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COMPUTING CHARACTERISTIC SETS OF ORDINARY
RADICAL DIFFERENTIAL IDEALS

BRAHIM SADIK

Abstract. We give upper bounds for the order of the elements in a charac-
teristic set of a regular differential ideal or a radical of a finitely generated
differential ideal with respect to some specific orderings. We then show how
to compute characteristic sets of these ideals using algebraic methods.
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1. Introduction

A characteristic set of an ideal, in a polynomial ring over a commutative field,
is a finite set of polynomials that preserves the main properties of the original
system. Moreover, this set has the lowest rank among all triangular sets in
the ideal. For polynomial rings over commutative fields, Gallo and Mishra [7]
realized an efficient algorithm for computing characteristic sets and studied its
complexity. For differential polynomial rings over zero characteristic fields and
for prime differential ideals, an algorithm has been described by Ollivier [9].
This algorithm applies in some special cases. Computing characteristic sets
of prime differential ideals is also one application of the Rosenfeld–Gröbner
algorithm developed by Boulier [2], Boulier et al. [4, 3]. The author [13] has
studied the complexity of computing characteristic sets of ordinary differential
ideals by change of orderings.

An open question (to my knowledge) is the computation of characteristic
sets for non-prime differential ideals. In this paper we solve this problem for
regular differential ideals and radicals of finitely generated differential ideals in
the ordinary case. Our method applies for orderings

u1 ≺ · · · ≺ uq ≺ y1 ≺ · · · ≺ yp,

where the first q indeterminates form a parametric set for the ideal we consider.
When the ordering is not specified, we give sufficient conditions to compute
characteristic sets in these general cases. The paper is arranged as follows:
Ssection 2 is devoted to presenting some definitions and fixing some notations.
In Section 3, we give some properties of regular differential ideals and charac-
teristic sets. In the last section, which is the main one, we give upper bounds
for the order of the elements in a characteristic set of a regular differential ideal
or a radical of a finitely generated differential ideal. In Subsection 4.1 and for
regular differential ideals, we show how to find a basis for a polynomial ideal
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that contains this characteristic set. Subsection 4.2 is devoted to computing a
characteristic set of a radical of a finitely generated differential ideal. For this,
we need to apply the Rosenfel–Gröbner algorithm [2, 4, 3] to a finite set of dif-
ferential polynomials φ. Once we have a representation by regular differential
ideals, we can apply the Buchberger algorithm [1, 5, 6] to construct a basis from
which we extract a characteristic set of the radical differential ideal {φ}.

2. Some Definitions and Notation

Let F be a zero characteristic differential field and δ be a derivation on
F . Let X = {x1, . . . , xn} be a finite set of differential indeterminates over
F and ΘX = {δjxi | 1 ≤ i ≤ n, j ≥ 0}. A derivative δjxi will be denoted
xi,j. The integer j is the order of xi,j, it will be denoted by ord(xi,j). The
ring of differential polynomials (d.p.) R = F{x1, . . . , xn} in the differential
indeterminates x1, . . . , xn with coefficients in F , is the polynomial ring F [ΘX].

Definition 1 ([8], p. 45). A total order ≺ on ΘX is called a ranking (or an
ordering) if it satisfies the following two conditions:

1. u ≺ δu ∀u ∈ ΘX,
2. u ≺ v =⇒ δu ≺ δv ∀u, v ∈ ΘX.

A ranking ≺ on ΘX is an orderly ordering if the following holds:

ord(u) < ord(v) =⇒ u ≺ v ∀u, v ∈ ΘX.

A ranking x1 ≺ · · · ≺ xn on ΘX is an elimination ranking if

i ≤ j =⇒ xi,` ≺ xj,k ∀`, k ∈ N.

Fix a ranking ≺ on ΘX. Let f be a differential polynomial, not in F . The
leading derivative of f is the greatest element xi,j of ΘX (w.r.t. ≺) that appears
in f , we denote it by Ld(f); the variable xi will be called the leading variable
of f and it will be denoted Lv(f). Assume that Ld(f) = v and write f =
Idv

d+· · ·+I0 (Id 6= 0), then If = Id is the initial of f and Sf = ∂f
∂v

is the separant
of f . The order of f in xi (ord(f, xi)) is the maximum integer j such that xi,j

appears effectively in f . Let D(f) be the set of all derivatives xi,j that appear
effectively in f , the order of f (ord(f)) being max{j : ∃1 ≤ i ≤ n | xi,j ∈ D(f)}.

Consider now a differential polynomial (d.p.) g that is not in F . A d.p. f is
less than g (f < g) if Ld(f) ≺ Ld(g) or Ld(f) = Ld(g) = v and degree(f, v) <
degree(g, v). If neither f < g nor g < f , we say that f and g have the same
rank and we write f ∼ g. We say that f is partially reduced with respect to
g if f is free of every derivative of Ld(g). It is reduced with respect to g if f
is partially reduced with respect to g and degree(f, Ld(g)) < degree(g, Ld(g)).
Let S be a subset of F{x1, . . . , xn}\F , we say that f is reduced (resp. partially
reduced) w.r.t. S if it is reduced (resp. partially reduced) with respect to each
element of S.

A subset A of R is called an autoreduced set if every element in A is reduced
w.r.t. all the others. An autoreduced set is necessarily finite (see [8], p. 77).
If A = {A1, . . . , Ap} is an autoreduced set with A1 < A2 < · · · < Ap, then
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we denote A by A = A1, . . . , Ap. Let A = A1, . . . , Ap and B = B1, . . . , Bq be
two autoreduced sets, we say that A is less than B (A < B) if either there is
some j ≤ min(p, q) such that Ai ∼ Bi for i < j and Aj < Bj, or q < p and
Ai ∼ Bi for i ≤ q. If neither A < B nor B < A, we say that A and B have the
same rank, and we denote A ∼ B. The pre-order defined above is artinian (see
[8, 10]). If F is a subset of R, then the set of all autoreduced sets of F has a
minimal element, which we call a characteristic set of F .

An ideal I of R which is closed under derivation is called a differential ideal.
The ideal I is a radical differential ideal if I is a differential ideal and, for all
f ∈ R, if some power of f belongs to I, then f is also in I. If S is a subset of
R, then we denote by (S), [S] and {S}, respectively, the ideal, the differential
ideal, and the radical differential ideal generated by S.

Partial reduction ([8], p. 77, 78). Let A = A1, . . . , Ap be an autoreduced
set. Then for every differential polynomial F , we can compute a differential
polynomial R partially reduced w.r.t. A and integers a1, . . . , ap such that

Sa1
1 · · ·Sap

p F ≡ R (mod[A]),

where Si = SAi
for 1 ≤ i ≤ p.

Algebraic reduction. Let f and g be two differential polynomials such that
f is partially reduced w.r.t. g. Then we can compute a differential polynomial
h reduced w.r.t. g and an integer ` such that I`

gf ≡ h (mod(g)).

Full reduction. A full reduction of a differential polynomial F by an autore-
duced set A = A1, . . . , Ap can be computed as follows: we first reduce partially
F w.r.t. A, then we reduce algebraically the result by Ap, Ap−1 and so on. So
we can compute a d.p. R = prem(f ; A) which is reduced w.r.t. A and satisfies

I i1
1 · · · I ip

p Ss1
1 · · ·Ssp

p f ≡ R (mod[A]),

where I` = IA`
, Sk = SAk

and ik, s` are nonnegative integers. In particular, a
characteristic set of a differential ideal I is an autoreduced set of I that reduces
every element of I to zero.

Let H be a finite set of d.p. and H∞ be the free multiplicative semigroup
generated by 1 and H. For any subset S of d.p., we denote (S) : H∞ (respec-
tively [S] : H∞) the ideal of all d.p. f for which there exists h ∈ H∞ such that
hf ∈ (S) (respectively hf ∈ [S]). Let A be an autoreduced set of R, then HA

denotes the set of initials and separants of the elements in A. The differential
ideal [A] : H∞

A will be called the regular differential ideal associated to A. The
notion of regular differential ideals was first introduced by Boulier et al. in [4].

It is known that any radical differential ideal I is the intersection of a finite
number of prime differential ideals I = P1 ∩ · · · ∩ Pr. The ideals P are called
components of I. A component Pi is said to be redundant if I = ∩i6=jPj. A
component which is not redundant is called a minimal prime component of I.

A subset {u1, . . . , uq} of {x1, . . . , xn} is differentially independent modulo I
if

I ∩ F{u1, . . . , uq} = (0).
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It is differentially dependent otherwise. Such a subset is called a parametric set
of I when it is differentially independent modulo I and its cardinal is maximal.
The cardinal of a parametric set of I is called the dimension of I and will be
denoted by dim(I).

Let {u1, . . . , uq} be a subset of {x1, . . . , xn}, then we denote by F〈u1, . . . , uq〉
the fraction field F(ui,j, j ∈ N, 1 ≤ i ≤ q) equipped with the derivation δ.

3. Some Preliminary Properties

In this section, R = F{x1, . . . , xn},Rs = F [xi,j, 1 ≤ i ≤ n, j ≤ s] and
I(s) = I ∩ Rs for a differential ideal I.

Lemma 1. Let C = C1, . . . , Cq be a triangular set of Rs (Ld(Ci) 6= Ld(Cj)
∀i 6= j). Let HC be the set of initials and separants of Ci. If L denotes the set
of the leading derivatives of the elements of C, then

1) the ideal I = (C) : H∞
C is a radical ideal in Rs,

2) the set N = {xi,j, 1 ≤ i ≤ n, j ≤ s} \L provides a parametric set, in a
nondifferential sense, for every minimal prime component P of I.

Proof. See [3], Theorem 2.1. ¤
Lemma 2. Let A := A1, . . . , Ap be an autoreduced set in R with respect to

an orderly ordering such that 1 /∈ I = [A] : H∞
A . Let s ≥ max{ord(Ai) : 1 ≤

i ≤ p}, then

I(s) = (δjAi, ord(δjAi) ≤ s, 1 ≤ i ≤ p) : H∞
A .

Proof. Denote J (s) = (δjAi, ord(δjAi) ≤ s, 1 ≤ i ≤ p) : H∞
A . We shall prove

that I(s) = J (s). The inclusion J (s) ⊂ I(s) is clear. Let us prove the converse
one. For this consider a polynomial f ∈ I(s). Reducing it partially by A, we
get a formula

Sa1
1 · · ·Sap

p f −R0 ≡ 0 mod(δjAi, ord(δjAi) ≤ s, 1 ≤ i ≤ p).

By the Rosenfeld lemma ([12], p. 397), the pseudo-remainder R0 belongs to
(A) : H∞

A . Since s is great enough we get (A) : H∞
A ⊂ J (s) and hence f ∈

J (s). ¤
Proposition 1. Let A := A1, . . . , Ap be an autoreduced set in R with respect

to an orderly ordering such that 1 /∈ I = [A] : H∞
A . Then

• I is a radical differential ideal.
• I and its minimal prime components have the same differential tran-

scendence function.
• When s ≥ max{ord(Ai) : 1 ≤ i ≤ p} the differential transcendence func-

tion of I is equal to (n− p)(s + 1) + h, where h =
p∑

i=1

ord(Ai) and n is

the number of differential indeterminates.

Proof.

• See [3].
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• By [3], I and its minimal prime components have characteristic sets
which have the same leading derivatives. Hence they have the same
differential transcendence function.

• Let us prove the last point. Let s ≥ max{ord(Ai) : 1 ≤ i ≤ p}, then by
Lemma 2

I(s) = (δjAi, j ≤ s− ord(Ai), 1 ≤ i ≤ p) : H∞
A .

The cardinal of the family

δjAi, j ≤ s− ord(Ai), 1 ≤ i ≤ p

is equal to p(s + 1)−
p∑

i=1

ord(Ai). Hence the dimension of I(s) is equal

to (n− p)(s + 1) +
∑p

i=1 ord(Ai) by lemma 1. ¤
Definition 2. Let A := A1, . . . , Ap be an autoreduced set in R w.r.t. an

orderly ordering such that 1 /∈ I = [A] : H∞
A . The integer h =

p∑
i=1

ord(Ai) will

be called the order of I. It will be denoted by ord(I).1

Remark 1. Let ≺ be an orderly ordering and I be a prime differential ideal
in R. We know that I admits a characteristic set C = C1, . . . , Cp w.r.t. ≺
such that I = [C] : H∞

C . Hence we may define the order of I as in the last
definition.

The following result goes back to [13].

Theorem 1. Let I be an ordinary prime differential ideal of order h. Then
with respect to any ranking, the ideal I admits a characteristic set in which the
order of each element cannot exceed h.

We get immediately the following result.

Proposition 2. Let I be an ordinary prime differential ideal and u1, . . . , uq

be elements of {x1, . . . , xn}. Let h = ord(I) and assume that u1, . . . , uq are
differentially dependent modulo I. Then the ideal I contains a d.p. U that
depends only on u1, . . . , uq and is of order less than or equal to h.

Lemma 3. Let C1, . . . , C` be a triangular set (Ld(Ci) 6= Ld(Cj) for i 6= j)
of R and f ∈ R. Assume that a derivative v appears effectively in f and not
in any Ci for 1 ≤ i ≤ `. Then f belongs to (C1, . . . , C`) : H∞

C implies that the
coefficients of f arranged as a polynomial in v are also in (C1, . . . , C`) : H∞

C .

Proof. We have f ∈ (C1, . . . , C`) : H∞
C . There exist α ∈ N and M1, . . . , M` ∈ R

such that
Hα

Cf = M1C1 + · · ·+ M`C`.

Denote r = max{deg(f, v), deg(Mi, v) : 1 ≤ i ≤ `} and write f and the polyno-
mials Mi as polynomials in v. Therefore we obtain

f = frv
r + · · ·+ f1v + f0

1 Proposition 1 implies that the definition of ord(I) is independent of A.
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and for 1 ≤ i ≤ ` we get

Mi = Mi,rv
r + · · ·+ Mi,1v + Mi,0.

Furthermore, the equation

Hα
C(frv

r + . . . + f1v + f0) =
∑̀
i=1

(Mi,rv
r + · · ·+ Mi,1v + Mi,0)Ci

yields
Hα

Cfj = M1,jC1 + · · ·+ M`,jC`

for 1 ≤ j ≤ r. This completes the proof of the lemma. ¤
Lemma 4. Let C := C1, . . . , Cp be a characteristic set of a prime differential

ideal I in R w.r.t. an orderly ordering ≺. Let yi = Lv(Ci) for 1 ≤ i ≤
p and u1, . . . , uq be the other differential indeterminates. Then C is also a
characteristic set of the prime differential ideal

J =

{
f

g
, f ∈ I, 0 6= g ∈ F{u1, . . . , uq}

}

in F〈u1, . . . , uq〉{y1, . . . , yp} w.r.t. to the ranking ≺ on y1, . . . , yp.

Proof. Consider C as an autoreduced set in F〈u1, . . . , uq〉{y1, . . . , yp}. Let f ∈
J and R0 = prem(f ; C). There exists a relation Hα

Af − R0 ≡ 0 mod [C]
in F〈u1, . . . , uq〉{y1, . . . , yp}. The polynomial R0 lies in J , then there exists
0 6= M ∈ F{u1, . . . , uq} such that MR0 ∈ I. Since MR0 is reduced w.r.t. A it
must vanish. Thus R0 = 0 and the proof is completed. ¤

Lemma 5. Let C := C1, . . . , Cp be a characteristic set of a prime differential
ideal I in R w.r.t. an orderly ordering ≺. Let yi = Lv(Ci) , ei = ord(Ci, yi)
and f ∈ R such that ord(f, yi) ≤ s for 1 ≤ i ≤ p and some integer s ≥ max{ei :
1 ≤ i ≤ p}. Then f lies in I if and only if it lies in the ideal

(δjCi, j ≤ s− ei, 1 ≤ i ≤ p) : H∞
C .

Proof. Assume that f ∈ I. Let

{u1, . . . , uq} = {x1, . . . , xn} \ {y1, . . . , yp}
and

G = F〈u1, . . . , uq〉.
By the preceding lemma, C1, . . . , Cp is a characteristic set of the ideal

J =

{
f

g
, f ∈ I, 0 6= g ∈ F{u1, . . . , uq}

}

in G{y1, . . . , yp} w.r.t. to the ranking ≺ on y1, . . . , yp. Since the order of f as
an element of G{y1, . . . , yp} is less than or equal to s, we obtain

f ∈ J (s) = (δjCi, j ≤ s− ei, 1 ≤ i ≤ p) : H∞
C

by Lemma 2. Therefore we get a relation

Hα
Cf ≡ 0 mod (δjCi, j ≤ s− ei, 1 ≤ i ≤ p) in G{y1, . . . , yp}.
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Multiplying the last relation by a suitable element U of F{u1, . . . , uq} we get a
formula

Hα
CUf ≡ 0 mod (δjCi, j ≤ s− ei, 1 ≤ i ≤ p).

in F{x1, . . . , xn}. Since {u1, . . . , uq} is a parametric set for I, we obtain the
desired result. ¤

Lemma 6. Let C := C1, . . . , Cp be a characteristic set of a prime differential
ideal I in R with respect to an elimination ordering x1 ≺ · · · ≺ xn. Let
h = ord(I) and denote by yi the leading variable of Ci for 1 ≤ i ≤ p. Let
s be an integer and f be a differential polynomial such that ord(f, yi) ≤ s for
1 ≤ i ≤ p. Then, f ∈ I if and only if f ∈ (δjCi, 1 ≤ i ≤ p, j ≤ s) : H∞

C .

Proof. The converse implication is clear. Let us prove the direct one. Using
Theorem 1, we may assume that ord(Ci) ≤ h for 1 ≤ i ≤ p. Let ei = ord(Ci, yi).
In each Ci and f , replace each derivative yj,` by yj,`+h−ej

for 1 ≤ j ≤ p, giving a
characteristic set C̄ = C̄1, . . . , C̄p of a prime differential ideal J with respect to
an orderly ordering. Now f ∈ I if and only if f̄ ∈ J . Since ord(f̄ , yi) ≤ s + h
and ord(C̄i) = h for 1 ≤ i ≤ p, we have by Lemma 5, f̄ ∈ (δjC̄i, 1 ≤ i ≤ p, j ≤
s) : H∞̄

C
. Hence we are done. ¤

4. Characteristic Sets of Radical Differential Ideals

We recall that R = F{x1, . . . , xn},Rs = F [xi,j, 1 ≤ i ≤ n, j ≤ s] and
I(s) = I ∩ Rs for a differential ideal I.

In the sequel we assume that 1 is not in any regular differential ideal we
consider.

4.1. Regular differential ideals.

Lemma 7. Let A be an autoreduced set in R w.r.t. an orderly ordering,
I = [A] : H∞

A and h = ord(I). Let u1, . . . , uq be a parametric set for I and let
y1, . . . , yp be the other differential indeterminates. Let C1, . . . , Cp be a charac-
teristic set of I w.r.t. an elimination ranking u1 < · · · < uq < y1 < · · · < yp.

Assume that ord(Ci, yi) = ei for 1 ≤ i ≤ p, then
p∑

i=1

ei ≤ h.

Proof. For s great enough, the family

ui,j, 1 ≤ i ≤ q, 0 ≤ j ≤ s, yi,j, 0 ≤ j ≤ ei − 1, 1 ≤ i ≤ p

is algebraically independent modulo the polynomial ideal I(s). The number

of the elements in F is equal to q(s + 1) +
p∑

i=1

ei. Since by Proposition 1, the

dimension of I(s) is equal to q(s + 1) + h, we get the desired inequality. ¤
Lemma 8. Let A be an autoreduced set in R w.r.t. an orderly ordering,

I = [A] : H∞
A and h = ord(I). Let u1, . . . , uq be a parametric set for I and let

y1, . . . , yp be the other differential indeterminates. Then I admits a character-
istic set C1, . . . , Cp w.r.t. an elimination ranking

u1 < · · · < uq < y1 < · · · < yp (∗)
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such that ord(Ci) ≤ 2h for 1 ≤ i ≤ p.

Proof. Let R1, . . . , Rp be a characteristic set of I with respect to the ranking
(∗). For 1 ≤ i ≤ p, let Di be a coefficient of Ri, that has the same rank as Ri

when Ri is arranged as a polynomial in the derivatives ui,j, 1 ≤ i ≤ q, j > 2h.
By the previous lemma, we have ord(Ri, yi) ≤ h for 1 ≤ i ≤ p. This implies
that ord(Ri, yj) ≤ h for 1 ≤ i, j ≤ p. Hence ord(Di) ≤ 2h for 1 ≤ i ≤ p.

Let P be a minimal prime component of I.

• If u1, . . . , uq are differentially dependent modulo P , then by Proposi-
tion 2, P contains a d.p. of order less than or equal to h that depends
only on u1, . . . , uq.

• Assume that u1, . . . , uq is a parametric set for P and let B1, . . . , Bp be a
characteristic set for P w.r.t. the same ranking (∗). By Proposition 1,
I and P have the same order and hence we may assume by Theorem 1
that ord(Bi) ≤ h for 1 ≤ i ≤ p. Therefore each Ri (for 1 ≤ i ≤ p)
lies in (δjBi, 1 ≤ i ≤ p, j ≤ h) : H∞

B by Lemma 6. Using Lemma 3,
Di ∈ (δjBi, 1 ≤ i ≤ p, j ≤ h) : H∞

B . Hence Di belongs to P for
1 ≤ i ≤ p.

Since I is the intersection of its minimal prime components, we see easily that
I admits a characteristic set C1, . . . , Cp, where each Ci is a product of Di and
a polynomial in F{u1, . . . , uq}, such that ord(Ci) ≤ 2h for 1 ≤ i ≤ p. ¤

We may thus formulate the following theorem.

Theorem 2. Let A := A1, . . . , Ap be an autoreduced set in R w.r.t. to an
orderly ordering, I = [A] : H∞

A and h = ord(I). Then a characteristic set of
I with respect to an elimination ordering

u1 ≺ · · · ≺ uq ≺ y1 ≺ · · · ≺ yp

where the first q variables form a parametric set for I, is contained in the
polynomial ideal I(2h) of the polynomial ring R2h.

Remark 2. Let ≺ be a ranking on R and s be an integer. Then ≺ induces
an ordering of the derivatives xi,j; 1 ≤ i ≤ n; j ≤ s. It should be taken into
account anywhere we talk about ordering of the derivatives.

Remark 3. Let A := A1, . . . , Ap be an autoreduced set in R w.r.t. to an
orderly ordering, I = [A] : H∞

A , h = ord(I) and ei = ord(Ai) for 1 ≤ i ≤ p.
For an integer s ≥ max{ei : 1 ≤ i ≤ p}, the ideal I(s) is equal to (δjAi, 0 ≤
j ≤ s − ei, 1 ≤ i ≤ p) : H∞

A by Lemma 2. Let x0 be a new indeterminate and
H =

∏p
i=1 SAi

IAi
. Using the Rabinowitsch “trick” (J. L. Rabinowitsch, Zum

Hilbertschen Nullstellensatz. Math. Ann. 102(1930), No. 1, 520) we have

I(s) = (δjAi, 0 ≤ j ≤ s− ei, 1 ≤ i ≤ p, Hx0 − 1) ∩Rs.

Assume that we desire to compute a characteristic set for I w.r.t. an elim-
ination ranking ≺. We first compute a Gröbner basis G of the polynomial
ideal

(δjAi, 0 ≤ j ≤ 2h− ei, 1 ≤ i ≤ p, Hx0 − 1)
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with respect to a lexicographical ordering on the derivatives, which first elim-
inates x0 [1, 5, 6]. Therefore G ∩ R2h is a Gröbner basis for the polynomial
ideal I(2h). Now in the polynomial case, any characteristic set C of G is a
characteristic set of I(2h) (see [11]). Finally, any minimal autoreduced set of
C in the differential case is a characteristic set for I w.r.t. ≺.

Example 1. Consider two differential polynomials: f1 = x1,1
2x2,0 + tx1,0

and f2 = x1,0x2,1 + x1,0x2,0 + tx2,0 in Q(t){x1, x2}, with δ = d
dt

. We see easily
that A = f1, f2 is an autoreduced set w.r.t. the orderly ordering such that
x1 < x2. We have HA = {x1,1, x2,0, x1,0} and ord([A] : H∞

A ) = 2. Our desire is to
compute a characteristic set C1, C2 for [A] : H∞

A w.r.t. the elimination ranking
x1 ≺ x2. Since the ideal I = [A] : H∞

A is zero-dimensional its characteristic
set is contained in I(2) = (f1, f2, δf1, δf2) : H∞

A . We get the following set after
computation:

C1 = −t2x1,1 + 2 x1,2tx1,0 − tx1,1
2 − tx1,0x1,1 − x1,0x1,1,

C2 = x1,1
2x2,0 + tx1,0.

An outlook on the general case. Let A := A1, . . . , Ap be an autoreduced
set in R w.r.t. an orderly ordering. Let C := C1, . . . , C` be a characteristic set
of I = [A] : H∞

A with respect to another ordering ≺. We see easily that ` ≥ p
but the equality cannot be proved. When we have the equality, we can bound
the order of the Ci as in Lemma 8. We solve partially this problem by giving a
sufficient condition for the equality to hold and in this case we can compute a
characteristic set for I w.r.t. ≺.

Lemma 9. Let I be an ordinary differential ideal. Let C = C1, . . . , C` be a
characteristic set for I with respect to an elimination ordering ≺ on x1, . . . , xn.
Denote yi = Lv(Ci) for 1 ≤ i ≤ ` and let u1, . . . , uq be the other differential
indeterminates. Then C is also a characteristic set for I w.r.t. any ordering

u1 < · · · < uq < y1 < · · · < yp.

Proof. It is sufficient to show that C reduces all nonzero elements of I w.r.t.
the new ordering u1 < · · · < uq < y1 < · · · < yp. Since C reduces all nonzero
elements of I to zero, the family u1, . . . , uq is differentially independent modulo
I. Therefore a nonzero element f of I must introduce at least a derivative of
one of the variables y1, . . . , yp. But f must be reduced by C w.r.t. the ordering
≺ on x1, . . . , xn, hence it must be reduced by C w.r.t. to the new ordering
u1 < · · · < uq < y1 < · · · < yp. ¤

Lemma 10. Let A := A1, . . . , Ap be an autoreduced set in R w.r.t. an
orderly ordering, I = [A] : H∞

A and h = ord(I). Let {u1, . . . , un−p} be a subset
of {x1, . . . , xn} and s be a nonnegative integer that is greater than or equal
to h. Then {u1, . . . , un−p} is a parametric set for I if and only if the family
ui,j, 1 ≤ i ≤ n − p, j ≤ h is algebraically independent modulo the polynomial
ideal I(s).
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Proof. The direct implication is clear. By Lemma 1 I and its minimal prime
components have the same dimension n − p and the same order h. Using
Lemma 2, the converse implication is proved. ¤

Proposition 3. Let A := A1, . . . , Ap be an autoreduced set in R w.r.t. an
orderly ordering, I = [A] : H∞

A and h = ord(I). Let ≺ be an elimination
ordering on x1, . . . , xn and let B be a Gröbner basis for I(2h) w.r.t. to the
ordering induced by ≺ on R2h. Let {y1, . . . , y`} be the set of the variables which
are leading variables of some element in B. Then ` = p implies that in the
differential case a characteristic set of B is a characteristic set of I w.r.t. ≺.

Proof. Let {u1, . . . , uq} = {x1, . . . , xn} \ {y1, . . . , yp}. The family ui,j, 1 ≤ i ≤
q, j ≤ h is algebraically independent modulo I(2h), therefore u1, . . . , uq is a
parametric set for I by Lemma 10. Using Theorem 2 a characteristic set of I
w.r.t. the ordering

u1 ≺ · · · ≺ uq ≺ y1 ≺ · · · ≺ yp

is contained in the ideal I(2h). Thus we conclude the proof using Lemma 9. ¤
Example 2. Let f1 = x1,0x2,1

2 + x2,1x3,0, f2 = x2,1x1,1 + tx3,1 + t2 + 1 in
Q(t){x1, x2}. The set A = f1, f2 is an autoreduced set with respect to the
orderly ordering x3 ≺ x2 ≺ x1. We have HA = {(2 x1,0x2,1 + x3,0) , x2,1x1,0},
dim(I = [A] : H∞

A ) = 1 and ord(I) = 2. We want to compute a characteristic
set for I w.r.t. an elimination ranking such that x1 < x2 < x3. After computing
a Gröbner basis B for I(4) w.r.t. the induced ordering, we get that x1 is not
a leading variable of any element in B. By Proposition 3, a characteristic set
C = C1, C2 for I w.r.t. the ordering x1 < x2 < x3 is then contained in the ideal
I(4). We obtain the following polynomials:

C1 = tx2,2x1,0 − x2,1x1,1 + x1,1x2,1t− t2 − 1,
C2 = x1,0x2,1 + x3,0

4.2. Radicals of finitely generated differential ideals. Consider a finite
subset φ of d.p. for which we apply the Rosenfeld-Gröbner algorithm with
respect to an orderly ranking (see [4, 3]). This algorithm permits us to compute
regular differential ideals J1, . . . ,Jr, where each ideal Ji is respectively the
regular differential ideal associated to an autoreduced set Ai, such that {φ} =
J1 ∩ . . . ∩ Jr. Using Proposition 1, the minimal prime components of each Ji

have the same dimension and the same order. Let q be a maximum of the
dimensions of the ideals Ji, 1 ≤ i ≤ r and h be the maximum of the orders of
the ideals whose dimension is equal to q. Then for s À 0, the dimension of
the polynomial ideal {φ}(s) = {φ} ∩Rs is equal to q(s + 1) + h. The integer q
is the dimension of {φ} and h will be called the order of {φ} (we denote it by
ord({φ}).

Theorem 3. Let φ be a finite set of d.p. and {φ} = [A1] : H∞
A1
∩. . .∩[Ar] : H∞

Ar

be the decomposition given by the Rosenfeld–Gröbner algorithm w.r.t. to an
orderly ordering. Let h = ord({φ}) and h′ be a maximum of the orders of the
ideals [A]i : H∞

Ai
. Then with respect to any elimination ordering

u1 ≺ · · · ≺ uq ≺ y1 ≺ · · · ≺ yp,
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where the first q indeterminates form a parametric set for {φ}, the differential
ideal {φ} admits a characteristic set C1, . . . , Cp such that the order of each Ci

cannot exceed max{2h, h′}.
Proof. The idea of the proof is very similar to the one used in the proof of
Lemma 8.

Let A := A1, . . . , Ap be a characteristic set of {φ} w.r.t. to the described
ordering. Since the dimension of {φ}(s), for s À 0, is equal to q(s + 1) + h,
we see, using a similar result of Lemma 7 for {φ}, that ord(Ai, yi) ≤ h for
1 ≤ i ≤ p. Therefore ord(Ai, yj) ≤ h for 1 ≤ i, j ≤ p. Next, let Di, for
1 ≤ i ≤ p, be a coefficient of Ai, that has the same rank as Ai when Ai is
arranged as a polynomial in the derivatives ui,j, 1 ≤ i ≤ q, j > 2h.

Let P be a minimal prime component of {φ}.
• Assume that u1, . . . , uq form a parametric set for P . Then ord(P) ≤

h and P admits a characteristic set B1, . . . , Bp with respect to the
elimination ordering

u1 ≺ · · · ≺ uq ≺ y1 ≺ · · · ≺ yp

such that ord(Bi) ≤ h for 1 ≤ i ≤ p by Theorem 1. By Lemma 6,

Ai ∈ (δjBi, 1 ≤ i ≤ p, j ≤ h) : H∞
B

for 1 ≤ i ≤ p. Hence by Lemma 3, P contains Di for 1 ≤ i ≤ p.
• If u1, . . . , uq are differentially dependent modulo P , then by Proposi-

tion 2 P contains a d.p. that depends only on u1, . . . , uq and is of order
less than or equal to h′.

Since ord(Di) ≤ 2h, for 1 ≤ i ≤ p, we see that I admits a characteristic set
C1, . . . , Cp with respect to the desired ordering such that each Ci is a product
of Di and a polynomial in F{u1, . . . , uq} is of order less than or equal to h′. It
is clear that ord(Ci) ≤ max{2h, h′} for 1 ≤ i ≤ p. ¤

We may thus formulate the following corollary.

Corollary 1. Let φ be a finite set of d.p. and {φ} = J1 ∩ . . . ∩ Jr be the
decomposition given by the Rosenfeld–Gröbner algorithm w.r.t. to an orderly
ordering. Let h = ord({φ}) and h′ be a maximum of the orders of the ideals
Ji. Then with respect to any elimination ordering

u1 ≺ · · · ≺ uq ≺ y1 ≺ · · · ≺ yp,

where the first q indeterminates form a parametric set for {φ}, a characteristic
set of {φ} can be extracted, following the same way as in Remark 3, from one
of the polynomial ideal {φ}(max{2h, h′}).

Remark 4. Let s À 0, then to compute a characteristic set for the polynomial
ideal {φ}(s), we have to determine a basis for this ideal. Let {φ} = J1∩ . . .∩Jr

where each Ji is the regular differential ideal associated to an autoreduced
set Ai for 1 ≤ i ≤ r. Using the Rabinowitsch “trick” and the Buchberger
algorithm, we can compute bases for the ideals Ji(s) for 1 ≤ i ≤ r. Since
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{φ}(s) = J1(s)∩ . . .∩Jr(s), we can apply the Buchberger algorithm ([1, 5, 6])
to provide a basis for this intersection of ideals.

For the radical of finitely generated differential ideal, we use a similar dis-
cussion to the one in the last paragraphs of Subsection 4.1 to get a sufficient
condition when the ordering in the variables is not specified.

Proposition 4. Let φ be a finite set of d.p. and h, h′ be defined as in Corol-
lary 1. Let ≺ be an elimination ordering and B be a Gröbner basis for the ideal
{φ}(max{2h, h′}) w.r.t. to the ordering induced by ≺. Let {u1, . . . , uq} be the
set of the variables which are not leading variables of any element in B. If the
dimension of {φ} is equal to q, then a characteristic set of B in the differential
case w.r.t. ≺ is a characteristic set of {φ} w.r.t. ≺.

Remark 5. Consider a zero-dimensional system φ (dim({φ}) = 0)) of order
equal to h. A characteristic set of {φ} w.r.t. to any ordering is contained in
the polynomial ideal {φ}(h).

Example 3. In the ordinary differential ring Q{x1, x2} consider the differ-
ential polynomials:

f1 = x1,2
2 + 2 x1,1x2,1 − x1,1

3 − x1,0x1,1x2,1,
f2 = x1,1

2 + x1,0x2,1 + x2,2,
g1 = x1,1,
g2 = x1,0x2,1 + x2,2,

where xi,j is the j-the order derivative of the differential indeterminate xi.
With respect to an orderly ordering such that x1 < x2, both f1, f2 and g1, g2

are autoreduced sets. We want to compute a characteristic set for the ideal

I = [f1, f2] : {x1,2}∞ ∩ [g1, g2]

with respect to an elimination ordering such that x1 < x2. Both [f1, f2] : {x1,2}∞
and [g1, g2] are differential ideals of dimension zero. The ideal [f1, f2] : {x1,2}∞
is of order 4 and the other ideal [g1, g2] is of order 3. The method described
in Subsection 4.2 permits to obtain a characteristic set for I from one of
the algebraic ideals I(4) (Remark 5). A Gröbner basis computation gives the
following characteristic set C1, C2 where:

C1 = −x1,1
2x1,2

2 + x1,1
5 − x1,0x1,2

3 − 2 x1,1
3x1,0x1,2 + 2 x1,1x1,0x1,2x1,3

+ x1,1x1,0
2x1,2

2 − 2 x1,0x1,1
4 + 2 x1,2

3 + 4 x1,2x1,1
3 − 4 x1,1x1,2x1,3

− 2 x1,1x1,0x1,2
2 + 4 x1,1

4,

C2 = −x1,2
2 − 2 x1,1x2,1 + x1,1

3 + x1,0x1,1x2,1.

Example 4. Consider the radical differential ideal

I = [x2,0, x1,1 − x1,0] ∩ [x1,0, x2,1 − x2,0]

in Q{x1, x2}. This ideal is of dimension zero and of order 1. Therefore by
Subsection 4.2, a characteristic set is contained in the algebraic ideal I(1)
(Remark 5). After computation, we obtain that C1 = x1,0x2,0, C2 = x1,1−x1,0 is
a characteristic set for I with respect to an orderly ordering such that x1 < x2.
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5. Conclusion

We have studied the problem of computing characteristic sets of ordinary
radical differential ideals. An open question is to study eventual possibilities to
apply our results for computing characteristic sets with respect to any ordering.
Another important problem is the extension of our method to the particular
case.
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Faculté des Sciences Semlalia
BP 2390 Mandrakes, Morocco
E-mail: sadik@ucam.ac.ma


