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INVERSION OF AHLFORS AND GRUNSKY INEQUALITIES
SAMUEL KRUSHKAL

Abstract. We solve the old Kithnau’s problem on the exact lower bound in
the inverse inequality estimating the dilatation of a univalent function by its
Grunsky norm and in the related Ahlfors inequality for Fredholm eigenvalues.
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1. The Ahlfors inequality for oriented quasiconformal Jordan curves (quasicir-
cles) on the Riemann sphere L C C = C U {0}

— <yq 1
PL L ()

is fundamental in the theory of Fredholm eigenvalues. Here ¢;, is the reflection
coefficient of L and py, is its (first nontrivial) Fredholm eigenvalue (see, e.g., [1],

2], {61, [9])-

It suffices to take the images L = f#(S') of the unit circle S' under qua-

siconformal self-maps of C with Beltrami coefficients p(z) = 05f/0.f sup-
ported in the unit disk A = {z : |z| < 1} and hydrodynamic normalization
f(z) = z + const+0(|z|7!) at 2 = oco. Then ¢, equals a minimal dilatation
E(f*) = ||ptl|so among such maps, and inequality (1.1) is reduced to the Grunsky
inequality

%(f) = Sup ‘ Z VMM QL Ty S k:(f)y (2)
x m,n=1
where «,,, are the Grunsky coefficients of f defined by
2 — o0
logLf'(O - Z 2 "CT", (2,0) € (A7)

Z JE—
m,n=1

and x = (z,) runs over the unit sphere S(I%) of the Hilbert space [* with
|Ix]|> = 3" |z,|?, choosing the principal branch of logarithmic function (cf. [4],
1

[9]). The quantity »(f) is called the Grunsky norm of f. By Kithnau—Schiffer
theorem s¢(f) is reciprocal of pr(see [10], [13]).
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We denote the collection of univalent nonvanishing functions f(z) = z + by +
bzt 4+ ... by ¥ and its subset of functions with quasiconformal extensions
across St by 0.

The point is that for most of f € ¥, we have in (1.2) the strict inequality
x(f) < k(f) (see, e.g., [8]). On the other hand, the functions with s(f) = k(f)
are crucial in many applications of the Grunsky inequality technique. Moreover,
by theorem of Pommerenke and Zhuravlev, any f € ¥ with »(f) < k < 1
belongs to XY and has a k;-quasiconformal extension with k; = ki (k) > k (see
[11], [7], pp. 82-84). An explicit not sharp bound k; (k) is given in [10].

The important problem on the sharp estimation of the dilatation k(f) by the
Grunsky norm of f, or equivalently, by the Fredholm eigenvalue of f(S') was
first stated by Kiithnau in 1981 and still remains open. Our main result is the
following theorem which solves this problem and has many other applications.

Theorem 1. For f € X° we have the estimate

3
k(f) < ﬁ%(f) = 1.07...5(f) (3)

(similarly for Fredholm eigenvalues pgis1y), which is asymptotically sharp as
»x — 0. The equality holds for the map

z 23)2/3 if |z
fg,t<z>:{ (1+t/2) F =1, (@)

AL+ t(2l/2)°P°if |z <1
with t = const € (0, 1).
Note that the Beltrami coefficient of this map in the disk A is u3(z) = t|z]/z.

2. The proof of this theorem consists of several independent stages which will
be outlined below.

19, It suffices to establish the assertion of Theorem 1 for f € X° having
Teichmiiller extremal quasiconformal extensions onto A, i.e., with the Beltrami
coefficient ps(2) = klp(2)|/¢(z), where k = const € (0,1) and ¢ is integrable
holomorphic function in A. This means that f is represented in the universal
Teichmiiller space T by a Strebel point [f]. Such points are dense in T (see [3],
14)).

Recall that T is the space of quasisymmetric homeomorphisms of the unit
circle S! factorized by Mobius maps. It inherits a complex Banach structure
factorizing the ball of conformal structures

Belt(A)y = {p € Loo(C) =A™ =0, [lpf <1}

on A so that u,v € Belt(A); are equivalent if the corresponding maps w*, w” €
Y9 coincide on S*. The equivalence classes are in the one-to-one correspondence
with the Schwarzian derivatives S; := (w”/w') — w”/w')?/2 of f € ¥° in the
complementary disk A* = {z € C: |z| > 1}.
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For elements u € Belt(A); we define

// /LO dmd:% S L1<A)7

and put p*(z) = p(2)/[|plleo so that [|u*|le =1, and [[[l1 := [l¢l|Li(a)-
20, We first prove

Theorem 2. For every function f € ¥° with a unique extremal extension
fHo to A, we have the sharp bound

1
() < s minse( ) )
with
a(ff*)= sup  [{g,¥)al, (6)
peAd |lplla, =1
where

Al ={p € Li(A): ¢ =1 1 is holomorphic}.

Proof of Theorem 2 is geometric and relies on certain deep properties of
conformal (semi)metrics ds = A(z)|dz| on the disk A with A(z) > 0 of negative
integral curvature bounded from above. The curvature is understood in the
supporting sense of Ahlfors or, more generally, in the potential sense of Royden
(see, e.g., [12]). For such metrics we have

Lemma 3 ([12]). If a circularly symmetric conformal metric A(|z|)|dz| in A
has curvature at most —4 in the potential sense, then \(r) > a(1 —a*r?), where
a = \0).

On the extremal disk

Alpg) = {ox(tpg) - t € A} C T,

where ¢ denotes the projection Belt(A); — T, the infinitesimal Kobayashi-
Teichmiiller metric A\ of T is isometrically equivalent to hyperbolic metric
ds = |dz|/(1 —|z]?) on A of curvature —4.

Further, the Grunsky coefficients of f € 3° allows us to construct the holo-
morphic maps

ha(t) := hx(ipr) = Z Vvmn Un (P1) TmTn = A — A,

m,n=1

where ¢; = 51,5 and again x = (z,) € S(12). Then sup {|hx(t)] : x € S(12)} =

s(f#0). Pull-backing the hyperbolic metric to A(yug) by applying these maps,
we get the conformal metrics

A () = hi(nyp) = [RL(0)]/(1 — [hx(t)]?)
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of Gaussian curvature —4 at noncritical points. Take their upper envelope
Ag(t) =sup{Ag_(t): x € S(I*)} and pass to the upper semicontinuous regular-
ization

Ag(t) = limsup Ag(t).

t'—t
This yields a logarithmically subharmonic metric on A whose curvature in the
supporting and in the potential sense both are less than or equal —4. Its circular

mean
2

MO () = 20) [ aclre®)ds
0
is a circularly symmetric metric with curvature also at most —4 in the potential
sense.
To calculate the value of M[Ag](0), one can apply the standard variational
method to the maps f* € X and to their Grunsky coefficients, which yields

MIAL(0) = Ag(0) = a(f*). (7)
Further, applying Lemma 3, we get
a(fo)
A >
MA](r) = 1— alfy)2r?
and, integrating both sides of this inequality over a radial segment [0, o] with
0 = [0l

/M[A{](T)df > tanh ™ [a(f")o] = tanh™ [a(f"0)k(f4)]

— tanh a0 ) f1)].
On the other hand, since the disk A(ug) is geodesic, we have

[ Acsmotolat] = ant et )
0

Using these relations, one obtains the desired estimates (5), (6).
3%. To get (3), we have to estimate (6) from below. To this end, we apply
the following important result.

Lemma 4 ([5], [6]). The equality »(f) = k(f) for a function f € ¥ holds

if and only if f is the restriction to A* of a quasiconformal self-map w*° of@
with Beltrami coefficient pg satisfying the condition

sup |(to, @) al = |10/l oos

where the supremum is taken over holomorphic functions ¢ € A2(A) with
lells = 1.
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If, in addition, the class [f] contains a frame map (is a Strebel point), then
1o 1S of the form

po(2) = lltolloc|to(2)]/%0(2)  with 1o € Af in A. (8)

For analytic curves f(S?), the equality (8) is given also in [10].

In view of this lemma and Theorem 2, we can restrict ourselves in the proof
of (3) to finding a minimal value of the functionals [, (¢)) = |(u*, ©)a| on the set
{p € A3 ||lo|l; = 1} for u* = ||/ defined by integrable holomorphic functions
in A of the form

P(z)=2"(co+crz+---), m=135....

A long complicate evaluation yields that this minimum equals %ﬁ and is at-
tained on the map (4).
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