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Abstract. The Cauchy problem for n-dimensional systems of linear func-
tional differential equations is studied. Some new theorems on systems of
functional differential inequalities are established.
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1. INTRODUCTION

On the interval [a, b], we consider the initial value problem

u'(t) =Lu)(t) +q(t),  ula)=c, (1.1)
where ¢ : C([a,b];R") — L([a,b];R™) is a linear bounded operator, ¢ €
L([a,b]; R™), and ¢ € R". By a solution of problem (1.1) is understood an
absolutely continuous vector function w : [a, b] — R" satisfying the equation in
(1.1) almost everywhere on [a, b] and also the initial condition u(a) = c¢. A spe-
cial case of problem (1.1) is the initial value problem for the system of ordinary
differential equations

u'=P(t)u+q(t),  ula)=c (1.2)

where P : [a,b] — R™" is an integrable matrix function. The following propo-
sition on systems of ordinary differential inequalities is well-known (see, e.g.,

[10]).
Proposition 1.1. Let the matriz function P = (pix)}—; satisfy
pie(t) >0 fora. a. te€ad], i,k=1,...,n, i #k.
Then every absolutely continuous vector function x : [a,b] — R™ such that
' (t) < P(t)x(t) + q(t) for a.a. t€ [a,b], z(a) < ¢,

satisfies
z(t) <wu(t) for te]la,bl,

where u is a solution of problem (1.2).

Theorems on functional differential inequalities and their systems are studied,
e.g., in [3, 4,5, 6, 11, 16, 15, 8, 7, 12, 14, 1]. In this paper, we establish new
theorems on systems of linear functional differential inequalities complement-
ing the known results. Below we will show (see Remark 3.1) that, under the
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assumptions of the theorems obtained, the problem (1.1) has a unique solution
for any ¢ and ¢. Moreover, this solution is of constant sign if ¢ and ¢ satisfy
some natural assumptions.

The paper is organized as follows. In Section 3, we prove the main results
— theorems on systems of functional differential inequalities. Their corollaries
for the operators with deviating arguments are given in Section 4. The results
obtained are optimal, in a certain sense, which is isslustrated by the counter-
examples constructed in Section 5.

2. NOTATION AND DEFINITIONS

The following notation is used throughout the paper.

N is the set of all natural numbers, R is the set of all real numbers, R, =
[0, +o00].

R™ is the space of n-dimensional column vectors x = (z;)"; with elements
z; €R (i =1,...,n) and the norm

n
Izl = .
i=1

R? = {(z;)i, e R":x; > 0fori=1,...,n}.
R™*™ is the space of n x n-matrices X = (z)j)—; with elements z; € R
(i,k=1,...,n) and the norm

X1 =) lwal-

i k=1
If x,y €e R" and X,Y € R™", then

r <y ifandonlyif z; <y, for 2=1,...,n,
r<y ifand onlyif z; <y, for i=1,...,n,
X <Y ifandonlyif zy <wyy for i,k=1,... n.

If x € R™ then |z| = (|=;])", and
zl =5 (e + ), z]- =5zl —=).

E' is the unit matrix, © is the zero matrix.

X1 is the inverse matrix to X € R,

r(X) is the spectral radius of a matrix X € R"*";
X7 is the transposed matrix to an n x m-matrix X.
Ifr;eR(i=1,...,n), then

0 To ... 0
diag(zy,...,z,) = | . _ ]
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C(la, b]; R™) is the Banach space of continuous vector functions u : [a, b] — R”

equipped with the norm
[ulle = max{{lu(@)] : ¢ € [a,b]}.

C>([a,b);R"), where ¥ = (o1,...,0,) with elements o, € {-1,1} (i =

1,...,n), is the set of functions u € C([a,b]; R™) such that
u(a) =0, diag(o1,...,0n)u(t) € R for t € [a,b].

C(la, b];R™) is the set of absolutely continuous vector functions u : [a,b] —
R™.

L(]a,b];R™) is the Banach space of Lebesgue integrable vector functions h :
[a,b] — R"™ equipped with the norm

Il = / 1(s)]ds.

In what follows, the equalities and inequalities with integrable functions are
understood to hold almost everywhere.

L is the set of linear bounded operators ¢ : C([a, b]; R") — L([a, b]; R™). We
write L, instead of L],

For any ¢ € L7, the operators ¢; : C([a,b];R") — L([a,b;R), ir :
C([a,b];R) — L([a,b];R) (i,k =1,...,n), and the matrix function P, : [a,b] —
R™ ™ are defined in the following way

e For any v € C([a,b]; R™), p;(v) is the i-th component of a vector function

p(v).
e For any z € C([a, b]; R), we put @ (2) = ¢;(2), where
kth
2=1(0,...,0,720,...,0)T.

Obviously, @i € Ly for i,k =1,...n.
e For almost all ¢ € [a, b], we put P ( ) = (1))} pr-

Remark 2.1. If ¢ € L7, and u = (u;)!; € C([a,b];R™), it is clear that
l(u) = (bi(w); and £(u Zfzk (ug) for i=1,...,n.

Definition 2.1. Let ¥ = (0y,...,0,) be a row vector with elements o; €
{-1,1} (i=1,...,n). An operator £ € L, is said to be ¥-nonnegative if the
relation

diag(oq,...,0n) l(u)(t) >0 for t€ [a,b]
holds for every function u € C([a, b]; R™) satisfying
diag(oy,...,0n)u(t) >0 for t € a,bl.

The set of Y-nonnegative operators is denoted by 73;;’2. We say that an operator
¢ € L, is Y-nonpositive if —¢ € P>
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Remark 2.2. Tt is obvious that P> = P> Therefore, following [6], we
write P, instead of 73;,’101.
It is not difficult either to verify that ¢ € P> if and only if

o;olit, € Py for i,k=1,... n. (2.1)

Definition 2.2. An operator ¢ € L7, is said to be an a-Volterra operator if,
for every by €]a,b] and v € C([a, b]; R"™) satisfying
v(t) =0 for te€ [a,b,
we have
l(v)(t) =0 for t € a,by.
Remark 2.3. It is clear that ¢ € L7, is an a-Volterra operator if and only if

Ui (i,k=1,...,n) are a-Volterra operators.

3. THEOREMS ON SYSTEMS OF DIFFERENTIAL INEQUALITIES

In what follows, we fix a row vector ¥ = (oy,...,0,) with elements o; €
{—-1,1} (i=1,...,n). In order to simplify the formulation of the main results
we first introduce the following definition.

Definition 3.1. We say that an operator £ € £”, belongs to the set S (a)
if every vector function u € C([a, b]; R™) such that

diag(c, . .., o) (u’(t) - E(u)(t)) >0 for t€[ab], (3.1)
diag(oy,...,0n)u(a) >0 (3.2)

satisfies
oiu;(t) >0 for teab], i=1,...,n. (3.3)

Since S/ (a) = 847, following [6], we write Sy(a) instead of S57 (a).

Remark 3.1. Tt follows from Definition 3.1 that if the inclusion £ € 8% (a)
is true, then the homogeneous problem

u'(t) = L(u)(t), u(a) =0 (3.4)

has only the trivial solution. Consequently, according to the Fredholm proper-

ty of the problem (1.1) (see, e.g., [9, 11, 17] and the references therein), the

problem (1.1) is uniquely solvable for any ¢ € L([a,b]; R") and ¢ € R™.
If, moreover, ¢ and ¢ are such that

diag(oy,...,0,)q(t) >0 for t € [a,bl, diag(oy,...,0,)c >0,
then the solution u of the problem (1.1) satisfies (3.3).

Remark 3.2. The following analogue of Proposition 1.1 for the problem (1.1)
is true if £ € S (a).
Let 0 € 8" (a). Then every vector function x € C([a,b]; R™) such that
diag(o, ..., 0,)(2'(t) — 0(2)(t) — q(t)) <O for a.a. t€ [a,b],
diag(o1,...,0,)(z(a) — ¢) <0,
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satisfies
diag(oy, . .. ,Un)(x(t) — u(t)) <0 for tela,bl,

where u is a solution of the problem (1.1).

A certain “characteristic” structure of the set S/v(a) is described in the
following theorem the proof of which is given in Subsection 3.3.

Theorem 3.1. Let { = (T — (~, where (T, /™ € Pa’},’z are such that
t e8P a), —l" eS8 a). (3.5)
Then ( € 8™ (a).

Analogous results for first and second order scalar functional differential equa-
tions are given in [6] and [13], respectively.

Remark 3.3. The assumption (3.5) in Theorem 3.1 can be replaced neither
by the assumption

(1-e)f eSy=(a), —L" €857 (a)
nor by the assumption

f eSSk (a), —(l-e)t €8 (a),
no matter how small € > 0 is (see Examples 5.1 and 5.2).

In order to use Theorem 3.1 we should find some conditions sufficient for the
inclusion £ € S/v”(a) in both cases where the operator ¢ is Y-nonnegative and
Y-nonpositive. The conditions indicated are given in Subsections 3.1 and 3.2.

Below we will show (see Theorem 3.3) that if £ € S/ (a) is a X-nonpositive
operator then neccessarily ¢;;, = 0 for i,k =1,...,n, i # k. Consequently, using
Theorem 3.1 and the results of Subsections 3.1 and 3.2, we can derive several
efficient conditions sufficient for the inclusion ¢ € S;};Z(a) if the operator ¢
satisfies

Ui =0 — 0, with (f 0. €ePy (i=1,...,n)

and
0i0klix € Pap (i, k=1,...,n, i #k).

3.1. The Case ¢ € PJZ’E. In this part, we give some efficient conditions for the
inclusion ¢ € S;z’z(a) in the case where the operator ¢ is ¥-nonnegative. The
proofs of the statements formulated below can be found in Subsection 3.3. We
first introduce the following notation.

Notation 3.1. Let ¢ € L7, where n > 2. For any k € {1,...,n}, we define the
operator (% = ((5)'-! € L7! by setting
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( k-1
i (v)(t) + E Cijsr (v5)(
7j=1

for t € la,b], i <k,

Z Ciyrj(vs)(t) + Z liv1j11(v))(1)

for te€la,b], k<i<n-—1.

\

Proposition 3.1. Let { € 77;2’2, where n > 2, and let k € {1,...,n} be such
that

by =0 for j=1,...,n, j#k. (3.7)

Then (€ 81> (a) if and only if L € Sa(a) and (F € S:ljl’zk(a), where YF =
(017 v Ok—1,0k+1, - - - 7Un)-

Let us note that the efficient conditions sufficient for the inclusion ¢ € S,,(a)
are given in [6].

Theorem 3.2. Let ¢ € 77;;,’2. Then { € S;})’E(a) if and only if there exists
a function v € C([a, b]; R™) satisfying
diag(oy,...,0,) () >0 for tela,b, (3.8)

diag(ol,...,an)<7’(t)—6(7)(75))20 for te[abl. (3.9)

By a suitable choice of the function v in Theorem 3.2 we obtain the following
corollary.

Corollary 3.1. Let { € 7763)’2 and let there exist numbers m,k € N and
a € [0,1] such that m >k and

diag(oy,...,0,) (pm(t) - ozpk(t)> <0 for te€la,b, (3.10)
where p* € R™ is such that
diag(oy,...,00) p" > 0, (3.11)
pHE) = p(p)(t) for t€a,b], i €N, (3.12)
and ,
e(v)(t) = /é(v)(s)ds for t€la,b], veC(a,b];R). (3.13)

a

Then (€ S (a).

Remark 3.4. The assumption « € [0, 1] in Corollary 3.1 cannot be replaced
by the assumption « € [0, 1] (see Example 5.3).

From the last corollary we get
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Corollary 3.2. Let { € P> and there exist numbers & > 0 (i = 1,...,n)

such that
maX{ Zék / [Cir(1)(s)|ds =i e ,n} < 1. (3.14)

Then { € 8™ (a).

Remark 3.5. Example 5.3 shows that, in general, the strict inequality (3.14)
in Corollary 3.2 cannot be replaced by the nonstrict one. However, in the case
where the equality

max{ Zék/mk s)|ds - i n} =1 (3.15)

is satisfied with some §; > 0 (i = 1,...,n), the inclusion ¢ € S;Z’Z(a) is still true
under additional assumptions. Some of such additional conditions are presented
in the next proposition.

Proposition 3.2. Let { € P2 and let there exist numbers 6; > 0 (i =
1,...,n) and a set J C {1,...,n} such that J # @,

Z‘Sk/wzk s)|ds <1 for i€ J, (3.16)

X b
— s)lds=1 for ie{l,....,n}\J, (3.17)

Fao

and

Z D|#£0 for ie{l,....,n}\J. (3.18)

k=1

k#i

Then (€ S (a).

The last proposition cannot be applied in the case where

525k/|&k s)lds=1 for i=1,....n

with some ¢; > 0 (i = 1,...,n). Nevertheless, the following more general
statement can be used in the case indicated.

Proposition 3.3. Let { € P(ZZ’E and let there exist numbers 6; > 0 (i =
1,...,n) such that (3.15) is fulfilled. Then ¢ € S (a) if and only if the

homogeneous problem (3.4) has only the trivial solution.

The next corollary of Theorem 3.2 contains another type of conditions suffi-
cient for the inclusion £ € 82 (a).
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Corollary 3.3. Let { € P%™ and let Y : [a,b] — R™" be a fundamental
matriz of the system

¢ = P(t)z, (3.19)
where the matriz function P = (Pik)i gz © @, b] — R™™ s defined by
pi =0 for i=1,... n,
t
o) = a0 Olexp( [ [ - ta0(5)]as) (3.20)

a

for te€lab], i,k=1,...,n, i #k.

Let, moreover, there exist an operator { € 73;2’2 such that the inequality

diag(or, ..., o) (£(p(0)) (£) = P(t)p(0)()) <
< diag(oy,...,0,)0(v)(t) for t€a,b] (3.21)
holds on the set C([a,b];R"}) and

BY (b) / Y(s)d(s)ds < (1,...,1)7, (3.22)

where ¢ is given by (3.13), ¢ = (g;)"_, € L([a, b]; R™) is defined by

R
_ — Ly (D)(s)ds
a(t) = ol;(E")(t) e - e for te€lab], i=1,...,n, (3.23)

and
R

B = diag (ea

R
011(1)(s)d Lyn (1) (s)d.
ueds ) (3.24)

Then € € S)v™(a).

In Corollaries 3.4 and 3.5, the efficient conditions are given, under which the
fundamental matrix Y of the system (3.19) satisfies (3.22).

Corollary 3.4. Let ( € 73;;)’2 and let there exist an operator { € 73;2’2 such
that the inequality (3.21) holds on the set C>([a,b); R") and

R b R
max £ (1)(s)ds:i=1,..., n} (&)de
e { /h(s)es s < 1, (3.25)

where ¢ is given by (3.13),
h(t) < max{z];(t);z':L...,n} for te[ab], (3.26)

p(t) défmax{ Y @k(t):izl,...,n} for t€[a,b), (3.27)

k=1
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and Py, G; (i,k =1,...,n) are defined by (3.20) and (3.23), respectively. Then
(eS8 (a).

Remark 3.6. The strict inequality (3.25) in Corollary 3.4 cannot be replaced
by the nonstrict one (see Example 5.3).

For two-dimensional systems of differential inequalities, we get from Corol-
lary 3.3

Corollary 3.5. Letn=2,/( € 7721;2, and let there exist an operator { € 77&21;2

a

such that the inequality (3.21) holds on the set C*(|a,b];R%). Let, moreover,

R R
£11(1)(s)ds la2(1)(s)ds
max{)\lea ! ,Agea ” } <1, (3.28)

where

A= / cosh ( / p(E)d£>'q2(S)d8 ¥ / sinh ( / p<s>d5) Booi(5)ds

for 1=1,2, (3.29)

p(t) & max {Fa(t), pu(t)} for ¢ € [a,b], (3.30)
and pik, ¢ (i, k = 1,2) are defined by (3.20) and (3.23), respectively. Then
te S (a).

Remark 3.7. Example 5.3 shows that the strict inequality (3.28) in Corol-
lary 3.5 cannot be replaced by the nonstrict one.

The next proposition follows from Corollary 3.3.

Proposition 3.4. Let { € 77;;)’2 be an a-Volterra operator. Then £ belongs to
the set 81> (a).
3.2. The Case —/ € P;Z’E. In the case where /¢ is a Y-nonpositive operator,

we have a sufficient and necessary condition for the inclusion ¢ € 8> (a).

Theorem 3.3. Let —( € Parg’z. Then ¢ € Sa"b’E(a) if and only if the following
two conditions are satisfied:
(a) U € Sap(a) for everyi e {1,...,n};
(b) lix =0 for every i,k € {1,...,n}, i # k.
The proof of Theorem 3.3 is given in Subsection 3.3. Using the results ob-
tained in [6], we can immediately formulate the following corollary of Theo-
rem 3.3.

Corollary 3.6. Let the operator £ € L}, be defined by

()0 (o)), . ,&m(vn)(t))T for telab),

where —ly; € Puy, and Ly; are a-Volterra operators (i = 1,...,n). Let, moreover,
for every i € {1,...,n}, at least one of the following conditions be satisfied:
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(a) there exists an absolutely continuous function 7y : [a,b] — R such that
v(t) >0 for tE€la,bl,
V() < ba(y)(t)  for t € [a,b;
b
(b) /|fz‘z‘(1)(3)|d3 <1
b a
© /

) (t) = (1) (0)0:(2)(¢)  for € la,b], z € C(la,b];R),

R
[€::(1)(&)

d¢
&i(l)(s)‘ ea | ds < 1, where

)
N
—~
I\
~—
—~
~+~
~—
)
<
S
—
)
~
—~
I\

t

/&i(zi)(s)ds for te€la,b], z€ C([a,b];R),

a

>
S
—~
N
~—
—
~
~
|

"))l
zi(t) = z(t)ee for t€la,b], z € C([a,b];R).

Then € € 8™ (a).

Note that, according to Theorem 2 in [2], the assumption on the operators
;; to be a-Volterra ones is necessary in Corollary 3.6.

3.3. Proofs. In this part, we prove all the statements formulated above.

Proof of Theorem 3.1. Let u € 6([@, b); R™) be a function satisfying the condi-
tions (3.1) and (3.2). We will show that (3.3) is true. Put

w;(t) = oiloui(t)]- for te€ab], i=1,...,n. (3.31)
According to the inclusion —¢~ € S;Z’E(a) and Remark 3.1, the problem
w'(t) = =0 (w)(t) — €7 () (1), (3.32)
w(a) =0 (3.33)
has a unique solution w and
ow;(t) <0 for t€ab], i=1,...,n. (3.34)
We first note that, for any ¢ € [a,b] and i = 1,... n,
o; (ui(t) + ﬂi(t)> = Gaus(t) + [ (D] = [oaus()]y > 0. (3.35)

Therefore, in view of (3.1), (3.32), (3.35), and the assumption £+ € P> we
get

oiui(t) = wi(t) + € (u— w)(t)] >
>oilf (u+u)(t) >0 for telab], i=1,...,n,
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ie.,
diag(oy,...,00) (U (t) —w'(t) + 0 (u — w)(t)} >0 for telab. (3.36)
On the other hand, (3.2) and (3.33) yield

diag(oy,...,0,) (u(a) — w(a)) > 0. (3.37)
Since —(~ € 8/ (a), the inequalities (3.36) and (3.37) result in
oui(t) > oywi(t) for te€ad], i=1,... n. (3.38)

Using (3.34), from (3.38) we get
—lowui(t)]- > oyw(t) for te€a,b], i=1,...,n,
ie.,

—diag(oy,...,0,) w(t) > diag(oy,...,0,) u(t) for t € [a,b]. (3.39)
Finally, by virtue of (3.34), (3.39), and the assumptions ¢+, ¢~ € P> it follows
from (3.32) that

diag(n, - .., o) (w’(t) - €+(w)(t)> > diag(o1, .. ., o) (w’(t) + 0+ (@) (t))
= —diag(oy,...,0,) ¢ (w)(t) >0 for t € [a,bl.
Hence, the inclusion £+ € 8> (a), on account of (3.33), implies
ow;(t) >0 for teab], i=1,...,n,
which, together with (3.38), guarantees the condition (3.3). O
Proof of Proposition 3.1. First suppose that
b € Swla), 05 € S (a).

Let u € C([a, b]; R™) be a function satisfying the conditions (3.1) and (3.2). We
will show that (3.3) is true. In view of (3.7), it follows from (3.1) and (3.2) that

opug(t) > b (opug)(t) for t € [a,b], orug(a) >0, (3.40)
and thus the assumption £y € Syp(a) implies
oruk(t) >0 for t€ [a,b]. (3.41)

According to the assumption ¢ € Pa’};z and Remark 2.2, we have 0,0,(;; € Pqy
fori,7 =1,...,n. Therefore, using (3.41) in (3.1), we get

() = 00> Lij(u;)(t) = 03 Y ij(u)(t) + 030k (orur) (t)
j=1 I
J
> Uiz&j(uj)(t) for tea,b], i=1,...,n, i #k.
=1

‘7.7
J7#k
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Hence, the assumption /% € S:b_l’zk(a) yields
oui(t) >0 for telad], i=1,...,n, i #k,
which, together with (3.41), guarantees the condition (3.3). Consequently, ¢ €
Sy (a).
Now suppose that ¢ € S*(a). First we will show that (* € SSJI’Ek(a).
Indeed, let a function v = (vj)?:_ll € C([a,b); R"!) be such that

diag(o1, ..., 0k—1,0k41s .-, 0n) (v’(t) - Ek(v)(t)> >0 for te€]la,b],

diag(o1, ..., 0k—1,0k41,- .., 05) v(a) > 0.
Put
v; (t) for te€a,b], i <k,
u;i(t) =<0 for te€la,b], i =k,

v;—1(t) for tela,b], k<i<n.

It is clear that the function u = (u;)!, satisfies (3.1) and (3.2). Therefore, the
assumption ¢ € S/ (a) yields (3.3). Consequently,

diag(o1, ..., 04 1,011, --,0,)0(t) >0 for t€ [a,b,
and thus ¢* € Sfb_l’zk (a).

It remains to show that £, € Sw(a). Let z € C([a,b];R) be a function
satisfying

Z'(t) > b (2)(t) for t € [a,b], z(a) > 0. (3.42)
We will show that
2(t) >0 for te€la,bl. (3.43)
Let the function h = (h;)"~{ € L([a,b}; R"') be defined by
h(t) = {fjk(okz)(t) for € fa,t], j <h,
Civ1k(ok2)(t) for tela,b], k<j<n-—1.

According to Remark 3.1 and the above-proved inclusion (% € S;b_l’zk(a), the
problem

V'(t) = E(X)+M) v(a) =0

has a unique solution v = (v;)7;

v; (%) for te€a,b], i <k,
wi(t) = § opz(t) for t€a,b], i =k,
vi_1(t) for tela,b], k<i<n.

It is clear that the function u = (w;), satisfies (3.1) and (3.2). Therefore, the
assumption ¢ € Sai’z(a) yields (3.3). Consequently, (3.43) is satisfied and thus
gkk € Sab(a). ]
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Proof of Theorem 3.2. First suppose that there exists v € 5‘([&, bl; R™) satis-

fying the conditions (3.8) and (3.9). Let u € C([a,b];R™) be such that the
conditions (3.1) and (3.2) hold. We will show that (3.3) is true. Put

A:{A€R+:0i(>\%(t)+ui(t)>20 for te[a,b],izl,...,n}. (3.44)

Since the function v satisfies (3.8), we have A # &. Let

o = inf A. (3.45)
Now we put
w(t) = Ay(t) +u(t) for tela,b. (3.46)
It is clear that Ao > 0, w € C([a, b]; R™), and
diag(oy,...,0n)w(t) >0 for t€ [a,b]. (3.47)
>

Therefore, by virtue of the assumption ¢ € P,;~, we get
diag(oy,...,0,) w'(t) > diag(oy,...,0,) l(w)(t) >0 for t € [a,b]. (3.48)

Assume that

Then it follows from (3.2), (3.8), and (3.49) that
diag(oy,...,0n) w(a) > 0.
Hence, using (3.48), we get
diag(oy,...,0,)w(t) >0 for t€ [a,b]. (3.50)
Consequently, there exists e €10, Ag] such that
oiw;i(t) > eoyy(t) for te€ab], i=1,...,n,
ie.,
of [()\0 —e)y(t) +u(t)| >0 for te€ad], i=1,...,n.

Hence, by virtue of (3.44), we get A\ — ¢ € A, which contradicts (3.45).

The contradiction obtained proves that Ay = 0. Consequently, (3.46) and
(3.47) yield (3.3) and thus £ € S/»*(a).

Now suppose that ¢ € Sa’;)’z(a). Then, according to Remark 3.1, the problem

V() =LE),  ya)=%" (3.51)
has a unique solution v and
diag(oq,...,0n)y(t) >0 for ¢t € [a,b]. (3.52)

By virtue of the assumption ¢ € P;z;, the equation in (3.51) implies
diag(oy,...,0,) 7 (t) = diag(oy,...,0,) L()(t) >0 for t € [a,b]. (3.53)
Therefore, in view of the initial condition v(a) = X7, we get
oi(t) > oy(a) =1 for t € a,bl.
Consequently, v € C([a, b]; R") satisfies (3.8) and (3.9). O
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Proof of Corollary 3.1. Put

:(1—Q)ij(t)+.z p(t) for tela,b]

Obviously, v € C([a,b]: R"). According to (3.11)~(3.13) and the assumption
¢ € P> it is not difficult to verify that

diag(oy,...,00)v(t) > (1 — a)diag(oy,...,0,) p" >0 for t€a,b],

i.e., the condition (3.8) is satisfied. Moreover,

(1-a) Ze )+ ) L)1)

=L(y)(t) + L(ap® = p™)(t) for t€ [a,b].

Therefore, in view of (3.10) and the assumption £ € P>, the condition (3.9)
is true. Hence, by Theorem 3.2, we get £ € S (a). O

Proof of Corollary 3.2. The validity of the corollary follows immediately from
Corollary 3.1 with k =1, m = 2, p* = (0101, ...,0,0,)T, and

a—max{ Z%/Mk s)|ds i ,n} d

Proof of Proposition 3.2. Put p* = (0101, ...,0,0,)T. At first we will show that
b

Ui/&(ap(pl))(s)ds <0; for telad],i=1,...,n, (3.54)

a

where ¢ is given by (3.13). Indeed, according to the assumption ¢ € 77;2’2 and
Remark 2.2, the relations (2.1) are true. Therefore, we get

ai/&-(gp(pl))(s)ds = Zal-ok/&k(akgok(pl))(s)ds

a

b
Uk/gk dﬁ/wzk s)|ds

- /’ﬁik(l)(sﬂdsz/ngkj(0j5j)(77>dn

n
<
k=1

3

k=1

n

b L b
= /|€ik(1)(8)|dsz/6j|€kj(1)(n)|dn for i=1,...,n. (3.55)

k=1
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A) Let ¢ € J. Then, by virtue of (3.16) and (3.17), we obtain

> [ty [alnmmi < Y a [l < 6

B) Let i € {1,...,n}\ J. Then, according to (3.18), there exists kg € J
such that
b

/|€,~k0(1)(s)|ds > 0.

a

Using (3.16) and (3.17), we get

[1eaiolas Y- [ sl

n

k=1
b n b n b
< Oy / [iko (1)(5)|ds + > 6, / [0 (1) (s)]ds =) " 6 / 10 (1)(s)|ds = 6; .
k=1 k=1
a k+#ko a a

Consequently, (3.55) yields (3.54). Put

oz:max{g—ii/&(go(pl))(s)ds:izl,...,n}. (3.56)

Obviously, a € [0, 1] and

dia‘g<0-1a s 70n) p3(b) S 06(517 s 7571)T = diag(gh s 70-71) Oépl,
where p? is defined by (3.12). Consequently, the assumptions of Corollary 3.1
are satisfied with k = 1, m = 3, and « given by (3.56). O

Proof of Proposition 3.3. First suppose that the homogeneous problem (3.4) has
only the trivial solution. We will show that ¢ € S+”(a). According to the
Fredholm property of the problem (1.1) (see, e.g., [9, 11, 17]), the problem
(3.51) has a unique solution . Put

1
v = max{é— max{ —o(t)  te [a,b]} Di= 1,...,n} : (3.57)
Then there exist ¢y € [a,b] and ig € {1,...,n} such that
—04Vig (to) = 7*67?0 . (358>
It is clear that
—07i(t) <~%0; for te€ab], i=1,...,n (3.59)

Note also that, by virtue of the assumption ¢ &€ 73;;’2 and Remark 2.2, the
relations (2.1) are true.
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Assume that
~* > 0. (3.60)
Then (3.51) yields

—i(to) = /6 ds for i=1,...,n.

Therefore, in view of (2.1), (3.15), and (3.58)-(3.60), we get

to

to n
L+7%6;, = —oy, /Ez‘o(W)(S)dS = —0y, /Z&Ok(%)(s)ds
a k=1

a

n to

to
= /Jioakfiok(—ak%)(s)ds < Zy*@/aioak&ok(l)(s)ds

k=1 a

— Zak/wzok $)lds < "6,

which is impossible.
The contradiction obtained proves that v* < 0. Hence, (3.59) implies

diag(cy,...,00)y(t) > =7 (01,...,6,)" >0 for t€a,b],

and thus Theorem 3.2 guarantees £ € 8> (a).
The converse implication is obvious (see Remark 3.1). O

To prove Corollary 3.3 we need the following lemma.

Lemma 3.1. Let { € P>, Then { € 8> (a) if and only if there is no
nontrivial function v € C([a,b];R™) satisfying

diag(oy,...,0n)v(t) >0 for t€ |a,b], (3.61)

diag(or, . .. ,an)<v'(t) —E(v)(t)) <0 for telab], (3.62)

v(a) =0. (3.63)

Proof. If £ € 8"%(a), then it is clear that every function v € C([a,b]; R")

satisfying (3.61)—(3.63) is trivial.
Conversely, let there be no nontrivial function v € C([a,b]; R™) fulfilling

(3.61)~(3.63) and let u € C([a,b];R") satisfy (3.1) and (3.2). We will show
that (3.3) is true. Indeed, put

v;(t) = oilogui(t)]- for t€[ab], i=1,...,n. (3.64)

According to (3.2), it is clear that v = (vz)Z . satisfies (3.61) and (3.63). More-
over, by virtue of the assumption £ € P»*, (2.1) holds. Therefore, using (3.1),
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we get
1 1
ovi( =5 0i t)(sgn oiu;(t 1) < 59 &J(u)(t)(sgn (osui(t)) — 1)

1 n

= 5 ( Uiakﬁik(akuk)(t) sgn (O'zul@)) - O'lgl(’lj/)(t)>
k=1
1 n

=35 (Z oioplin(|owuk|)(t) — o; ;Uk&k Okuk)(t)>

—Uzzak&k TRk - —Uzz&k v ) (

k=1
= o:l;(v)(t) for t€la,b], i=1,...,n

Hence, v satisfies also the condition (3.62) and thus v = 0. However, this means
that the condition (3.3) is true. Consequently, £ € S/V>(a). O

Proof of Corollary 3.3. According to Lemma 3.1, to prove the corollary it is
sufficient to show that there is no nontrivial function v € C ([a, b]; R™) satisfying
(3.61)—(3.63).
At first we prove that
(e 8" (a), (3.65)

where

U(w) () € P(Ow(t) + U(w)(t) for € [a,b]. (3.66)
According to the inequality (3.22), there exists a vector € = (¢;)I; > 0 such
that

B(Y(b)y—l(a)s+Y(b)/Y—1(s)a(s)ds> <(1,...,H% (3.67)
Put '
() = Y)Y (a)e + V(1) / Yl (s)ils)ds for telab.  (3.68)

a

It is clear that z is a solution of the Cauchy problem
Z=P)z+qt), z(a)=e¢, (3.69)

because Y is a fundamental matrix of the system (3.19). In view of (3.20) and
(3.23), we get

P(t) > ©, q(t) >0 for te€la,b, (3.70)
and thus
0<z(t) <z(b) for tela,bl. (3.71)
Put
R
£ (1)(s)ds

vi(t) = 0z (t)ee for telab], i=1,...,n. (3.72)
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It is not difficult to verify that, on account of (3.20), (3.23), (3.69), and (3.72),
7= ()", € C([a,b]; R™) is a solution of the system

v =Pty + (27) (). (3.73)
Moreover, (3.67) and (3.71) imply
0 < diag(oy,...,00)y(t) < Bz(b) < (1,...,1)T for t€ [a,b],
i.e., the condition (3.8) is true and

diag(ay,. .., 0n) (zT - 'y(t)> >0 for tea,b]. (3.74)

Therefore, in view of (3.74) and the assumption £ € P>, from (3.73) we get

ab
diag(ay,...,0a) (Y (1) =€) (1)) =diag(or, . .., o) (Y (t) = Pe(t)7(t) = L(7)(t))
> diag(o1,...,0,) (Y (t) = P(t)y(t) — €(XT)(t)) =0 for t€ [a,b].

Consequently, using Theorem 3.2, we show that the inclusion (3.65) is true.
Let v € C(a, b]; R™) satisfy (3.61)—(3.63). We will show that v = 0. Put

u(t) = p(v)(t) for t € la,b, (3.75)

where ¢ is defined by (3.13). Obviously, (3.61)—(3.63) and (3.75) yield
u'(t) = L(v)(t) for t € a,b, (3.76)
u(a) =0, (3.77)

and

t

0 < diag(oy,...,0,)v(t) < diag(oy,...,0n) /E(v)(s)ds

= diag(o1,...,0,) @(v)(t) = diag(oy,...,0,) u(t) for t € a,b]. (3.78)
On the other hand, since £ € P> we have

diag(oy,...,0,) 4/ (t) = diag(oq, ..., 0,) £(v)(t)
< diag(oy,...,0n) L(u)(t) = diag(oq, . .., 0n) Po(t)u(t)

+ diag(o1,. .., o) (f(¢<v)) - Pg(t)gp(v)(t)> for € [a,b].
By virtue of (3.21), (3.77), and (3.78), the last relations yield
diag (o, . .., on) ' (t) < diag(o1, .. ., o) (Pg(t)u(t) +Z(v)(t>) for € [a,b].
Hence, in view of (3.78) and the assumption £ € P>, we get
diag(, . .., 00) ' () < diag(on, .. ., o) (Pg(t)u(t) +7(u) (t))
= diag(o1,...,00) l(u)(t) for t € [a,b].
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Consequently, the inclusion (3.65) yields
diag(oy,...,0n)u(t) <0 for t € a,bl,
and thus, it follows from (3.78) that v = 0. O

Proof of Corollary 3.4. We will show that the assumptions of Corollary 3.3 are
satisfied. Clearly, it is sufficient to show that the condition (3.25) yields the
inequality (3.22). Since Y is a fundamental matrix of the system (3.19), the
condition (3.22) is satisfied if and only if the solution = (z;), of the Cauchy
problem

¥ = P(t)z + q(t), z(a) =0 (3.79)
satisfies .
£ (1)(s)ds .
xi(b)ee <1 for i=1,...,n. (3.80)
Put
¢ R
£)dg
v;(t) = /h(s)esp( ) ds for telab],i=1,...,n. (3.81)

a

It is clear that
v;(t) >0 for telab], i=1,...,n,

because P and ¢ satisfy (3.70). Therefore, from (3.81) we get
Vi(t) = p(t)oi(t) + h(t) =Y Pur(t)vi(t) + Gilt)
k=1

= Pu(t)or(t) + Gi(t) for tefad], i=1,... n
k=1

But this means that v = (v;)!_; is a solution of the system of differential in-
equalities
V'(t) > P(t)v(t) + q(t) for t € [a,b].
According to Proposition 1.1, we get
z(t) <wv(t) for t € [a,b,
where z is a solution of the problem (3.79). Consequently, by virtue of (3.25)

and (3.81), the solution z of the problem (3.79) satisfies (3.80), i.e., the inequal-
ity (3.22) holds. Hence, the assumptions of Corollary 3.3 are satisfied. O

To prove Corollary 3.5 we need the following lemma.

Lemma 3.2. Let p € L([a,b];R), ¢ € L([a,b];R?), and let v = (v1,v2)T be
a solution of the problem

v =A(t)v +q, v(a) =0, (3.82)
where

A(t) = (p(t) pg)) for t€lab. (3.83)
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Then

wawzjéwh(fp@mgame+j¥mh(/ma@)%4@mS

a S a S

for te€la,b]l, i=1,2. (3.84)

Proof. 1t is easy to see that, for an abitrary s € [a, b], we have

s fa) = ([ acsas) e v ee

and thus, the solution v of the problem (3.82) has the form
A(©)ds _
v(t) = /es q(s)ds for t e a,b]. (3.85)

It can be verified by direct calculation that

R +o00

A(&)d¢ 1 /. ok
S (Zanlen))s
=0
+oo 1 3 o t
" <k:0 m(p(s’t)> ) /A(f)df for a<s<t<hb,
where

t

ﬂaw:/b@%'mraSSStga

Whence we get

TA(ﬁ)dE_ coshp(s,t) sinhp(s,t)
¢ ~ \sinhp(s,t) coshp(s,t)

Therefore, (3.85) and (3.86) result in (3.84). O

Proof of Corollary 3.5. We will show that the assumptions of Corollary 3.3 with
n = 2 are satisfied. Clearly, it is sufficient to show that the condition (3.28)
yields the inequality (3.22). Since Y is a fundamental matrix of the system
(3.19), the condition (3.22) is fulfilled if and only if the solution z = (&, z9)"
of the problem (3.79) satisfies (3.80).

Let x = (z1,72)" be a solution of the problem (3.79). The functions z; and
x9 are nonnegative because (3.70) is true. Therefore, (3.79) yields

' (t) < A(t)z(t) + q(t) for t € [a,b], (3.87)

where the matrix function A is given by (3.83). According to Proposition 1.1,
we get

) for a<s<t<hb. (3.86)

z(t) <wo(t) for te€ [a,b],
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where v is a solution of the problem (3.82). Consequently, by virtue of (3.28)
and Lemma 3.2, the solution # = (1, 22)T of the problem (3.79) satisfies (3.80),
i.e., the inequality (3.22) holds. Hence, the assumptions of Corollary 3.3 with
n = 2 are satisfied. O

Proof of Proposition 3.4. According to Remark 2.3, the operators ¢ (i,k =
1,...,n) are a-Volterra ones. Consequently, it is not difficult to verify that the
assumptions of Corollary 3.3 are satisfied for ¢ = 0. O

Proof of Theorem 3.3. First suppose that the conditions (a) and (b) are satis-
fied. Let u € C([a,b];R") be such that the conditions (3.1) and (3.2) hold.
According to (b), we have
o (t) > ly(owu;)(t) for t€la,b], omui(a) >0 (1=1,...,n),

and thus, by virtue of (a), the condition (3.3) is satisfied. Consequently, ¢ €
Sy (a).

Now suppose that £ € 8" (a). According to the assumption —¢ € P»> and
Remark 2.2, we have

—Uiakgik S Pab- (388)

Condition (a). We will show that ¢1; € Sy(a) (the proof for i # 1 is analo-
gous). Since 8 (a) = 8" (a), without loss of generality we can assume that
o1 = 1. Let uy; € C([a, b;R) satisfy

uy(t) > ly1(uq)(t) for t € a,b), uy(a) > 0. (3.89)
Put .
u;(t) = oy / [l (ur)(s)|ds for t€a,b], i=2,...,n. (3.90)

Then it is clear that

o (t) = i1 (ur)(t)| > oilir(uy)(t) for t € [a,b], i=2,...,n. (3.91)
Moreover, (3.90) guarantees

opuE(t) >0 for t€lab], k=2,... n,
and thus (3.88) implies
oilik(ug) (t) = oi0plix(opug) () < 0
for tela,b], i=1,...,n, k=2,...,n. (3.92)

From (3.89) and (3.91), in view of (3.92), we get

oiui(t) > ol (ur)(t) > o; Z&k(uk)(t) = ol;(u)(t) for t € [a,b], i=1,...,n,

where u = (u;)?_,. Consequently, u satisfies (3.1) and (3.2) which, together
with the assumption £ € S/ (a), guarantees the condition (3.3). Hence,

uy(t) = oru(t) >0 for t€ [a,b]
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and thus (11 € Syp(a).

Condition (b). We will show that ¢5; = 0 (the other cases can be proved
analogously). We have proved above that ¢1; € Sy(a) and thus, by virtue of
(3.88) and Theorem 2 in [2], ¢1; is an a-Volterra operator. Define operators
(,0 € L by setting

t)défZ&k(yk)(t) for t € [a,b], b;=40; for 1=2,...,n,

01(v)(t) o —ly1(v1)(t) for t € la,b, ;=0 for i=2,...,n.

It is clear that £ € P> and { =7+ (. Since fy; is an a-Volterra operator,
the operator £ is also an a-Volterra one (see Remark 2.3). Hence, using Propo-
sition 3.4 we get ¢ € 8"*(a). By Theorem 3.1, we obtain that { € 8" (a).
Consequently, the problem

(1) = 0u)(0) (3.99)
u(a) =01, ui(a)=0 (1=2,...,n) (3.94)
has a unique solution u = (u;)!; and the condition (3 3) is true (see Re-

mark 3.1). Therefore, in view of the assumption —¢ € Pab , (3.93) implies
oll(t) = oil;(u)(t) = o:l;(u)(t) <0 for t€lab], i=2,....n,

which, together with (3.3) and (3.94), yields u; = 0 for i = 2,...,n. Hence,
from (3.93) we get w)(t) =0 for ¢ € [a,b], i.e., uy = o;. Finally, (3.93) implies

0= uh(t) = lo(u)(t) = o1loy (1)(t) for ¢ € [a,b],

e., l51(1) = 0. However, this means ¢5; = 0 because the operator /o is
monotone. U

4. COROLLARIES FOR OPERATORS WITH DEVIATING ARGUMENTS

In this section, some corollaries of the main results will be established for the
operators with deviating arguments, i.e., for the cases where ¢ = (¢;)7_, € LD,
is defined by

t) o Zpik(t)vk(nk(t)) for telab],i=1,...,n, (4.1)

GV Y =g (b)) for telab], i=1,....n, (4.2)

and

defzpzk Jor (T () — g5 (E)vs (i () for t€a,b], i=1,...,n. (4.3)

Here, p;, € L([a,b],R) g; € L([a,b],Ry), and Ty, p; : [a,b] — [a, b] are measur-
able functions (i,k =1,...,n).
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As above, we have fixed a row vector ¥ = (oy,...,0,) with elements o; €
{-1,1} (i =1,...,n). Throughout this section, the following notation will be
used:

T :max{ess sup {Tik(t) ‘te [a,b]} i,k = 1,...,n}.

All the statements are formulated in Subsection 4.1, their proofs are given in
Subsection 4.2.

4.1. Formulation of the Results. From Corollary 3.1 we get
Theorem 4.1. Let
oioppik(t) >0 for telab], i,k=1,...,n. (4.4)
Let, moreover, there exist a € [0, 1] and numbers 6; >0 (i = 1,...,n) such that

Tij (s

Z / |pz-j<s>|(§5k / )|pjk<s>|d§)ds

t
Saz5k/|pik(s)\ds for tela,b], i=1,...,n. (4.5)
k=1

Then the operator £ = (£;)7_, defined by (4.1) belongs to the set v (a).

Remark 4.1. Example 5.3 shows that the assumption o € [0,1] in Theo-
rem 4.1 cannot be replaced by the assumption « € [0, 1].

The following corollary follows immediately from Theorem 4.1.

Corollary 4.1. Let the condition (4.4) hold and let there exist numbers 6; > 0
(t=1,...,n) such that

1 T .
max{a—iZék/\pik(sﬂds:z:1,...,71} < 1. (4.6)
k=1 ¥

Then the operator £ = (£;)7, defined by (4.1) belongs to the set S)v>(a).

Remark 4.2. Example 5.3 shows that, in general, the strict inequality (4.6)
in Corollary 4.1 cannot be replaced by the nonstrict one. However, in the case
where the equality

maX{§Z5k/|pik(3)|d5’3i:1’~-7n} =1 (4.7)
k=1 Y

is satisfied with some 6; > 0 (i = 1,...,n), the operator £ = (¢;)I, defined by
(4.1) still belongs to the set S/ (a) under additional assumptions. Some such
additional conditions are presented in the next proposition.
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Proposition 4.1. Let the condition (4.4) hold and let there exist numbers
d; > 0 (i = 1,...,n) such that the equality (4.7) is satisfied. If, moreover,
r(A) < 1, where the matriz A = (aw)} -, is defined by

7ij(s)

f;—z/pm( / rpjk@)\ds)ds h=1,...n),  (48)

then the operator { = (£;)", defined by (4.1) belongs to the set S/v™(a).

Remark 4.3. The assumption r(A) < 1 in the last proposition cannot be
replaced by the assumption r(A) <1 (see Example 5.3).

The following theorem can be regarded as a complement of Corollary 4.1.

Theorem 4.2. Let the condition (4.4) hold and let the inequality

1 & I .
NES By (PP
k=1

is satisfied for every d; >0 (i =1,...,n). Let, moreover,
ik (£)

ess sup{ /p(s)ds:te[a,b]}<77* for i, k=1,...,n, (4.9)

where
T

77*:sup{iln <x—|— e ) :x>0} (4.10)
exp <$ fp(s)ds> -1

a

and
p(t) 4 nax { Z lpi ()| i =1,... ,n} for t € la,b. (4.11)
k=1
Then the operator £ = (£;)7_, defined by (4.1) belongs to the set S)v>(a).

The next theorem follows from Corollary 3.3.

Theorem 4.3. Let the condition (4.4) hold and let Y : [a,b] — R™" be

a fundamental matriz of the system (3.19), where the matriz function P =
(Pik) ey © [@,0] — R™™ is defined by

pi =0 for i=1,... n,
t

ptt) = pucolexp ([ [ouats) — (o) as) (4.12)

a

for te€lab], i,k=1,...,n, i #k.
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Let, moreover, the inequality (3.22) be satisfied, where ¢ = (g;)1—, € L([a, b]; R™)
1s defined by

n n Tik() R
- —  pii(n)dn
qi<t>=z|pm<t>|wik<t>(2 / |pkj<s>|ds)ea

k=1 Jj=1 t

for tela,b], i=1,...,n, (4.13)

wir(t) = %(1 + sgn (7 (t) — t)) for te€lab], i,k=1,...,n, (4.14)

and
)

B = diag (ea

Then the operator £ = (£;)7_, defined by (4.1) belongs to the set )7 (a).

R
s)ds nn(s)ds
e el ) (4.15)

In the following two corollaries, the efficient conditions are presented under
which the fundamental matrix Y of the system (3.19) satisfies (3.22) in the case

where the matrix function P is given by (4.12).

Corollary 4.2. Let the condition (4.4) hold and let
{“ptmiztn} [ "ogu
max pii(s)asa=l1,..., n p
e a /h(s) es ds < 1, (4.16)

where h and p are given by (3.26) and (3.27), respectively, and pi., q; (i,k =
1,...,n) are defined by (4.12)—(4.14). Then the operator £ = ({;)I, given by
(4.1) belongs to the set S/™(a).

Remark 4.4. The strict inequality (4.16) in the last corollary cannot be re-
placed by the nonstrict one (Example 5.3).

For two-dimensional systems of differential inequalities with argument devi-
ations, we get from Corollary 3.5

Corollary 4.3. Let n =2, the condition (4.4) hold, and let

R R
(s)ds (s)ds
max{)\l o ,)\geaIm } <1, (4.17)

where A1, g are given by (3.29), (3.30) and pis, pa1, q1, ¢z are defined by (4.12)—
(4.14).  Then the operator { = ({1,05)" defined by (4.1) belongs to the set

S5 (a).

Remark 4.5. Example 5.3 shows that the strict inequality (4.17) in Corol-
lary 4.3 cannot be replaced by the nonstrict one.

Theorem 3.2 also yields the following proposition which is a particular case
of Theorem 3.2 (a) in [15].
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Proposition 4.2. Let py. (i,k = 1,...,n) be the essentially bounded func-
tions satisfying the condition (4.4). If, moreover,

rnaux{él ess sup{Z(Sk\plk Ol(ran(t) —a) i t € [a,b]} ti= 1,...,n} <1,

k=1

then the operator £ = (£;)1, defined by (4.1) belongs to the set Sv™(a).
From Corollary 3.6 and the results of [6] we obtain
Theorem 4.4. Let

gi(t)(ui(t) —t) <0 for te€(ab], i=1,....n

and let, for every i € {1,...,n}, at least one of the following conditions be

Fulfilled:

b
(a) /gi(s)ds <1;

S

(b) ]m@ﬁ/m@ﬁw((/m@%&%%ﬁk

a wi(s) wi(€)

ess sup

s)ds : t € |a, b]}<7];f,

{
n_sup{ ( b Z)d8>l>:x>o}.

Then the operator ¢ = (¢;)_, defined by (4.2) belongs to the set S)v™(a).

The next theorem follows from Theorem 3.1 and the statements formulated
in this section.

Theorem 4.5. Let the functions py., i, (i, k =1,...,n) satisfy the assump-
tion of one of Theorems 4.1-4.2 and Corollaries 4.2 and 4.3, whereas the func-
tions g;, ;i (1 = 1,...,n) satisfy the assumptions of Theorem 4.4. Then the
operator £ = (), defined by (4.3) belongs to the set v (a).

4.2. Proofs.

Proof of Theorem 4.1. Let the operator ¢ = (¢;)_, € L, be defined by (4.1). It
is clear that, in view of (4.4), £ € P»*. Moreover, according to (4.5), we have

diag(oq,...,0n) <p3(t) - apz(t)) <0 for te€]la,b],
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where p?, p? are given by (3.12) and
pt = (0161, ...,0.0,)".

Therefore, the assumptions of Corollary 3.1 are satisfied with k=2 and m =
3. O

Proof of Corollary 4.1. The validity of the corollary follows immediately from
Theorem 4.1 with

1 T |
Oz—max{é—i;ék/]pm(s)\ds:z—l,...,n}. O

Proof of Proposition 4.1. Let the operator ¢ = (¢;)_, € L be defined by (4.1).
It is clear that, in view of (4.4), ¢ € 73&72’2. Let, moreover, the operator * =
(€5, € L. be defined by

G)t) = pat)os(ri(t)) for telfa, 7], i=1,... n (4.18)

In other words, £* is the restriction of ¢ to the space C'([a, 7*]; R™). Since
Ti(t) <7 for te€la,b], i,k=1,...,n

and the condition (4.4) holds, it is clear that ¢ € S/*(a) if and only if £* €
S (a). However, according to (4.7) and Proposition 3.3, ¢* € 8 (a) if and
only if the homogeneous problem

uj(t) =Y pu®ur(rin(t)) (€ a7, i=1,...,n), (4.19)

ui(a)=0  (i=1,...,n) (4.20)

has only the trivial solution.
Let u = (u;)?_; be a solution of the problem (4.19), (4.20). We will show that
u=0. Put

1
uf = 6—max{ lui(t)| : t € [a,T*]} for i=1,....n (4.21)
and choose t; € [a,7*] (i =1,...,n) such that

lui(t;)| = du; for i=1,... n. (4.22)
The integration of (4.19) from a to ¢, in view of (4.20) and (4.21), results in

|ui(t)] < Z/ |pir(8)ur, (Tir(s)) | ds

n t
< Z5ku2/|pik(s)|ds for tela, 7], i=1,...,n. (4.23)
k=1 ;
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By virtue of (4.22), (4.23) yields

75 (8)

ti
5iuj§2/\pzj (Z(Skuk / [pji( )ldf)ds for i=1,...,n.
=17

a

Hence we get

n T 7ij (8)
SZJ%;/W@(/mﬁwgqﬁmrﬁLm%

a

ie.,

u*t < Aut, (4.24)
where u* = (uf,...,u’)T. However, (4.24) implies u* < 0 because A > © and
r(A) < 1. Consequently, (4.21) ylelds u=0. O

Proof of Theorem 4.2. Let the operator £ = (¢;)I, € L, be defined by (4.1).
It is clear that, in view of (4.4), £ € P/v”. According to (4.9) and (4.10), there
exist o > 0 and ¢ € [0, 1] such that

Tzk(t)

1

/ p(s)ds < —1n (moJr%) for te€la,b], i,k=1,...,n.
o o

f p(s)ds B
Hence we get
Y " p()d
e o ! —5§x0e0ap for t€[a,b], i,k=1,...,n. (4.25)
Put
R

zo p(s)ds

0 :0i<e ‘

")
—€
Obviously, v = ()", € C([a,b];R") and the inequality (3.8) is satisfied. More-
and

over, by virtue of (4: 11), (4.25), (4.26), we get

for t€ab], i=1,...,n. (4.26)

R n R
zo  p(s)ds xo p(s)ds
o (t) = zop(t) e o > > |par(t)|woe o
k=1
n 510 (5)d n iR (1) (8)d
o pis)as xo p(s)ds
=5 9| GRS B ST R
k=1 k=1

=0 Y pin(O)n(rin(t)) = 03li(y)(t) for t€ab], i=1,...,n.

Therefore 7 satisfies also the condition (3.9) and thus, using Theorem 3.2, we
get £ € S (a). O
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Proof of Theorem 4.3. Let the operator ¢ = (¢;)7_, € L", be defined by (4.1).
r (=

It is clear that, in view of (4.4), ¢ € 73;,;’2. Let, moreover, the operato
(0;), € L, be defined by setting

o Tik()

def

UREDSRUEACIS oy NIRRT
Jj=1 t

for t€a,b], i=1,...,n, (4.27)

where wi, (i,k =1,...,n) are given by (4.14). Obviously, £ € P> and

n Tik(t)

_ zn: pi (D) ( S / |pkj(s)|ajvj(7‘kj(3))ds>

k=1 j=1
< oili(v)(t) for te€lab], i=1,...,n, veCr(a,b;R}), (4.28)

where ¢ is given by (3.13). Consequently, the inequality (3.21) holds on the set
CZ([a,b); R™). Therefore, the assumptions of Corollary 3.3 are satisfied. O

Proof of Corollary 4.2. Let the operator £ = (¢;)'_, € L, be defined by (4.1). It
is clear that, in view of (4.4), ¢ € 73;2’2. Analogously to the proof of Theorem 4.3
one can show that the inequality (3.21) holds on the set C>*([a, b]; R), where ¢
is given by (3.13) and £ = (£;)"-, € L, is defined by (4.27). Moreover, in view
of (4.16), the inequality (3.25) is fulfilled. Therefore, by Corollary 3.4 we get
0 e Sk (a). O

Proof of Corollary 4.3. Let the operator £ = ({1, ¢3)" € £2, be defined by (4.1).
It is clear that, in view of (4.4), ¢ € P@ZI;E. Analogously to the proof of Theo-
rem 4.3 one can show that the inequality (3.21) holds on the set C2([a, b];R?),
where ¢ is given by (3.13) and ¢ = ({1,0,)" € £2, is defined by (4.27). On the
other hand, the inequality (4.17) yields (3.28) and thus, using Corollary 3.5, we
get £ € 827 (a). O

Proof of Proposition 4.2. Let the operator ¢ = (¢;)"_, € L be defined by (4.1).
It is clear that, in view of (4.4), £ € P>, According to the assumptions of the
proposition, there exists € > 0 such that

Z pir(t) [(5k Tir(t) — ) + 5} <é; for te€ad],i=1,... n. (4.29)

Put
'yi(t):ai[éi(t—a)—l—e} for te€ab],i=1,...,n.
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Obviously, v = ()7, € C([a,b]; R") and the inequality (3.8) is satisfied. More-
over, by virtue of (4.29), we get

o) = 8 = > Ipu(®)] |3 (raelt) — a) + €]
=0 Zpik(t) Ok [(51@ (Tir(t) — a) + 5} =0 Zpik(t)% (Ta(t))

=ol;(y)(t) for te€la,b], i=1,...,n. (4.30)

Therefore, the condition (3.9) is satisfied and thus, using Theorem 3.2, we get
(e Sh(a). O

Proof of Theorem 4.4. Let the operator ¢ = (¢;)I, € L, be defined by (4.2).
It is clear that —¢ € 73(3)’2 and 0y, = 0 for i,k = 1,...,n, i # k. Moreover,
by virtue of the results of [6], each of the conditions (a)-(c) in the theorem
guarantees the inclusion ¢; € Sy(a). Therefore, the validity of the theorem
follows from Theorem 3.3. O

Proof of Theorem 4.5. The validity of the theorem follows immediately from
Theorem 3.1 and Theorems 4.1-4.4, Corollaries 4.2 and 4.3. 0

5. COUNTER-EXAMPLES

Example 5.1. Let € €0, 1] and let pi, ¢; € L([a,b;R,) (i, k = 1,2) be such
that
b

b
/pﬂ(s)ds + /pig(s)ds =1+c¢, /gl-(s)ds <1 for i=1,2, (5.1)

a

b

a

b
/pgl(s)ds > €. (5.2)
Let £ = ¢+ — (=, where (* = (¢} 0T, 0= = (67, 6;)7 € P2 are defined by
o)) € i pae(t)op(b) for telab], i=1,2, (5.3)
k=1
0 (0) ) Y gi(tvi(a) for te[ab], i=1,2. (5.4)

According to (5.1) and Corollary 4.1 with §; = d, = 1, we find
(1—e)t e 821 (a),
Moreover, in view of (5.1) and Theorem 4.4 (a), we get

—{" € ng(l’l)(a).
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We first show that the homogeneous problem (3.4) has only the trivial solu-
tion. Indeed, let @ = (uy, Us)” be a solution of the problem (3.4). Then

b b

u;(b) = uy(b) /pil(s)ds + 5 (b) /pig(s)ds for i=1,2. (5.5)

By virtue of (5.1) and (5.2), the last relations yield u;(b) = us(b) = 0. There-
fore, from (3.4) we get uw = 0. According to the Fredholm property of the prob-
lem (1.1) (see, e.g., [9, 11, 17]), the problem (1.1) with ¢ = 0 and ¢ = (1,0)7 has
a unique solution u = (uy,us)’. Obviously, u satisfies (3.1), (3.2) with n = 2
and o1 = 09 = 1.

On the other hand, it is easy to verify that

wi(b) — u;(a) = uy(b) /pil(s)ds + uy(b) /pig(s)ds

Using (5.1), from (5.6) we get

~( / pra(s)ds+ / pu(e)is = < Jua)= (1= [ a1 ) ([ pa(o)as <))

a a a a

i.e., ui(b) < 0. Consequently, ¢ ¢ ng(l’l)(a).

This example shows that the assumption (3.5) in Theorem 3.1 cannot be
replaced by the assumption

Q- €8,  — €835

no matter how small € > 0 is.

Example 5.2. Let € €]0, 1] and let p;;, g; € L([a,b];Ry) (4,5 = 1,2) be such
that

b b b
/pil(s)ds + /pig(s)ds <1, /gi(s)ds =1+4e for i=1,2. (5.7)

Let ¢ = 0+ — ¢, where ¢+ = ((F 47,6~ = (¢7,6;)7 € P2V are defined

by (5.3) and (5.4), respectively. According to (5.7) and Corollary 4.1 with
51 = (52 = 1, we find

2,(1,1
rt e 8N (a).

Moreover, in view of (5.7) and Theorem 4.4 (a), we get

—(1 =) e 82" (a).
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We first show that the homogeneous problem (3.4) has only the trivial solu-
tion. Indeed, let @ = (@, u2)” be a solution of the problem (3.4). Then (5.5) is
true. By virtue of (5.7), the relations (5.5) yield u;(b) = uy(b) = 0. Therefore,
from (3.4) we get u = 0. According to the Fredholm property of the problem
(1.1) (see, e.g., [9, 11, 17]), the problem (1.1) with ¢ = 0 and ¢ = (1,0)7 has
a unique solution u = (uy,uz)”. Obviously, u satisfies (3.1), (3.2) with n = 2
and oy = 09 = 1.

On the other hand, it is easy to verify that the relations (5.6) are satisfied.
Using (5.7), from (5.6) we get

b b

[(1 o) (1~ [ patoras) -
- / pia(s)ds / pzl(é’)dé‘] w(t) = —=(1- / pas(e)s ).

i.e., ui(b) < 0. Consequently, ¢ ¢ Sfb’(l’l)(a).
This example shows that the assumption (3.5) in Theorem 3.1 cannot be
replaced by the assumption

re8yF(a), —(l-e)l €Sy (a),

no matter how small € > 0 is.

Example 5.3. Let 7 = b for i,k = 1,2. Choose py, € L([a,b],Ry) (i, k =
1,2) such that

b b
P11 = P22, P12 = Par, and /pn(S)dS + /p12(8)d8 =1

Let the operator £ = ({1, ¢3)" € £2, be defined by (4.1) with n = 2. Obviously,
le Pa2b’(1’1) and, for any m > k, the condition (3.10) with oy =09 = land a =1
is satisfied, where p™ (m = 2,3,...) are defined by (3.12) and p' = (1,1)7.
Moreover, the condition (3.15) is true with 6; = J, = 1 and the inequality
(3.21) with 0y = 05 = 1 holds on the set C{""([a, b];R2), where ¢ is given by
(3.13) and £ = (Zl,Zg)T € be’(l’l) is defined by

4;(v)(t) def Zpij(t)(/ijk(s)vk(b)ds) for t€la,b], i=1,2.

Since
b b

ve piv(n)dn
/Zpij(s) (/ijk(f)dé) es v=1 ds=1 for i=1,2,
=1

2
a s k=1
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the conditions
b

{Rje (W) (s)ds," £ar(1)( )d} ® (e
max 1 s)as, 22 s)as p
e « a /h(s)es ds =1

a

and
R R

£11(1)(s)ds la2(1)(s)ds
max{)\lea " ,Agea ” }: 1,

are fulfilled, where h, p and Ay, Ao are given by (3.26), (3.27) with n = 2, and
(3.29), respectively (note that pias = P12 = p1a = po1 and ¢; is given by (3.23)
with 0; =1 for i = 1,2).
On the other hand, the function u = (uy,us)”, where
t t

w;(t) = /pﬂ(s)ds—i-/pig(s)ds for telab], i=1,2,

is a nontrivial solution of the problem (3.4). Therefore, by virtue of Remark 3.1,
2,(1,1)
we get L €S0 (a).

This example shows that the assumption o € [0,1] in Corollary 3.1 and
Theorem 4.1 cannot be replaced by the assumption « € [0, 1] and the strict in-
equalities (3.14), (3.25), and (3.28) in Corollaries 3.2, 3.4, and 3.5, respectively,
cannot be replaced by the nonstrict ones.

Moreover, this example shows that the assumption 7(A) < 1 in Proposi-
tion 4.1 cannot be replaced by the assumption 7(A) < 1 and the strict inequali-
ties (4.6), (4.16), and (4.17) in Corollaries 4.1, 4.2, and 4.3, respectively, cannot
be replaced by the nonstrict ones.
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