s, be finite numbers and

Pu(s) = H (1 - nfpi) . (16)

i=1

We denote by U,(f, P(s) - A, x) (see (3), (4)) the triangular linear means of
the function f formed by the matrix P(s) - A = (P, x(s)A\nx). We have

Theorem 2. Let f € X and

Tim [[U,(£.4) ~ fllx = 0. (1)
If for some natural number r and finite numbers p; > 1, 1=1,...,r,
T [[U(F. P(r) - &) — fllx = 0. (18)
then B B
Tim [[U,(F.A) — Fllx =0. (19)
Proof. First we prove that (17) implies the validity of the equalities
JLH;O||Un(f,P(s)-A)—fHX:O, s=1,...,m (20)

From (17) it follows that for any € > 0 there exists N. = N such that for any
n > N we have

||Un(f7A) - UN(f,A)HX < g

Hence from Bernstein’s inequality we get

1, =, ~, €
ST ) = TR M) <5, n> N,

Besides, from the last two inequalities we have

L~ 1, ~ ~ 1 ~
TS Dl < T3 A) = Tl M)+ [T Al

e 1,~
§§+EW%UAWX
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This inequality and (17) imply

1 ~
1' U, 7A - O 21
e AT -
Since
1 n
U’ Azx)= kN, ki + by sin k).
n—+p <f ) n+p kz_; ,k(ak COSRT . SIN Qj)

from the last two inequalities and (17) we have
T 007, P) - A) = =0 )

Thus we get the validity of equality (20) where s = 1. Starting now from (22)
we get the validity of (20) when s = 2 in the same way as we have obtained (22)
from (17). Going on with the given argument we prove the validity of (20).
Let us show now that when s = r —1, (18) and (20) imply the validity of the
equality
lim [[U,(F. P(r 1)~ A) = filx = 0. (23)

From equality (20), assuming s = r — 1 and using the Bernstein inequality
like in the case of (21), we get

lim
n—00 1+ Py

1UL(f, P(r—1) - A)|x = 0.

Taking into consideration that
Ul(f,P(r—1),z Zk:/\nkPr—l( b cos kx + ay, sin k),

from the last two inequalities and (18) we have
lim ||Un(f, P(r —1)- A) = fllx =0. (24)

Now starting from this equality and equality (20), when s = r—2, in the same
way as from equality (20) when s = r — 1 and equality (18) we have obtained
(24), we can obtain the validity of

lim [[U,(f, P(r—2)-A) = f]lx = 0.
Going on with the given reasoning, we get the validity of equality (19). O
Let a,(f‘)( f,z) be Césaro means of order « of the function f.
Corollary 2. If o € (—00,0], o # —1, — and
Tim || — (WX*O (25)
then B _
Jim |7~ o (F)lx = 0.

For a = 0 this assertion is proved in [1, Ch. 8, §19, §22], while for « > —1 in
[4].
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Proof. For any o € (—00; 0] one can find natural r such that a+r > 0. Therefore

we have
Jim ||~ 0 ()
Assume
A
An,k = Agla) , D= o+

(26)

In this case the means formed by the matrix A are Césaro means of order «,

ie.,

U’I’L(f? A’ x) = Ugla)(f7 'CE)'

Besides, in this case

() (atr)
Anfk (7’) _ Anfk
Ana) n,k A7(1a+r)

Therefore

Un(f. P(r) - Ayw) = 007 (f ).

Consequently, in the considered case conditions (17) and (18) of Theorem 2
become (25) and (26). Thus from Theorem 2 we get that the corollary is

valid.

O

Theorem 3. Let f € X and let equality (17) be fulfilled. If there exists an

absolute constant A such that
|>\n,k| < A,

for any fixed k

n—oo

and for some natural r

3
N

(k + 1)’A2)‘n,kpn,k<r)‘ = O<1)7

e
Il

0

then equality (19) be satisfied.

(27)

(28)

(29)
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Proof. By applying twice the Abel transformation we have

Ua(f. P(r) - Az) = f(2) =Y NP (r) (=by sin k) + ay, cos ka) — f(x)

3
—_

(Sk(f, ZE) — f(«@) AAn,kPn,k(T) + (Sn(fa x) - f(‘@) )‘n,npn,n(r)

1

i

n—2
=3 (k+1) (on(F.2) = Fl@)) A2AusPus(r)
k=1

+ (77, - 1) (O'nfl(fwr) - f((l?)) A)‘n,nflpn,nfl(r>
+ (50 ) = J(2)) Aun Pan(r).
Hence taking into account that

lsn(f) = fllx = Otun),
low(f) = flix = o(1), (30)

Pon(r) =0 (%) , Puna(r)=0 (%)

and (27), (28), we get
nlggoHUn(ﬁP(r) AN=flx < lim Zuak — Fllx(k+1) A%\, 1 P (7). (31)

It is well known (see [3, Ch. 5, §3.5]) that if for every k
lim (k + 1)A%\, x P k(1) = 0 (32)

n—oo

and equality (29) is satisfied, then from (30) we get that

Therefore to complete the proof of the theorem (see (31)) it is sufficient to prove
the validity of equality (32) for every fixed k. Since

ANy kP (1) = P (1) AN + Ay g AP, (1),
from (16), (27) and (28) we get
lim AN, Pos(r) = 0

n—oo

for any k. From the above equality follows the validity of (32). O
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Corollary 3. Let f € X and let condition (17) be satisfied. If A is a regular
matrix and for some natural r

n—2

D (k4 1) Poi(r)| AN i = O(1), (33)

k=0
then equality (19) holds.

Proof. Since
AN, kP (1) = Mk AP (1) + AP g1 (1) AN i
+ A)\n,k+1APn,k+l + Pn,kAz)\n,k
=10+ 10 + 18 + 1. (34)
It can be easily verified that

AP, x(r) =0 (i) :

n2
This and (27) imply
n—2
1
S (k+1)|Ih =0 (ﬁ> . (35)

k=0
From the regularity of the matrix A we get

n—2
> AN = 0(1).
k=0

AP, 4(r) = O (1) |

Hence in view of

n
we obtain
n—2 n—2
ST+ DG =001), S (k+ 1Y) =0(1). (36)
k=0 k=0

Now from (33)—(36) we get (29) and thus the validity of the corollary. O

It is interesting to know whether the corollary without (33) will hold.
The main results of this paper were announced in [5].
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