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EXISTENCE OF SOLUTIONS FOR FOURTH ORDER
NONLOCAL BOUNDARY VALUE PROBLEMS
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Abstract. Uniqueness implies existence results are obtained for solutions
of the fourth order ordinary differential equation, y* = f(z,v,9,v",y""),
satisfying 5-point, 4-point and 3-point nonlocal boundary conditions.
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1. INTRODUCTION

We are concerned with existence of solutions of nonlocal boundary value
problems for the fourth order ordinary differential equation,

y W= fle gy "y, a<z<b, (1.1)
where
(A) f:(a,b) x R* = R is continuous.
(B) Solutions of initial value problems for (1.1) are unique and exist on (a, b).

In particular, we deal with “uniqueness implies existence” questions for solu-
tions of (1.1) satisfying nonlocal 5-point boundary conditions,

y(r1) = y1, y(x2) = Y2, y(w3) = y3, y(wa) — y(5) = Y, (1.2)

y(x1) — y(z2) = y1, yY(¥3) = Yo, y(24) = 3, Y(25) = v, (1.3)
where a < 77 < 3 < w3 < x4 < x5 < b, as well as for solutions of (1.1)
satisfying nonlocal 4-point boundary conditions given by

y(x1) = y1, ¥'(21) = Y2, y(22) = y3, y(3) — y(24) = Y, (1.4)

y(@1) — y(22) = y1, yY(23) = v2, y(@1) = y3, ¥ (74) = v, (1.5)
and

y(z1) = y1, y(w2) = Y2, ¥'(v2) = y3, y(3) — y(4) = Y, (1.6)

y(x1) —y(x2) = v1, y(x3) = yo, ¥'(23) = y3, y(xa) = v, (1.7)

where a < 77 < 9 < x3 < x4 < b, and finally for solutions of (1.1) satisfying
nonlocal 3-point boundary conditions given by

y(x1) =y, ¥'(21) = y2, ¥ (21) = ys3, y(22) — y(w3) = v, (1.8)

y(z1) — y(2) = y1, y(3) = vo, ¥ (w3) = y3, v"(73) = Y, (1.9)
where a < 11 < 19 < x3 < b, and in each case y1, Y2, y3,ys € R.
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In a recent paper, the authors [18] examined uniqueness relationships among
solutions of the above 5-point, 4-point and 3-point boundary value problems.
The motivation for that paper was that such results often imply the existence
of solutions for boundary value problems; see, for example [1, 2, 9, 10, 11, 12,
13, 14, 15, 16, 17, 19, 20, 21, 24, 25, 27, 29, 30, 42]. Indeed, that is the question
which is dealt with in this paper.

The literature is vast on fourth order nonlinear boundary value problems,
and we cite [3, 5, 26, 31, 32, 36, 37, 38, 39, 41, 43] as a list for just a few of
these papers dealing with both theoretical issues as well as application models.
In addition, nonlocal boundary value problems have received a good deal of
research attention. For a brief overview of some research devoted to nonlocal
boundary value problems, we suggest the list of papers [6, 7, 8, 17, 22, 28, 33,
34, 35, 40, 45, 46].

2. UNIQUENESS RESULTS FOR NONLOCAL PROBLEMS AND EXISTENCE
RESULTS FOR CONJUGATE PROBLEMS

In this section, we will state a result from [18] concerning uniqueness rela-
tionships among solutions of (1.1) satisfying the 5-point, 4-point and 3-point
nonlocal boundary conditions. In addition, we will also make use of a unique-
ness implies existence result for conjugate boundary value problems for (1.1).
Conjugate boundary value problems for (1.1) involve, respectively, 4-point con-
jugate boundary conditions of the form,

y(@1) = y1, y(22) = y2, y(x3) = yz, y(xa) = ya,
a < xp < Ty <3 <xy<b, along with 3-point conjugate boundary conditions
of the forms,

y(@1) =y, ¥'(21) = v2, y(22) = 3, y(73) = v,

y(@1) =y, Y(v2) = v2, ¥'(2) = y3, y(73) = v,

y(21) = y1, y(x2) = v2, y(w3) = y3, ¥'(23) = yu,
a < <2y < w3 <b, as well as 2-point conjugate boundary conditions of the
forms,

y(@1) =y, ¥'(21) = y2, ¥"'(21) = y3, y(22) = v,

y(@1) =y, ¥ (1) = v2, y(@2) = y3, ¥ (72) = va,

y(@1) = y1, y(x2) = y2, ¥'(x2) = 3, ¥ (22) = s

a < x1 < 2y < b, and in each case y1,ys2,y3,ys € R.

A part of the arguments for this paper relies on a “uniqueness implies exis-
tence” result of Hartman [11] and Klaasen [27] for conjugate boundary value
problems for nth order differential equations. In the context of fourth order
equation (1.1), we now state that theorem.

Theorem 2.1. Assume that conditions (A) and (B) are satisfied. Assume
that solutions of 4-point conjugate boundary value problems for (1.1) are unique
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on (a,b) when they exist. Then for k € {2,3,4}, each k-point conjugate bound-
ary value problem for (1.1) has a unique solution on (a,b).

We next state a theorem which summarizes the authors’ results [18] concern-
ing uniqueness relationships among the nonlocal boundary value problems for

(1.1).

Theorem 2.2. Assume conditions (A) and (B) are satisfied. Then solutions
of both (1.1), (1.2) and (1.1), (1.3) are unique when they ezist, if and only if
solutions of (1.1) satisfying each of (1.5), 7 = 4,...,9, are unique when they
exist.

3. UNIQUENESS OF 5-POINT IMPLIES EXISTENCE OF 5-POINT, 4-POINT
AND 3-POINT

In this section, we show that uniqueness of solutions of 5-point nonlocal
boundary value problems for (1.1) implies existence of solutions for each of 5-
point, 4-point and 3-point nonlocal boundary value problems. In addition to
hypotheses (A) and (B), we will state as an hypothesis the uniqueness conditions
on the 5-point nonlocal problems (1.1), (1.2) and (1.1), (1.3):

(C) Given a < m1 < my < 3 < x4y < x5 < b, if y(z) and z(x) are two
solutions of (1.1) satisfying

y(a1) = z(21), y(2) = 2(22), y(x3) = 2(x3), y(wa) — y(ws) = 2(x4a) — 2(25),
then y(z) = z(z), a < x <b.
(D) Given a < 71 < @9 < 23 < x4 < w5 < b, if y(z) and z(z) are two
solutions of (1.1) satisfying

y(e1) —y(ra) = 2(21) — 2(x2), y(ws) = 2(23), y(2a) = 2(24), y(z5) = 2(25),
then y(x) = z(z), a < x <b.

Remarks. (a) We note that, under assumption (C) or (D), in conjunction
with Theorem 2.2, solutions of 4-point and 3-point nonlocal boundary value
problems for (1.1) are also unique, when they exist.

(b) We next note that, under either assumption (C) or (D), solutions of
4-point “conjugate” boundary value problems for (1.1) are unique, when they
exist. That is, if y(z) and z(x) are both solutions of (1.1) such that, for some
points a < t; < ty < t3 < ty < b, y(t;) = z(t;), i = 1,2,3,4, then by the
Intermediate Value Theorem, there exist t; < 71 < Ty <ty <13 <01 <0y <1y
such that, both y(m) — y(r) = 2(n) — 2(m), y(t;) = 2(t), i = 2,3,4, and
y(t;) = z(t;), 1 =1,2,3, y(o1) — y(o2) = z(01) — 2(09). Namely, if either (C) or
(D) holds, then y(z) = z(z).

(c) As a follow-up to (b), if either (A), (B) and (C), or (A), (B) and (D) are
assumed, then Theorem 2.1 implies that each k-point “conjugate” boundary
value problem for (1.1), k = 2,3, 4, has a unique solution.

Fundamental to the results of this section is the role of continuous depen-
dence of solutions on boundary conditions. This continuous dependence arises
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somewhat from applications of the Brouwer Theorem on Invariance of Domain
[44] in conjunction with continuous dependence of solutions on initial condi-
tions. We present such a continuous dependence result for solutions of (1.1),
(1.2). The proof is rather standard in the context of uniqueness properties of
solutions with respect to both initial conditions and boundary conditions. So we
will omit the details of the proof, but we suggest [2] and [23] as good references
for typical arguments used in the proof.

Theorem 3.1. Assume (A), (B) and (C), and let z(x) be an arbitrary solu-
tion of (1.1). Then, for any a < x1 < 29 < x3 < x4 < x5 < b and a < ¢ < xy,
and x5 < d < b, and given any € > 0, there exists 0(¢,[c,d]) > 0, so that
|z, —t;] <0, 1 <i <5, |2(z;) —wy| <0, i =1,2,3, and |z(x4) — 2(x5) —ya| <0
imply that (1.1) has a solution y(x) with

y(t) =y, 1=1,23,
y(ta) — y(ts) = ya,
and |y (z) — 20 Y(z)| < € on [e,d], i = 1,2,3,4.
Also fundamental to our existence arguments will be applications of a pre-

compactness condition on bounded sequences of solutions of (1.1). This pre-
compactness condition is due to Jackson and Schrader; see Agarwal [1].

Theorem 3.2. Assume that with respect to (1.1), conditions (A) and (B)
hold. In addition, assume that solutions of 4-point conjugate boundary value
problems are unique. If {yx(x)} is sequence of solutions of (1.1) for which there
exists an interval [c,d] C (a,b) and there exists an M > 0 such that |y,(z)| < M,
for all v € [c,d] and for all k € N, then there exists a subsequence {y,(x)} such

that, fori =0,1,2,3, {y,(;])(x)} converges uniformly on each compact subinterval
of (a,b).

We now present a sequence of theorems exhibiting that uniqueness of solutions
of (1.1), (1.2) implies existence of solutions for each of (1.1), (1.5), j = 2,4,6,8.
Of course, dual results can be established in terms of uniqueness of solutions of
(1.1), (1.3) implying the existence of solutions of (1.1), (1.5), 7 =3,5,7,9.

Theorem 3.3. Assume hypotheses (A), (B) and (C) are satisfied with re-
spect to equation (1.1). Then, given a < 1 < x9 < o3 < x4 < x5 < b and
Y1, Y2, Y3, Ya € R, there exists a unique solution of (1.1), (1.2) on (a,b).

Proof. Let a < 11 < 19 < 3 < x4 < x5 < b and y1,ys2,y3,ys € R be selected.
We note from Remark (c) that 4-point, 3-point, as well as 2-point, conjugate
boundary value problems for (1.1) have unique solutions.

Let z(z) be the solution of (1.1) satisfying the 4-point conjugate boundary
conditions at x9, x3, x4 and x5,

2(x2) = yo, 2(w3) = y3, 2(74) = ya, 2(x5) = 0.
Observe that z(z4) — z(x5) = ys4. Next, define the set

S = {u(x1)| u(x) is a solution of equation (1.1) satisfying
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u(wy) = 2(x2), ulrs) = 2(x3), u(ra) —w(ws) = 2(24) — 2(25)}-
We observe first that S is nonempty, since z(x;) € S.
Next, choose so € S. Then, there is a solution ug(z) of (1.1) satisfying

uo(w1) = so,
uo(2) = z(x2),
ug(3) = z(w3),
uo(zy) — uo(ws) = 2(x4) — 2(x5).

By the continuous dependence theorem, Theorem 3.1, there exists a 6 > 0
such that, for each 0 < |s — sg| < 9, there is a solution us(x) of (1.1) satisfying

us(w1) = 5, us(22) = uo(@2) = 2(x2), us(xs) = uo(w3) = 2(xs),
and
ug(wy) — us(xs) = uo(xy) — up(ws) = 2(x4) — 2(s),
or in other words, s € S; in particular, (sg — d, 5o +0) C S, and so S is an open
subset of R.

The remainder of the argument is devoted to showing that S is also a closed
subset of R. To that end, we assume for the purpose of contradiction that S is
not closed. Then there exists an 1y € S\ S and a strictly monotone sequence
{rr} C S such that lim, . ry = 7.

We may assume, without loss of generality, that r, T rg. By the definition of
S, we denote, for each k € N, by ug(x) the solution of equation (1.1) satisfying

up(®1) = i, up(z2) = 2(22),
ug(x3) = z(x3), up(xy) — up(zs) = z(xyq) — 2(xs).
By hypothesis (C), we have for each k € N,
uk(z) < ugg1(z) on (a, xa).

We now claim that {ug(x)} is not uniformly bounded above on each compact
subinterval of (a,z;) and (z1,x5). Suppose there exists a subinterval [c,d] C
(a,z1) so that {u(x)} is uniformly bounded above on [c,d]. That is, there
exists H > 0 so that ug(x) < H, for all ¢ <z < d and k > 1. In particular,

ur(z) <wug(x) < H forall c<zx<d and k> 1.

But by the precompactness condition of Theorem 3.2, there exists a subsequence
{ur,;(x)} such that {ul(jj) (x)} converges uniformly on each compact subinterval

of (a,b),71=0,1,2,3.

Suppose u,(j]) (z) — v@(z) uniformly on the compact interval [z}, 5], for i =

0,1,2,3. Then v(x) is a solution of equation (1.1) satisfying
v(x1) = lim ug, (z1) = lim 7, = 7o,
j—o0o =00

v(z2) = 2(22), v(rz) = 2(73),
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and
v(zg) —v(zs) = jlirilo(ukj (14) — up, (v5)) = 2(x4) — 2(T5).
Therefore 1y € S. But this is contradictory to the assumption ry ¢ S. So
{ug(x)} is not uniformly bounded above on each compact subinterval of (a, x1).
The argument relative to (x1,z5) is exactly analogous.
Next let w(x) be the solution of the 3-point conjugate boundary problem for

equation (1.1) satisfying,

w(zy) =ro, W(x1) =0, w(re) = Y2, w(x3) = Y3.
It follows that, for some K large, there exists points a < 71 < 7 < 7o < T3 SO
that

ug(m) = w(n), ug(m) =w(r).

Also,

ug (o) = 2(x9) = w(xa), ug(xs) = z(x3) = w(ws).
By uniqueness of solutions of 4-point conjugate boundary value problems for
(1.1), we have ux = w. However,

w(x) =rg > rx = ug(x1),
which gives a contradiction. Thus S is also a closed subset of R.

In summary, S is a nonempty subset of R that is both open and closed. Thus,
we have S = R. By choosing y; € S, there is a corresponding solution y(z) of
equation (1.1) such that

y(@1) =y, ylaz) = 2
y(za) — ylws) = 2(24) — 2(25) = ya.
This completes the proof. 0]

We now turn to existence of solutions for 4-point and 3-point nonlocal bound-
ary value problems for (1.1). We first address the 4-point problems.

Theorem 3.4. Assume (A), (B) and (C) are satisfied with respect to (1.1).
Given points a < 11 < To < 13 < x4 < b, and y1,y2,y3,ys € R, there exists a
unique solution of (1.1), (1.4) on (a,b).

Proof. Let a < 11 < 29 < x3 < x4 < b, and y1, Y2, y3,ys € R be selected. Also,
fix a < 7 < x;. We repeat that 4-point, 3-point, as well as 2-point, conjugate
boundary value problems for (1.1) have unique solutions.

Let z(z) be the solution of the nonlocal 5-point boundary value problem (1.1),
(1.2) obtained in Theorem 3.3 and satisfying,

2(1) =0, 2(x1) = y1, 2(22) = ys, 2(x3) — 2(24) = va.
This time, define the set
S = {u'(x1)| u(z) is a solution of (1.1) satisfying

w(zy) = z(xq), u(we) = 2(x2), u(xs) — u(xy) = 2(x3) — 2(x4) }

Again S is nonempty since 2'(x;) € S.
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Next, choose sg € S. Then, there is a solution ug(x) of (1.1) satisfying
uo(21) = z(x1),
ug(z1) = So,
ug(2) = z(2),
uo(x3) — ug(xy) = 2(x3) — 2(x4).

Due to the uniqueness of solutions of 4-point nonlocal problems, such solu-
tions of 4-point nonlocal problems depend continuously on boundary conditions.
So, there exists a 6 > 0 such that, for each 0 < |s — s¢| < J, there is a solution
us(z) of (1.1) satisfying

us(z1) = uo(z1) = 2(21), us(71) =8, us(22) = up(22) = 2(x2),
and
us(wsg) — us(q) = uo(xs) — up(xy) = 2(x3) — 2(x4),
or in other words, s € S; in particular, (so — J, 5o+ ) C S, and so S is an open
subset of R.

As in the proof of Theorem 3.3, the remainder of the argument is devoted to
showing S'is also a closed subset of R. Again, we assume, for contradiction, that
S is not closed. Then, there is an rq € S\S and a strictly monotone sequence
{rr} € S such that limy_.., r, = ro. Again, we may assume ry T rq.

By the definition of S, we denote, for each k € N, by ux(x) the solution of
(1.1) satistying

up(z1) = z(21), wp(21) = i, up(z2) = 2(22),
ug(x3) — ug(zg) = 2(x3) — 2(x4).
By uniqueness of solutions of (1.1), (1.2), we have
uk(z) > ugr1(z) on  (a,zy), and ug(x) < upyr(x) on  (zy,x9).

We claim that {ux(z)} is not uniformly bounded below on each compact
subinterval of (a,z;) and is not uniformly bounded above on each compact
subinterval of (z1,z5). Suppose there exists a subinterval [¢,d] C (a, z1) so that
{ug(x)} is uniformly bounded below on [c,d]. That is, there exists H > 0 so
that u(x) > H for all c < x < d and k > 1. In particular,

ur(z) > ug(x) > H forall c<zx<d and k> 1.

By the precompactness condition of Theorem 3.2, there exists a subsequence
{ur,;(x)} such that {u,(jj) ()} converges uniformly on each compact subinterval
of (a,b), 1=0,1,2,3.

Suppose u,(;) () — v®(z) uniformly on the compact interval [x1, 4], where

i =0,1,2,3. Then v(z) is a solution of equation (1.1) satisfying
v(zy) = 2(xq), V'(2) = jli_glo g, (71) = 10, V(T2) = 2(2),
and

v(x3) — v(zg) = lim (u, (23) — wk, (21)) = 2(23) — 2(24).

J]—00



480 J. HENDERSON AND D. MA

Therefore 19 € S, which is a contradiction to the assumption o ¢ S. So
{ug(z)} is not uniformly bounded below on each compact subinterval of (a, z).
The argument that {uy(z)} is not uniformly bounded above on each compact
subinterval on (z1, x9) is completely analogous.

Next let w(x) be the solution of the 3-point conjugate boundary problem for
equation (1.1) satisfying,

w(ry) = z(x1), W(x1) =10, W(T) = 2(2), w(w3) = 2(x3).
It follows that, for some K large, there exists points a < 7 < 11 < 75 < X3 SO
that
ug(m) = w(m), ug(r) = w(n).
Also,
ug(z1) = 2(x1) = w(wy), ug(xe) = 2(x2) = w(xs).

By uniqueness of solutions of 4-point conjugate boundary value problems for
(1.1), we have ug = w. However,

w'(xy) =19 > rg = uh (1),

which is a contradiction. Thus S is also a closed subset of R.

In summary, S is a nonempty subset of R that is both open and closed. We
have S = R. By choosing y» € S, there is a corresponding solution y(z) of
equation (1.1) such that

y(a1) = z(x1) = y1, ' (21) = 4o, y(@2) = 2(22) = ys,
y(ws) —y(zs) = 2(3) — 2(24) = ya.
This completes the proof. O

In the subsequent existence results, the arguments involved in the proofs
follow closely along the lines of those just presented. We will omit most of the
details of the proofs, and in the spirit of the preceding results, we will provide
only the corresponding function z(x), the set S and the function w(z).

Theorem 3.5. Assume (A), (B) and (C) are satisfied with respect to (1.1).
Given points a < 1 < 9 < x3 < x4 < b, and y1,y2,y3,ys € R, there exists a
unique solution of (1.1), (1.6) on (a,b).

Proof. Let a < 1 < 29 < x3 < x4 < b, and y1, Y2, y3,ys € R be selected. Also,
fix 11 < 7 < 9.

Let z(z) be the solution of the nonlocal 5-point boundary value problem (1.1),
(1.2) obtained in Theorem 3.3 and satisfying,

z(wy) = y1, 2(7) =0, 2(12) = y2, 2(w3) — 2(74) = Yu-
This time, define the set
S = {u'(xq)| u(z) is a solution of (1.1) satisfying

w(zy) = z(xq), u(we) = 2(x2), u(xs) — u(xy) = 2(x3) — 2(24) }
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S is a nonempty open subset of R. Making use of the solution w(x) of the
3-point conjugate boundary problem for equation (1.1) satisfying,

w(xy) = 2(x1), w(xe) = 2(xs), W' (x9) =19, W(T3) = 2(3),

it follows that S is also a closed subset of R, and so S = R. Choosing y3 € S
gives rise to the desired solution of (1.1), (1.6). O

Theorem 3.6. Assume (A), (B) and (C) are satisfied with respect to (1.1).
Given points a < x1 < x9 < x3 < b, and yy,ys,y3,ys € R, there exrists a unique
solution of (1.1), (1.8) on (a,b).

Proof. Let a < 1 < x5 < x3 < b, and y1, 92, y3,ys € R be selected. Also, fix
a<T<x.

Let z(x) be the solution of the 4-point nonlocal boundary value problem (1.1),
(1.6) obtained in Theorem 3.5 and satisfying,

2(1) =0, z(x1) =1, 2'(21) = Y2, 2(w2) — 2(23) = Y.
Now, define the set
S = {u"(x1)| u(zx) is a solution of (1.1) satisfying
w(zy) = 2(x1), W(x) =2 (1), u(zs) —u(zs) = 2(x2) — 2(x3)}.

S is a nonempty open subset of R. Making use of the solution w(x) of the
2-point conjugate boundary problem for equation (1.1) satisfying,

w(zy) = 2z(xq), W'(xy) =2 (21), W (x1) = 1o, w(rs) = 2(3),
it follows that S is also a closed subset of R, and so S = R. Choosing y3 € S
gives rise to the desired solution of (1.1), (1.8). O

There is a list of dual uniqueness implies existence results for (1.1) with
respect to solutions satisfying conditions (1.5), j = 3,5,7,9. We state this in
one inclusive theorem without proof.

Theorem 3.7. Assume (A), (B) and (D) are satisfied with respect to (1.1).
Then, for each j = 3,5,7,9, there exists a unique solution of (1.1), (1.j) on
(a,b).
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