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THE DIRICHLET PROBLEM FOR A SECOND ORDER
ELLIPTIC EQUATION DEGENERATING ON THE WHOLE
BOUNDARY WHEN THE BOUNDARY CONDITION IS
SATISFIED IN THE PRESENCE OF SOME WEIGHT
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Abstract. The first boundary value problem with weight is investigated for
a general-type second order elliptic type equation degenerating on the whole
boundary.
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Let us consider the elliptic equation
Atgy + 2Bugy + Cuyy + auy + buy +cu =0 (1)

in the circle D = {(z,y) : 2* + y* < 1} and assume that in a sufficiently small
neighborhood D; C D of the boundary I' = 0D the representation
0*u 0%u
Augy + 2Bugy + Cuy,y = 8_6% + H? 3_@ (2)

holds, where Dy = {(z,y) : 1 —e < 2> +y* < 1}, {1 = (—y,2), ls = (z,y),
H=1—/x24+y? p=const >0,0<e < 1.

In what follows it is assumed that the coefficients a,b € C?%(D), ¢ € C**(D),
c<0,(z,y) €D, 0<a<l1.

It is not difficult to show that equation (1) with assumption (2) on the bound-
ary I' = 0D parabolically degenerates and the characteristic direction coincides
with the tangent direction, since

(AH? +2BH,H,+ CH])|p, = H’G, G=1.

As is known [1], for p = 1, IG ™Y sp > 1, I = L(H) — cH, the Dirichlet
problem is not correctly posed. In that case we can consider the following
problem.

Problem. Find a regular solution u € C*(D) N C(D) of equation (1) in the
domain D and the boundary condition is satisfied with weight, i.e.,

lim 7(z, y)u(z,y) = f(z,y), (3)

where the weight function 7(x,y) = m, W € C?(D) is some function uni-
formly tending to oo as H — 0, f(x,y) is a given continuous function. In such
a formulation the problem was for the first time proposed by A.V. Bitsadze [2].

The work [3] by S.A. Tersenev dealing with the same topic should also be noted.
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Equation (1) with (2) taken into account can be rewritten in terms of polar
coordinates x = rcosy, y = rsiny as

%+r(1—r) ?9; %(bcoscp—as.ingo)(;)—ZJ
+(Hpr+acosap+bsingo)%+cu:0. (4)
Since
He1-r @:_&L O®u  J%u

or OH' or?  OH?’
equation (4) takes the form

0*u o O%u ou
Li(u) = 9 +(1—H)*H? D12 +a1(H7<P)%
ou
= H, —
+01(H, ¢ )8H +c(H, p)u =0, ()
where
oy (H, p) = bcosp — asinp

1-H ’
bi(H,p)=—[HP(1 — H) 4+ acosp+ bsiny] .

Let us introduce a new unknown function v(yp, H) assuming that

u=Who. (6)
Then equation (5) reduces to the form
0%v 0% 2W, | ov
— H)*H? 2l
0p? L HPHY G { } Oy
WH ov Ll(W)
2(1 — H)2HP Gy,
+ [bl + 2( ) } By W 0. (7)
Choose a function W (p, H) such that for p =1
Wh
W(QO,H) >0, Liy(W)<0 in D. 9)

Let us now construct the function Wy, H) satisfying conditions (8) and (9).

If IG™Y9p = bi(p,0) # 0, then solutions of equation (5) in the neighborhood
of the parabolic degeneration circumference behave mainly like solutions of the
equation

0*u ou
_ 2pgp — =
(1 H)H8H2+bl(go,H)8H 0
or
, Pu ou
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where

HP(1 — H)+acosy+ bsinp
b*(¢,0) = b1(,0).
(1_H)2 ) (()07 ) 1(@7 )

Let p =1 and (1 — IG')|sp < 0 or, which is the same, by = b*(¢,0) > 1,
0<p < 2m.
Consider the function

b*(()pv H) = -

1 1 b

w(p, H) = /exp {/b*((p,O)Tl dT] dt = 5 1 by # 1.
o —
H

t

It is easy to see that w(p, H) satisfies equation (10). Also note that for H > 0
the function w(y, H) is continuous together with its derivatives of all orders and,
for H — 0, by virtue of the assumption that by > 1 it has singularities at the
points of the circumference.

It is obvious that for sufficiently small H the following estimate is true:

Oow

WH

YH _ g -1 bo—2 _ ow
i (1=bo)H ' +O (H"?), wy 5 (11)
Since by = by and H = 0, estimate (11) immediately implies that
lim [bl 21— H?H “—H}
H—0 w
—H%(1—by) 1—by 1—bg
S _ 2 _
_}}%{b0+2(1 H)H[ e T .

. ) r Hbofl

Let us now consider the function

1+ (m %) -l (o — 0" + K} o, (H)

W(QO, H) = {w<907 H)

+ [=(p = 61)" + K1] ®2(H),

where 0 < o < 1; n, ny, K and K are positive numbers; § and ¢; are chosen
so that ¢ —d >1and ¢ —6; > 1,

_ P () o
(I)l(l') = \1107/\({E) + \:[1171_8([E) € C [07 1],
Dy () Vi-e(@) e C™[0,1].

o (@) + Uy ()

Here the functions ¥, (x) are defined by the equality [4]
_ 1

by = {7 o=l <,

0, |r —al > e.

Let us show that W (p, H) satisfies conditions (8) and (9). We consider three
cases.
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Case 1. 0 < H < e. Then ®(H) = 1 and ®3(H) = 0. By a direct
calculation we find that

im 4 2p7 Wh
11{1—>0 {bo 2(1 H) —”, }
wull+ (Inz) "] + G2 [ 5]

wl+(Ing)]—(p—0)"+ K

m {bo +2(1—-H)*H {

=1l
H—0

1—b 1—by
TTH T }}

m {bo +2(1— H)*(1—by) +2(1 — H)*H

=1
H—0

(1= H"0) 1+ (In )= = (1 = bo)[(¢ — 0)" — K] H
=2—by < 1,

i.e., condition (8) is fulfilled.
We will show that W satisfies condition (9) too.
It is easy to see that

. [—Hbou ~b)[1 + (In ?a] Tang) T 1 - ) 1 bo} }

% — 0 (|log H?), % = O(logH|), b—by=0(H).  (12)
Using (12) we obtain
a(l — H)*w 17777 bo Wiy 1
L = g — 1+ | —2 1420 log —
(W) I {ogH} a+1+ (1= ) + | log
+ O(\/ﬁ)] —n(p—98)""2[n—14+ (p—208)a] + cW.
Furthermore, we have
b() wWH b[) _Hbo(l — bo)
SRR (Y & ot N NN} ¢ i
S a—mey TS T aZEe T i
bo by — 1
= =142 —.
(1—H)? + Hbo—1 — 1
Therefore
}}%Ulzbo—l—Z(bo—l):—<b0—1><O, (13)
from which it follows that for small H
b 2
o= — 14202 < (14)

(1—H) w ~logH’
By virtue of (14) for small H we have

bo wH 1
1 —— — 1+ 2H —| log —
o+ 1+ (1= H) + " ogH
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1
< 1 log — = 1-2=a-1<0. (15
<a+ +logH 0g a+ o (15)
It is not difficult to see that
awllog %]_a”(l — H)? . a(l—H)?(1 — H*")[log %]_Q_Q
im = lim

H—0 H H—0 (1 — bO)H

1— H)2(H» 1 -1
— i 2L D ) _ (16)

H—0 (1 — by)Ht (log £ )o+2
From (12)—(15) it follows that for small H

b(] Wy 1
14 |——=—-1+2H —| log—=+0(VH) < a—-1+0O(VH 0. (17
a++(1—H)2 + | log ot (VH) <a—1+0(H) < 0. (17)
By virtue of (16), (17) there exist positive numbers ny and K, such that for
n > ng and K > K, the inequalities W > 0 and L;(W) < 0 are fulfilled

simultaneously.
Case 2. A< H < 1. Then ®;(H) =0, ®3(H) =1 and

Wip, H) = —(p —01)" + K.
It is easy to verify that
Ll(W> = —TLl(TLl — 1)((,0 — (51)”1_2 — alnl(go — (51)“1_1 — C(QO — 51)”1 + CKl.

Therefore the number n; can be chosen so that the inequality L;(W) < 0 be
fulfilled. After that the number K is chosen so that W (¢, H) be positive.

Case 3. ¢ < H < \. In the preceding two cases we have shown that W > 0
and L; (W) < 0 on the intervals 0 < H < e and A < H < 1. But the functions
W and L;(W) are continuous at the points H = ¢ and H = A. Therefore
the same inequalities W > 0 and L;(W) < 0 are fulfilled on wider intervals
0 < H<e and \y < H < 1, where ¢ < g1 < A < A. Hence instead of
€ < H < )\ it is sufficient to restrict the consideration to the case e < H < )y,
where ®;(H) > const > 0, i = 1,2. By a direct calculation we find that

LiW) =1+ I,

where
L = —n(n—1)(p = 0)" 2@ (H) — (1 — H)*H(p — )" %
_ 77@1(}[7 (p)((p — 5)"71(1)1(}[) - bl(Ha 90)(90 - 5)n aq)al](_IH)

—c(H, p)(p —6)" 01 (H),

te (mE)
7

Wi, H) (1 + (ln %) _a>] %

Iy = wyu (0, H) ®1(H) —ni(m — 1) (p — 61)" > Po(H)

+ (1 - H)*H
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+ {wH(sO, H) |1+ (ln %) Sl % (ln %> _a_l} 8%51)
+{wHH(sO,H) 1+ (m%)a +% <1n%)(”

_fﬂ%éﬁ.on%Dal+cﬁa+1)Oné)a2}¢ﬂH)

e () | () 2D
020, (H)

- H
OH?

+ {WH(Sva)

+ [=(p = 01)™ + K] + a1 (H, p)wy(p, H)

X

1+ <ln %) _a] Oy (H) — a1(H, p)ni (¢ — 6)™ " ®y(H)
o (m%)‘“] +K} O0(H)

NN

vt ) () e ) o - oK

1411 L)
n_
H

+ bl(Hv 90> {w((pv H)

b, @){M{(%H)

o, (H)
oH

+c{w(gp,H)

+ K} Oy (H)+c[—(p — 6)" + K] By(H).

Since in the expression for 5 all the terms are bounded, while n, and K; are
already fixed, the number n can be take so large that the inequality L,(W) <0
be valid. After that we choose K such that the inequality W(p, H) > 0 be
fulfilled.

The following statement is true by virtue of (8), (9) and the results of [1].

Theorem. Ifp=1, IG ' yp > 1, = L(H)—cH and 7 = (bg —1)(H' 7% —
1)71, where by = b*(,0), b*(p, H) = [H(1 — H) + acosp + bsinp|(1 — H)?
and ¢ is the polar angle corresponding to the point (z,y) € D, then for any
f € C(0D) problem (1), (3) has a unique regular solution.
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