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NEW PROOF OF THE 7(1) THEOREM FOR
TRIEBEL-LIZORKIN SPACES
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Abstract. We give a new proof of the T(1) theorem for reflexive homoge-
neous Triebel-Lizorkin spaces F]f 4 which uses neither maximal functions nor
atomic decompositions. The substitute tool is an estimate on translations in
the Ly(¢,) spaces.
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1. INTRODUCTION

After the publication of the remarkable 7'(1) theorem of G. David and
J.-L. Journé [1] concerning general conditions of L, boundedness of singular
integral operators

Tf(z) = / K (2, 9) (y)dy.

several authors ([2, 3, 4, 5, 6]) proved similar results on various different func-
tion spaces such as homogeneous Besov spaces B, and homogeneous Triebel-

Lizorkin spaces Fz‘f’q (which include spaces L, = F;’Q for 1 < p < o0). In
a different direction of generalization, T. Figiel [7] proved an analogue of the
T'(1) theorem for X-valued functions f € L,(X), where X is a Banach space
with a certain additional property (UMD) but the kernel K is still scalar-valued.
Quite recently, L. Weis and one of the present authors [8] gave given a new proof
of Figiel’s T'(1) theorem and extended it to operator-valued kernels K. The two
main analytic ingredients in [8] are the well known Littlewood-Paley decom-
position and a rather less known, but quite powerful, square-function estimate,
due to J. Bourgain [9], for translation operators 7, : f +— f(-—h). It was subse-
quently observed by the second-named author [10, 11] that the approach of [8] is
adaptable to obtain proofs of T'(1) theorems also for vector-valued homogeneous
Besov spaces B;’Q(X ) and Bessel potential spaces H; (X). The latter ones, in
the scalar-valued case, coincide with F;’Q for 1 < p < o0.

The purpose of the present note is to show that essentially the same approach
carries over to the whole scale of (reflexive) Triebel-Lizorkin spaces Fps’q, 1<
p,q < oo. Thus, our aim is to give a new proof of the T(1) theorem for
these spaces which makes no use whatsoever of either maximal functions or
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atomic decompositions, the methods employed in the earlier proofs of analogous
results. The tool that replaces them in our proof is an appropriate modification
to the present situation of the above-mentioned square function estimate for
translations (see Lemma 3.1).

We conclude the introduction with our statement of the 7°(1) theorem for the
Triebel-Lizorkin spaces. The definitions of these spaces, as well as of various
conditions appearing in the theorem, are given in Section 2. The crucial trans-
lation lemma is proved in Section 3, and the proof of Theorem 1.1 is then given
in the last Section 4.

Theorem 1.1. Let n € N and v € (0,1). Suppose T € CZO,,, satisfies
the weak boundedness property and the condition T'(u®) = 0 for all |a] < n.
Then T extends to a bounded linear operator from F;’Q(RN) to F;’q(RN) for
each s € (0,n + v) and each p,q € (1,00).

If, in addition, T" € CZO,4, and T'(u®) = 0 for all || < n, then the
assertion holds for all |s| <n + v.

2. SPACES AND OPERATORS

We denote N := {0,1,2,...} D Z; :={1,2,...}. We fix a number N € Z,,
and all our functions and distributions will be defined on RY. By D(RY) C
S(RY) c S&'(RY) we denote compactly supported smooth functions, rapidly
decreasing smooth functions and the corresponding tempered distributions, re-
spectively. The pairing of S(RY) and S'(R") is denoted by (-,-). Z(RY) is
the space of all Schwartz functions ¢ € S(RY) such that D*@(0) = 0 for all
multiindices o« € NV where @ is the Fourier transform of ¢. Then Z(R") is a
closed subspace of S(RY). If Z/(RY) denotes the space of all continuous linear
functionals on Z(RY), then S'(RY)/P(RY) and Z'(R") are isomorphic, where
P(RY) is the space of polynomials in N real variables (cf. [12, 5.1.2]).

Homogeneous Triebel-Lizorkin spaces. Let 5 € D(RY) be radial, equal to
1 in B(0,1), and supported in B(0,2). Let § = ¢ — ¢#(2-) and Py = $(27-),
jeZ.

~Let p,q € [1,00) and s € R. The homogeneous Triebel-Lizorkin space
F51(RY) is the space consisting of all f € Z'(R") such that

(3 @ 1r e eul)?)”

jez

1]

FIRN) T ‘ L RY)
P

is finite. Ome can show that different choices of ¢ lead to equivalent norms
and that F¥9(R"Y), endowed with || faryy, 1S a Banach space.  Moreover

ZRY) S Fr(RY) — Z/(RY) (cf. [12, 5.1.5)).

Singular integral operators. Our main object of study is a continuous linear
operator T': S(RY) — S'(RY). Its adjoint 7" is a similar operator defined by

(0, T'p) == {p, T).
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Suppose that K : {(u,v) € RY x RN : u # v} — C is a locally integrable
function. We say that T' is a singular integral operator associated with K if

(0.70) = [ olu) [ Kl opo(o)do du 0
RN RN
holds for all ¢, ¢ € D(RY) with suppy Nsupp¢ = (). When this is the case, then
T’ is a singular integral operator with associated kernel K’ given by K'(u,v) =
K(v,u) for u # v.
Next we introduce some more specific conditions on K and T

The class CZO,,,,. Let n € N and v € (0,1). For a measurable kernel K :
{(u,v) € RN x RY : u # v} — C, we consider the standard estimates

(SE,) K is continuously differentiable up to order n with respect to the
first variable and

Ca(E) = sup{|u — v| V(93 K) (u, v)| - u # v}

is finite for all multiindices o € NV with |a| < n;
(SE,+,) K satisfies (SE,) and

s R 0) = @) )]
Ca,l/(K) = sup |u_u0|y
lu —v| > 2lu —up| >0

is finite for some multiindex o € NV with |a| = n.

We say that T' € CZO,,,, if T' is a singular integral operator associated with a
kernel K satisfying (SE,, ).
Note that T' € CZO,,,, does not imply that 7" € CZO,,,,.

Definition of T'(u®). Let o be a multiindex with || < n and u® the as-
sociated monomial. For T' € CZO,,4,, it can be shown (see [10]) that u*T"¢
agrees with an integrable function in the exterior of any neighbourhood of suppe
provided that

¢ € D"(RY) := {p € DRY): /uﬁgp(u)du =0 for all || < n}.
RN

Then we define

(@, T(u®)) = (x,u*T"p) + (1 = x,u*T"p),

where x € D(RY) is any test function equal to unity in a neighbourhood of
suppy. The first pairing above is the usual one between a test function and a
distribution, while the second one can be evaluated as a convergent Lebesgue
integral. The definition is independent of y and produces a well-defined object
T(u®) € (D*(RYM)).
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The weak boundedness property. We say that ¢ is a normalized bump
function associated with the unit ball if ¢ € D(RY) with suppy C B(0,1) and
|D%p||loo < 1forall o] < M, where M is alarge fixed number. ¢ is a normalized
bump function associated with the ball B(u,r) if ¢(-) = rNp(r~'(-—u)), where
¢ is a normalized bump function associated with the unit ball. The operator 7'
has the weak boundedness property if for every pair of normalized bump functions
¢, ¢ associated with any ball B(u,r) we have |(¢, Tp)| < Cr=V.

The various conditions defined above will be used through the following im-
plied estimates proved in [10] (see also [8]).

Lemma 2.1. Let k € N, a > 0, w € RN, and let p, ¢ € D°(RY) be normal-
ized bump functions associated with B(0,a) and B(w, 2%a), respectively. Suppose
T € CZO,,,, satisfies the weak boundedness property. Then:

(a) there is a constant C' < oo such that for all v € RY

ot = 00Tl — o) < Opoie (14 351)

(b) if T(u®) = 0 for all || < n, then there are constants C' < oo and § > 0
such that for all v € RY,

ot =) el —o)pl < Clazy (14 B

a2k

3. THE TRANSLATION LEMMA

This section is devoted to the statement and proof of an estimate for transla-
tions in the reflexive spaces L,(¢,). For ¢ = 2, this is a square function estimate
which was proved, apparently independently, by J. Bourgain [9] (with applica-
tion to vector-valued singular integrals) and M. Yamazaki [13] (with application
to pseudodifferential operators). In fact, Bourgain’s result covers a much more
general (and deeper) Banach space -valued situation, but this generality is to a
different direction than our present needs. The proof given below is in the same
spirit as Yamazaki’s (i.e., vector-valued Calderén—Zygmund theory), but is not
an immediate modification since we do not have the Hilbert space structure of
{5 available here.

Lemma 3.1. Let 1 < p,q < oo, and h; = 2'k;, where |k;| < K for some
K > 2 and for alli € Z. Let ¢ : RN — C be a differentiable function with

lellz, <e,  IVe@) <e(@+2)™ >0,

and denote py = 27N p(27%) for i € Z. Then there is a constant C < oo
depending only on p, q, N and c, such that

(72 % fi) ) < Clog K (i) |y ey
Here ,, denotes the translation operator f— f(- — h;).
In particular, if suppf; C {|¢] <27} for alli € Z, then

I (Thifi) 2,0, < Clog K|| (fz) 2, 00)-
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Proof. Note first that, once we have proved the first assertion, the second one
immediately follows by choosing ¢ € S(RY) such that (&) = 1 for [£] < 1;
then @5 (&) = §(2%€) = 1 on suppﬁ so that @qi *x f; = f;. Let us thus consider
the first assertion.

For p = ¢, we have L,({,) = l,(Ly) and ||74,00 * fillz, = |lo2 * fillz, <
ooz, | fill ,» and [J@aillz, = |lollz, < ¢, so the assertion holds with ¢ in
place of C'log K. The main part of the proof will consist of verifying that
the diagonal-operator-valued kernel K(z) = (27N (272 — k;)) .~ ___ of the con-
volution operator (f;) — (75,2 * f;) satisfies the Hormander integral condition

[ K= 9) = K@) oo < Clog @)

|z|>2[y|
This then yields the L,(¢,) boundedness of our operator for all 1 < p < oo,
with the desired norm estimate, by the well-known vector-valued extension of

the theory of singular integrals (see [14]).
For the proof of (2), note first that

I1K(x —y) — K(2) |l £ea)
=sup2 V(27 (x —y) — ki) — @27z — k)]

iez
1
= sup2 "V /y V(27 (@ — \y) — ki)d)| =: sup Ki(x,y)
i€z iez
< sup Ki(z,y) + sup  Ki(x,y) + sup Ki(z,y). (3)
2i<|x| /4K lz| /4K <2< |z| |z <28

For |z| > max(4K - 2,2|y|) we have
27w —y) — kil 2271 =270 =472 = 27 ?a],
and hence
Ki(w,y) < 27Dyl )™ = Clyl - |27V
For |z| < 2° we may estimate
Ki(z,y) <27 Hy|C < Clyl - 2|7

Since

2| N de = Cly| ™,

|z[>2]y]

we have handled the Hormander estimate of the first and the third term in (3),
in fact, with C in place of C'log K.
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Concerning the second term in (3), we first consider the integral over |z| >
4K |y| and estimate the supremum by the sum

1
S iy / Vo2 — Ay) + k) |dA da

_ Y o @<N+1>|y|/ / V(2 (@ — Ay) + ki)|dz dA

20>y 0 2iV4K|y|<|z|<4K-20
< E 2™ |V90||L1 < C
2>y

where in the first equality we could restrict the summation range of the ¢ vari-
able, since for 2° < |y| the z integration is over the empty set.

The remaining part in (3) yet to be estimated will give a principal contribution
to the estimate, and is in particular responsible for the logarithmic factor log K.
As above, we estimate the supremum by the sum and interchange the order of
summation and integration, arriving at

Q’N/lw (2 ) — k) — o2 — ky)|de

|y\/2K<2Z<4K|y\

< Y. 29l < ClogK,

ly| /2K <2i<4K|y|

where the last estimate is simply counting the number of terms in the sum. This
completes the proof of the Hérmander condition (2) and of the Lemma. O

4. PROOF OF THEOREM 1.1

The proof of Theorem 1.1 is done in three steps.
In the first step we decompose of the operator T'. For this purpose, we choose
® € D*(RY) and ¥ € S(RY) such that

? is real and radial,
3,0 >0,
®(u) > 1 for 5 < |ul <2,
suppt € {1 < [u] < 2}, and
® > .z P(2u)¥(2u) =1 for all u € RV \ {0}.
The existence of such ®, ¥ is shown in [10] (see also [8]). For j € Z, we
denote Po;(u) := 27N P(279u), Wyi(u) := 27VW(277u), Pjf := Py * f, and
Q;f = ¥y x f. Now we can write

(9.Tf) =Y (PQig, TPQ;f) = Y (Qjir9, PrixTPQ; ),

jlez j,keZ
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if f,g € S(RY). The operator T} ; := PjTP; is associated with the kernel
K. ; given by

Kj(u,0) = (Poien (- = ), T[ @i (- = v)]).

In the second step we fix k € Z and estimate the sum over j € Z in the above
decomposition.
We first consider the case k € N. For f, g € Z(RY),

Z<Qj+kgaTj+k,ijf>’ =

jez

D Q@U(Ty k) Qg 27V HRQ; f) ‘

JEZ
. 1/q
(2 o)
JjEZ

1/q

<Z’2(J+ (Y Q3+k9| )
jeZ

where %+I% =1 and %—i—% = 1. The second factor is bounded by C27%]| f|

(cf. [12, 5.1.5]). To estimate the first factor, we note that for v € RY

(T ]+k’] /Ky-i-kj u, v)d(u)du

Y
Lyp

“s.q
Fy

- / 29 Ky (0 + 2, 0) (0 + 2w},
RN

and therefore

k) 1/q
<Z|2 Ttk Qg+k9\ )

jez Ly
. . . 4 N L/d
< / \ (D129 2% K-+ 2, ) (Qyerg) (- + 2u)|) ||
RN jez Lp/

Using Lemma 2.1 (a), we obtain the estimate

sSup su v u v —_— s
vERIf)V jeg K (a2k)N a2k

where a > 0 is such that supp® C B(0,a). So with Lemma 3.1 we obtain

1+k lu| \ N \ y
< L
A_C/(GQk)N (1+a2k) log( 2+ = ||g||
RN

< OO+ R)lgll e

Combining this with the bound for the factor f, we have

8,4
Fp

S Qs Tj+k,j@jf>] < (1 + B2 f

9
jez P
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If k is negative, we proceed in a similar way. Here we use the integral repre-
sentation for Tjy ; and Lemma 2.1 (b) to obtain

gl
Fy sz )

S (@ TygQuf)| < C2O
j€z

As the third step, we carry out the summation over k. By our results from
the previous step,

5 (Qyua0. Tas@i)| < €I
jkez

if s € (0,n+ v). Since Z(RY) is dense both in Fps’q(]RN) and in FPTS’Q,, the first
part of the theorem is proved.

For the second part, we observe that our additional assumptions imply that
we can use Lemma 2.1 (b) in Step 2 to show that

wallgll s
Fy Fp/ )

Z<Qj+kg’ Tij.ij)‘ < 02 IKl(ntv=ls)) HfHF;,q HgHF_/s,q/.
jez P

This completes the proof of the theorem.
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