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OSCILLATIONS OF HIGHER ORDER FUNCTIONAL
DIFFERENTIAL EQUATIONS WITH IMPULSES

CHAOLONG ZHANG AND WEIZHEN FENG

Abstract. A kind of higher order sub-and super-linear FDE with impulses
is studied in this paper. Several criteria on the oscillations of solutions are
given. In particular, in the case where the coefficients of equations are posi-
tive and continuous functions, we find some suitable impulse functions such
that all solutions of the equation are oscillatory under the impulse control.
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1. INTRODUCTION

Recent years have seen on increasing number of papers dealing with the os-
cillatory behavior of ODE(FDE) with impulses. There are some good results
on the oscillation of first order ODE with impulses [1]-[5]. The oscillation of
second order ODE with impulses is studied in [6]-[8], and the oscillation of sec-
ond order FDE in [9]-[11]. Some results on the oscillation of higher order ODE
are obtained in [12], [13]. However papers, where the oscillation of higher order
FDE is investigated, are very rare.

In this paper, we mainly study a kind of higher order sub- and super-linear
FDE with impulses under conditions (A) and (B). We can always find some
suitable impulse functions such that all solutions of the equation can become
oscillatory under the impulse control. We believe that the oscillation under the
impulse control is significant both in the theory and in applications.

2. MAIN RESULTS
We consider the system
2P () + p(t)]a(t — 1) sen(z(t — 7)) =0, t>to, t#t,
2Ot =a2D(t), i=01,....2n—1, k=1,2,...,
2Dy =2, i=0,1,...,2n—1,
o(t), to—T <t <t
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20D (t), 4+ h) — 207D (t,)
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¢ : [to — 7,t9] — R has at most a finite number of discontinuous points of first
kind and is left continuous at these points, 0 < t5 < t; < -+ < t, < -+,
hm ty = +00,20(t) = z(t), n is a natural number. Here we always assume

that the following conditions hold:

(A) a >0,i=01,...20—1,7>0,7 >0, tpes —t > 7, p(t) is
nonnegative and continuous on [tg, +00), and p(t) is not always equal to 0 in
[t,+00) for ¢t > to;

(4) (1) (@)

a ay’a
(B)  (ti—to) + —py (t2 — t1) + —=qy oy (3 — t2)
L1 RSV Y
1 1
MOMORIN Q)
R = v = &(H) (tms1 — tm) + -+ - = Fo00. (2)
ay 2 m
Definition 1. A function z : [t, — 7,4+00) — R is said to be a solution of (1)
on [ty — T, +00) starting from (to, ¢, x(()o), xél), . ,a:((f"*l)) if

i) 2()(¢) is continuous on [tg, +00) \ {ty, k € N}, i =0,1,...,2n — 1;

i) 2(t) = ¢(t), t € [to — 7, to), 2D (t]) = x(()i), i=0,1,...,2n —1;

iii) ZL‘( ) satisfies the first equality of (1) on [tg, +00) \ {tx, k € N};

1V) @ (t) has two-side limits and is left continuous at the points t, k =
o, 29 (t;) satisfies the second equality of (1), =0,1,2,...,2n — 1.

(
(
(
(
2,.

1

Remark 1. Let xo(t) = z(t), z1(t) = 2/(t),...,29,_1(t) = 2"~V (¢). Then
equation (1) can be changed into
(@'o(t) = 21(t),

a'1(t) = wa(t),

Tona(t) = won-1(t), t>to, t#t,

2on_1(t) = —p(t)|xo(t — 7)|" sgnxo(t — 7),

w(th) =aVzi(t), i=0,1,...2n—1, k=1,2...,

o(t) = (), to—7 <t <to,
La(t5) = b

The global existence and uniqueness of solution of (1) can be found in [14]-[15].
In the following, we always assume that solutions of (1) exist on [tg, +00).

Definition 2. A solution of (1) is said to be non-oscillatory if it is eventually
positive or eventually negative. Otherwise, this solution is said to be oscillatory.

Lemma 1. Let x(t) be a solution of (1), and conditions (A), (B) be satisfied.
Suppose that there exist an i € {1,2,...,2n — 1} and some T > to such that
2@ (t) >0 (< 0), 20+Y(t) > 0 (L 0) fort > T. Then there exists some Ty > T
such that 21 (t) > 0 (< 0) fort > T.
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Proof. Without loss of generality, suppose that T' = t;, 2@ (t) > 0, 20+ (¢) > 0
fort € (t,tp1] (k =1,2,...). Hence 2 (¢) > 0 is monotonically nondecreasing
in (tg,tgs1]. For t € (t1,t2], we have

20(t) > 29 ().

Integrating the above inequality, we have

0D (ty) > 2D () + 20 (f2 — ). (3)
Similarly to (3),

2D (t) 2 2 E) + o8 1y — o) @)
By a9(t2) > 2 (¢) and (3), (4), we have

2070(ts) > 2070 (E) + 2085 (8 — o)
= af Vi (ty) + a8 2 (t2) (s — 1)

> af D) + 20 ) (b — 1)) + al 2O () (8 — ta)

(4)
i i— i a @
zglﬂﬂ1WD+ﬂWﬁ@—mH—? ﬂWD%—bﬁ

Cngfl)

Applying mathematical induction for any natural number m we have

H0) 2 a6 410 (- 1)

0 @), ., ()
a a Qa .. am_
oty — o) oo et — )| b (5)
a(z 1) a(Z 1)a(l 1) . a(z 1)
5 2 3 m—1

By condition (B) and a\” >0, for all sufficiently large m, we have z(=1(t,,) > 0.
That is, there exists a natural number N such that ¢t5 > T and for m > N,
we have 0~V (t,,) > 0. Since 2 (¢) > 0, we have 20~V (¢) > 201 (¢,) > 0 for
t € (tg,tps1] where k > N. Hence for t > ty, we have 20~ (¢) > 0. The proof
of Lemma 1 is completed. O

Lemma 2. Let 2(t) be a solution of (1) and conditions (A), (B) be satisfied.
Suppose that there exist an i € {1,2,...,2n} and some T > to such that x(t) >
0, 29(t) <0 fort > T, 29(s) is not always equal to 0 in [t,+o0) (t > T).
Then z=Y(t) > 0 for all sufficiently large t.

Proof. Let T = t,. We claim that 20~ (¢;) > 0 for any ¢, > T.

If this is not true, then there exists some t; > T such that z(~Y(¢;) < 0.
Since W (t) < 0, 20~ (¢) is non-increasing in (¢, 1,41 for k > j and z((s)
is not always equal to 0 in [t, +00), there exists some t; > t; such that () (¢)
is not always equal to 0 in (¢;,¢,1]. Without loss of generality, we can assume
that [ = 7. So we have

20 (1) < 20V() = af V(1) <o,
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For t € (tj11,tj42] we have
i— 17— i—1 7,—
20D (t512) < 200(Hf) = af 20 (1 40) < 0.

By induction, we have 20~V (¢) < 0, t € (£j1m,tj1m+1) for all sufficiently large
m. Thus we have 20~ (t) < 0, i @(t) < 0, ¢t € (tj+1,+00). By Lemma 1, for all
sufficiently large ¢ we have (=2 (¢) < 0. Applying Lemma 1 repeatedly, for all
sufficiently large ¢ we have z(t) < 0. This is a contradiction to x(t) > 0(t > T)!
Hence we have 20~V (¢;) > 0 for any #,. So we have z0~V(t) > 0 for all
sufficiently large ¢. The proof of Lemma 2 is completed. OJ

Lemma 3. Let z(t) be a solution of (1) and conditions (A), (B) be satisfied.
Suppose there exist some T > to such that x(t) > 0 fort > T. Then there exists
someT' >T andl € {1,3,...,2n — 1} such that for t > T’,

z9(t) >0, i=0,1,...,1,
(=) 2D@t) >0, i=1+1,...,2n—1, (6)
M (t) < 0.

Proof. Let T = t,. Since x(t) > 0 (t > ty), by (1) and that p(¢) is nonnegative
and is not always equal to 0 on any (¢, 4+00), we have

2@ (t) = —p(t)[a(t — )] <0,

and z?"(s) is not always equal to 0 in (¢,4+oc) for t > #;. By Lemma 2,
we have "~ D(t) > 0 for sufficiently large t. Without loss of generality, let
x@=D(t) > 0 for t > t5. So (3"~ (t) is nondecreasing on (t4,t,11]. If for any
tr, @72 (t,) < 0, then z"=2(¢) < 0 (t > t,). If there exists some ¢; such that
2@=2)(1;) > 0, by 227=D(¢) is nondecreasing on (g, tp1) and a™"? > 0, we
get 1= () > 0 for t > t;. So there exists some Ty > T such that one of the
following statements holds:

(A) 2@ D(@) >0, 2CD(t) >0, t>1Ty;

(By) 2@ V() >0, 2D (t)<0, t>T.
When (A;) holds, by Lemma 1, we have 2(2*=3)(¢) > 0 for all sufficiently large .
Applying Lemma 1 repeatedly, for all sufficiently large ¢, we have 22"~ (¢) > 0,
22 (4) > 0,...,2'(t) > 0, z(t) > 0, and (6) holds with [ = 2n — 1.

When (B;)holds, by Lemma 2, we have 2(2"=3)(¢) > 0 for all sufficiently large

t. By deducing further, there exists some T, > T such that one of the following
statements holds:

(A7) 2@ (@) >0, 2@D({) >0, t>Ty;
(By)  z®73(t) >0, 2% V(1) <0, t>Tb.

Repeating the above reasoning, we can get that there exists some 77 > T and
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l€{1,3,...,2n — 3} such that for ¢t > 71",
c9D(t) >0, i=0,1,...,1,
(=)@ >0, i=1+1,1+2,...,2n—1,
M (t) < 0.
The proof of Lemma 3 is completed. 0

Remark 2. If z(t) is an eventually negative solution of (1), we obtain results
similar to Lemmas 2 and 3.

Theorem 1. If conditions (A), (B) hold, aé,o) >1 fork=1,2... and

t1 to t3
1 1
/p(t) dt + m /p(t) dt + W /p(t) dt
ay ay o
to t1 to
1 t'm+1
Tt e @ (2n—1) / p(t)dt+--- =400, (7)
al a/2 SRR oy ;

then every solution of (1) is oscillatory.

Proof. Let z(t) be a non-oscillatory solution of (1). Without loss of generality,
let 2(t) > 0 (t > tp). By Lemma 3 and (1), there exists 7" > ¢, such that for
t > T we have

P0(@) <0, 2PV >0, (1) >0, a(t) >0, (8)

Since a,(co) >1(k=1,2,...), there exists some natural number [ such that =(t) is
nondecreasing in [t;, +00), z(t;") < x(tiy1) < x(t) < w(tige) < a(tf,) < ---

Let j be some natural number such that [t; — 7,+00) C [t;,+00). Then (1)
yields

g () = —p(t)a"(t —T), t>t;, t#t. (9)
Integrating (9) from ¢; to t;11, we have
tj+1
o) =2 0() = — [ ple)er -y (10)
tj
By (10) and that x(t) is increasing, we have
ti+1
s D(tjer) = (e~ [ ploga(e =
tj

tj+1

Sxm*Wp—uw—ﬂr/p@w

tj
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tjt1
=P Ve ~ ol — ) [ par ()
tj
Similarly to (11), we have
tjt2
2D (t540) = T2 D (40) = [t — 7)) / p(t)dt
ti+1
tjt1 tit2
2n—1 2n—1 n— r r
< ag.ﬂ )[a§ )2 ”(t]-) — [z(t; — 7)] / p(t)dt} — [z(t; — 7)] /p(t)dt
tj tit1
tjr1
2n—1 2n—1 n— r
< a0 — oty -y [ [ pton
tj
tjt2
1
T @ /p(t)dt”. (12)
Tt

By mathematical induction we have for any natural number m > 2,

n— 2n—1 2n—1 2n—1 2n—1 n—
O (1) < a2 2 g ene) {a§+1 )11 )

ti+1 tjt2 tj+3

. 1 1
= [o(t; = 7)] [/p(t)d“rw /p(t)dt+W /p(t)dt
t; i+l [ZES] 2 gt tjt2
1 tit+m
oot (2n—1) (2n—1) (2n—1) / p(t)dt}}. (13)
1 0im=2 "y

By (7), (13) and a,(;) > 0, for all sufficiently large m, we have
$(2n_1) (tj+m) < 0.

This contradicts the fact that 22"~V (¢) > 0 for all sufficiently large ¢. So every
solution of (1) is oscillatory. The proof of Theorem 1 is completed. O

Corollary 1. Assume that conditions (A) and (B) hold, and ag)) > 1,

a,(fn_l) <1 fork=12,.... If f+oop(t)dt = +00, then every solution of

(1) is oscillatory.

Proof. By a,(f"*l) < 1, we have

1 tet1 tht1
(2n—1) (2n—1) (2n—1) /p(t)dtZ /p(t)dt.

a, asg k

tg tg
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As m — o0, fti’"“ p(t)dt — +oo, condition (7) of Theorem 1 holds. By
Theorem 1, we know that every solution of (1) is oscillatory. O

Corollary 2. Assume that conditions (A) and (B) hold and there exists an
a > 0 such thatak)>1 (Qn - z(t’““) fork=1,2,.... If [Ttp(t)dt =

+00, then every solution of( ) is oscillatory.

Proof. By <2n v > (t’zzl)o‘, we have

1 tet1 . thi1
(2n—1) (2n—1) (2n—1) /p(t)dt > (t_> /tap(t)dt
CLl a2 A ak 1
tr tr
Then
t1 to t3 i
1 1 1\« o
p(t)dt + _(2n—1) p(t)dt + (2n—1) (2n—1) p(t)dt > <t ) tp(t)dt.

CL1 aq as 1

to t1 ts 4

As m — +oo, tm“ p(t)dt — 400, condition (7) of Theorem 1 holds. Theorem
1 implies that every solution of (1) is oscillatory. U

Theorem 2. Suppose that conditions (A), (B) hold and for any natural num-
ber k, t, —tp,_1 > 1 > 0. Let either
t1

OIS ROMO
(a) : / p(#)dt + [% ]1) / p(t)dt+% / p(t)dt

2

to+T1 t1+7 to+T1

tm41
(i) [ag"]" - - [a) _

Tt J@n1) Bnol) | a-D) p(t)dt + - - = +o0 (14)
1 2 " tm+T
or
tot+T 1 t1+7 [ © )] to+T
a
(b) /p(t)dt+m /p(t)dt+m /p(t)dt
ay ay

to t1 to
tm+T7
() [a”) - - lag )"
(2n—1) (2n—1) (2n—1) p(t)dt 4 - - = 400 (15)
al a2 BRI o

tm

hold. Then every solution of (1) is oscillatory.

Proof. Suppose that (1) has a non-oscillatory solution x(t). Without the loss of
generality suppose that 7" =ty and z(t) > 0 (¢ > tp). Lemma 3 and (1) imply
that there exists 7" = tq such that for ¢t > T7,

() <0, 2PV >0, 2'(t)>0, z(t)>0. (16)
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Then
x(Qn—l) (tk+m) < l.(Zn—l)(t:eril) — al(c%fr;?1x(2n_l)(tk+m—1)

2n— n—

S al(v-‘rm—)l‘r(2 b (tk++m—2)
2n—1 2n—1 n—

= a§c+m—)1al(€+m—)2x(2 1)(tk+m—2)

S ............

< a}(ﬁ:;i)lal(f_g;ié L ai(fnfl)agnfl)ag2n71)x(2n,1)(tl),

2(t) = allx(ty) > alw(tf_) > allal” x(ty)

> aéo)a,(co_)l e aaVz(ty).
If condition (a) holds, then for t € (¢, 3],
2@ (t) = —p(t)[z(t — 7)]".
Integrating (17) from ¢; to to, we have

to

s D(t) = 2 0e) [ pl)falt - Tt

t1

to
< a2V (1) ()] / p(t)dt
t14+7
to
< a3 4 2n=1) ty) — a0z t)|" p(t)dt.
1 1
t1+7
Similarly,
t3
s V(ty) < o el V(e ~ (D) [ plo)i
to+71
to
< a2 [a?”‘”xm-”(tl) ~ i [ p(t)dt]
t1+71
t3
- T [ Pl
to+T7
— a(22n—1)a/§2n—1)x(2n_1) (tl)
to t3

(17)

-Gl [ [ a1 [ oo

t1+7 to+T1
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Suppose that, for any natural number k

l'(zn_l)(tk) Sa(2n—1)a(2n—1) a(2n—1) (2n—1)x(2n—1)(t1)

1 2 oy g Qg g
k-1 tit1
0 2n—1 2n—1
{ e 5 ik z(+1 ). 'al(gq ) / p(t)dt}.
=1 ti+T

Integrating (17) from ¢ to tx,1, we have

tkt+1
2B (1) < a2V (1) — () / p(t)dt
t+T1
< a}(€2n71)a§2n71)ag2n71) o CL;(CQ_"fl)SC(znfl)(h)
k—1 tita
r 0)1r 0)1r (2n—1 2n—1
) {Zmﬁ T faPral Y ey / p<t>dt}
=1 ti+T
to+1
0 r 0 r 0 r 0 T T
- P T Ve [ pde
te+7
2n—1 2n— 2n— 2n— n—
=" VeV e Vet (1)
k tit1
r 0)1r 0)1r (2n—1 2n—1
~tete) P { ST T [ ey
=1 ti+T

By mathematical induction, we know that for any natural number m

IE(Zn_l)(tm) < aan—l)aan—l) ) gnll)x@n—l)(tl)
m—1 tit
st { )l o [ e
i=1 ti+T
Therefore

z@n—1) (tl)
[z(t)]"

S Il ol

=1 7 T

m

D) < Vi) |

The above inequality and (14) imply that 2"~ (¢,,) < 0 for m large enough.
Thus z?"=V(¢) < 0 for all sufficiently large ¢. This contradicts 2"~V (¢) > 0
for t > T". So every solution of (1) is oscillatory.
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If condition (b) holds, integrating (17) from ¢; to t5, we have

t2
s V(t) = 2™ 0e) [ p)fale - )t
t1
t1+7
<o)~ [ polate - r)a
t1
t1+71
< al™ V(1) — [ty — 7)) / p(t)dt.
t1
Similarly,
to+T7
PD(l5) < a0 ) — falta =) [ a0
to
to+T1
< af M D (ay) - o)) [ ple)as
2]
t1+7
< aéZn—l){aan—l)x(%—l)(tl) _ [x(tl o 7_)]7" / p(t)dt}
t1
to+T1
- ot~ 7)) [ plo)a
to
_ a(22n—1)a§2n—1)x(2n—1) (tl)
t1+7 to+T7
et = (o [ i+ ay [ pioar,
t1 to
By mathematical induction, for any natural number m
x(2n—1)(tm) <a (2n 1) (2n n . agnnzl)x(?n 1)( t1)
m—1 LT
x(ty — ) { N 20)1] afﬁ_l) o -afi’ifl) / p(t)dt}'
i=1

Hence

m—1

(Qn—l)t < (2n—1) (Qn—l).“ (2n—1) b o— r) >~ \"1J
x ( m) > ag ) a [:B( 1 T)] [:L‘(tl — T)]r
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m—1 (0)1r ©) 1 LT
[al ] e [ai—l]
- { Z 2n—1) 2n—1) /p(t)dt :
a c-a

i=1 1 %

The above inequality and (15) imply that (2"~1(¢,,) < 0 for m large enough.
So 22"~ (t) < 0 for all sufficiently large ¢. This contradicts z>"~(¢) > 0 for
t > T". So every solution of (1) is oscillatory.

Summing up the above discussion, we can see that every solution of (1) is

oscillatory. The proof is completed. 0]
Consider
{ () 4+ p(t)|e(t — 7)|"sen(a(t = 7)) =0, t =1, )
o(t) = o(t), to—T1<t<t
and
2 () + p(t)|z(t — )" sgn(e(t — 7)) =0,
2D(t) = Ly (2D (ty)) for i=0,1,...,2n—1, 19)

2D () = m(()i) for k=0,1,...,

z(t) = ¢(t), to—T <t<t.
where Ij;(x) is continuous on (—oo,+00) and xlyp(x) > 0 (z # 0), k =
1,2,..., ¢(t) : [to — T,to)) — R has at most a finite number of discontinuous
points of first kind and is left continuous at those points.

Theorem 3. If p(t) > 0 is continuous on [0,+0c0), r > 0, r # 1, then for
any {tn} 0 <ty <ty < - <ty < -+, tyy —tyg > 71 >0, one can find
suitable impulsive functions Iy (x) such that under the impulsive effects (18)
transforms to (19), all solutions of (19) are oscillatory.

Proof. Let ¢, = ti’j;p(t)dt, co = 1 and [y (z) = dix (a,(;) = dy), where

dk:<ci_;l)r7il’ k=1,2,.... Then

1 1 1
drt=— dide)" ==, ..., (didy---dy)" = —.
1 oL (12) o’ 7(12 ) o
Hence
t1 to t3
[a(o)]r [a(o)]r[a(o)]r
to+7 @ t1+71 “ @ to+T
+1
(") a8"]" - [afe))"
T T ) @ (2n—1) p(t)dt
a]_ CLZ PR m tm+7-

> d§_161 + (d1d2)r_162 + -+ (dld? T dm)r_lcm =m

Therefore the condition (a) of Theorem 2 holds. We can see that every solution
of (19) is oscillatory. O
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Remark 3. Though the condition on p(t) cannot guarantee that all solutions
of (18) are oscillatory, we can see from Theorem 3 that if we give some suitable
impulsive effects to it, all solutions can become oscillatory.

3. EXAMPLES

Example 1. Consider the system

$(2n)(t)+x2n_1(t_%):()v t>t0:17 t7é2k7 k:]-??? )

S(VH) = 2p(28) ) (¥ @Ok =1, 2n—
((2M)7*) = 22(2h), ((2)) it (2Y), L1, (20)
(1) =z, 2D(1%) =af,

x(

t) = ¢() telz 1]
)

Wherea,(C =2>1, a(l) A i=1,2,...,2n— 1p(t):1,tk:2’“,7:%>0,

bopr — b = 28PE —2F =9k > 1 ¢ = 1, v = 2n — 1. It is obvious that condition

A) is satisfied. As to condition (B), for i > 1, a\) = % e have
k k+1

(t1—to)+(ta—t1)+(Es—t2)++ -+ (bmr1—tym)+ - - - =142"42%+- - 42"+ - . = +00.

For: =1, a,g) 2, a,(cl) k—ilwe have
(b — o) + o (fa—t1) + e (ty—ta) + -+ (tpr—tm) +
1= b))+ 5o lz—h PITTAL IE: (m 1 1)x2m m4+1"lm
1 1 1
=1 2 24— o™
T2 Jr3><22 * Jr(fm+1)><2m
L I S
= -+ - S = +00.
2 3 m+ 1
So, condition (B) holds.
Since al(fn_l) = ﬁ, we have
t1 to 1]
1 1
()dt+ (2n 0 p(t)dt—l—w p(t)dt
1 2
to t1 to
] tm+1
+ D /p(t)dt+...
al a2 c Qg ;
t1 to t3 tm+1
:/1dt+2/1dt+3/1dt+~~+(m+1) / ldt + - --
to t1 to tm
=(t1 —to) +2(ta —t1) +3(tg —ta) + -+ (m+ 1) (L1 — tim) + - -
=14+2x24+3x224+ -+ (m+1)x2"+ - = fo0.

Therefore we get that the conditions of Theorem 1 hold. So we can see that
every solution of (20) defined on [ty, +00) is oscillatory.
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Example 2. Consider the sublinear system:

;c<2”)(t)+2x%(t—1n2):0 t>to=1, t#k k=12...,
w(k™) =x(k), 2O(k*)=Z252O(k), i=1,... 2n—-1,
1 @1ty _ .00 (21)
97(5)—9507 z(37) =y,
o) = 0t), telb -2},
Whereaéo)—l a(l) kiﬂ,izlﬂ,.. 2n—1, 7=mn2, ty =k, tjy1 —tp =1>
In2, p()—?,'y—% to = 3. It is obvious that condition (A) is satisfied. As to
condition (B), for ¢ > 1, a(z) = kiﬂ we have
(tr —to) + (t2 —t1) + (t3 —t2) + - + (tny1 — tin) + -+ = +00.
For i =1, a,(c)—l a() kiﬂweobtaln
(b — t0) + oty — 1) + ~(ts —t2) -+ (s — ) +
1= lo) + 5t =)+ 3ls — 1 1 mtt b
O
— — — — e - e — 0.
2 2 3 m+1

So, condition (B) holds.

Let a = 1, al” =1, (2n 5 = & > (t’zzl)a = BT p(t)dt = 40

Therefore the cond1t1ons of Corollary 2 are satisfied. Then every solution of
(21) defined on [ty, +00) is oscillatory.
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