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PRINCIPAL MAPS IN TRIANGULATED CATEGORIES AND
MAPS BETWEEN 2-STAGE SPECTRA

HANS JOACHIM BAUES

Abstract. Using two natural axioms on track triangles in triangulated track
category we show that the mapping cone construction is functorial, i.e., prin-
cipal maps between mapping cones in a triangulated category can be identi-
fied with the homotopy classes of homotopy pairs. This result is applied to
obtain an algebraic model of the category of principal maps between 2-stage
spectra.
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Introduction

Consider the following commutative diagram in a triangulated category with
translation functor t

A

f

²²

d // B

g

²²

// C

h

²²

// t(A)

t(f)
²²

A
′ d′ // B

′ // C
′ // t(A

′
)

Here the rows are exact (i.e. distinguished) triangles and C is called a cone of
d. Then one of the axioms of a triangulated category says: Given f and g with
gd = d′f , there exists h such that the diagram commutes. Conversely we define
that a map h : C −→ C ′ is principal with respect to the cone structure of C
and C ′ if there exists (f, g) such that the diagram commutes.

It is an old mystery in triangulated categories how pairs (f, g) and principal
maps h are related. For this compare Gelfand–Manin [6] IV.7 who remark:
“This nonfunctoriality of a cone is the first symptom that something is going
wrong in the axioms of a triangulated category. Unfortunately, at the moment,
we do not have a more satisfactory version.” We think that triangulated track
categories as introduced in [1] are in this respect more satisfactory since we
show that in a triangulated track category the category of principal maps is
equivalent to the homotopy category of the category of homotopy pairs. This
leads (in the case of the stable homotopy category of spectra) to the algebraic
computation of all principal maps C −→ C ′ where A, B, A′ and B′ are finite
direct sums of Eilenberg–MacLane spectra over a prime field F. In this case we
call C and C ′ 2-stage spectra, see (1.5) and Section 6.
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1. Principal Maps

Let A be a triangulated category with translation functor t : A −→ A which
is an additive equivalence. Then a distinguished family of triangles

X = (A
d // B

d0 // C
d1 // tA) , (1.1)

termed exact triangles , is given satisfying axioms (Tr0)...(Tr4), see [9], [10].
We also write C = Cd. A morphism between exact triangles X −→ X ′ is a
commutative diagram in A of the form

X = (A

f
²²

// B

g

²²

// C

h

²²

// tA)

t(f)
²²

X ′ = (A′ // B′ // C ′ // tA′)

(1.2)

We say that the morphism (f, g, h) : X −→ X ′ extends the map h : C −→ C ′

and we say that a map h : C −→ C ′ in A is principal with respect to X and X ′

if there exists a morphism X −→ X ′ extending h. Let ET be the category of
exact triangles (1.1) and morphisms (1.2). Then we have the forgetful functor

ET −→ A (1.3)

which carries X to C and (f, g, h) to h. The image category of this functor is
the category Prin of principal maps. The objects in Prin are exact triangles
X, X ′ and the morphisms X −→ X ′ in Prin are the maps C −→ C ′ in A
which are principal, i.e. in the image of the functor (1.3). We have the faithful
functor Prin −→ A.

Lemma 1.4. A map h : C −→ C ′ is principal with respect to X and X ′ if
there exists a commutative diagram in A as in (1) or (2) respectively.

B //

²²
(1)

C

h
²²

C

(2)h
²²

// tA

²²
B′ // C ′ C ′ // tA′

(1.5)

Axiom (Tr3) says that given (f, g) as above with gd = df , there exists
(f, g, h) : X −→ X ′ extending (f, g). Here, however, the map h is not well
defined by the pairs (f, g). Therefore the axiom yields a mysterious relationship
between the pairs (f, g) and the principal maps h : C −→ C ′ in a triangulated
category. In this paper we clarify this relationship in the context of a triangu-
lated track category [1]. This leads in Section 6 below to computation as in the
following example.

Example 1.6. Let A = Spec be the stable homotopy category of spec-
tra. Then A is a triangulated category. For a prime field F we have the full
subcategory

2- stage ⊂ Prin.

The objects of 2-stage are triangles X for which A and B are finite direct
sums of Eilenberg–MacLane spectra over F. Hence for an object X = Cd in
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2-stage the map d : A −→ B in A is algebraicly determined by a map between
free modules over the Steenrod algebra. Also, for objects X −→ X ′ in 2-stage
the map (f, g) : d −→ d′ is easily expressed algebraicly. It is, however, an old
problem to compute the principal maps Cd −→ Cd′ in the category 2-stage, see
[8]. As an application of the main result in this paper we obtain an algebraic
description of the category 2-stage in terms of the pair algebra B of secondary
cohomology operations computed in [3], see Section 6.

2. The Category of Homotopy Pairs

Let B be a triangulated track category (see [1]) with strict translation functor
t : B −→ B and homotopy category A. Then we have a linear extension of
categories

D −→ B1 ⇒ B0 −→ A (2.1)

with coefficient D(A,B) = HomA(tA,B). Here B = (B1 ⇒ B0) is a track
category (i.e., a groupoid enriched category) with hom-groupoids [[A,B]] for all
objects A, B in B. The objects of the groupoid [[A,B]] are maps f :A−→B (or 1-
cells) and morphisms, denoted by F :f =⇒f ′, are called tracks (or 2-cells). The
1-cells are the morphisms of the category B0. Two 1-cells f , f ′ are homotopic
if there exists a track f =⇒ f ′. The homotopy classes of 1-cells in B0 are the
morphisms in A and B0 −→ A is the quotient functor. The track category B
has a strong zero object * with [[A, ∗]] = 0 = [[∗, A]] which yields the zero maps
0 : A −→ ∗ −→ B in B0. Moreover, we assume that B has strong coproducts
A∨B (which yield the direct sum A⊕B in A) with [[A∨B,C]] = [[A, C]]×[[B,C]].

A track-triangle X = (H0, H1, H2) in B is a diagram of the form

A
d

//

0

¾¾
B

⇑H0

//

0

BBC

⇓H1

//

0

¿¿
tA

⇑H2

td
// tB

(2.2)

satisfying certain properties [1]. In a triangulated track category B one has a
distinguished class of track triangles subject to two axioms (TTr1) and (TTr2)’.
We show in [1] that the two axioms imply that A is a triangulated category
in which exact triangles are induced by track triangles via the quotient functor
B0 −→ A.

Definition 2.3. Let B be a track category. Then the category HP of homo-
topy pairs in B is defined as follows. Objects are the morphisms d : A −→ B
in B0 and the morphisms F : d −→ d′ in HP are diagrams

A
f //

d
²²

F⇒

A′

d′
²²

B g
// B′
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in B. The composition in HP of the morphisms

A
f //

d
²²

F⇒

A′

²²

f ′ //

²²
F ′⇒

A′′

d′′
²²

B g
// B′

g′
// B′′

is defined by ff ′, gg′ and

F ′ ¤̄ F = F ′f ¤ g′F.

Here F ¤ G denotes the composition of tracks. Let F � be the inverse of the
track F .

Proposition 2.4. Let B be a triangulated track category. Then there is a
functor

ψ : HP −→ Prin

from the category of homotopy pairs in B to the category of principal maps in
A such that this functor is full and representative.

This result shows that there is a natural equivalence relation ∼ on HP such
that the quotient category HP/ ∼ is equivalent to the category Prin. We
shall compute the equivalence relation in section 4. The functor ψ in (2.4)
corresponds to the construction of principal maps between mapping cones in
[2].

Addendum 2.5. If B has strong coproducts then there is a functor ψ such
that ψ carries coproducts in HP to coproducts in A.

Proof of (2.4). For each object d : A −→ B we choose a distinguished track
triangle X = Xd as in (2.2) extending d, this corresponds to axiom (TTr1)
in B. We define the functor ψ on the object d by ψ(d) = Cd where C = Cd

is given by X as in (2.2), i.e., ψ(d) is the triangle induced by Xd in A. Let
(f, g, F ) : d −→ d′ be a morphism in HP. Then we can choose by the axiom
(TTr2)’ in B a map ϕ : Xd −→ Xd′ between the track triangles extending
(f, g, F ). The map ϕ defines a map h : Cd −→ Cd′ and a track G as in the
diagram

0

A //
##

f
²²

⇓F

B

⇑H0

//

g

²²
⇓G

C

h
²²

A′ //
::B′ //

⇓H′
0

C ′

0

(1)
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which represents the trivial track 0 =⇒ 0. The homotopy class {h} of h in A
corresponds via the representation

{h} ∈ homA(C,C ′) ∼= Coned(C
′) (2)

in [1] (4.4) to the element {hd, hH0} in Coned(C
′). By the equivalence relation

defining the cone functor in [1] (3.1) (1) we see that for any other map ϕ′ :
Xd −→ Xd′ extending (f, g, F ) we have

{hd , hH0} = {d′g , hH0 ¤ G�d} (∗)
= {d′g , H ′

0f ¤ d′F}
(∗)
= {d′g , h′H0 ¤ G′�d} = {h′d , h′H0} (3)

Here (h′, G′) is given by ϕ′ and in (*) we use the fact that diagram (1) represents
the trivial track. This shows that the homotopy class {h} of h does not depend
on the choice of ϕ. We now define the functor ψ on morphisms by ψ(f, g, F ) =
{h}. It is clear that ψ is a well defined functor. By [1] (6.6) we see that ψ is
representative, i.e., for each exact triangle (1.1) in Prin there is an object d in
HP with ψ(d) ∼= C in Prin. Finally, we check that the functor ψ is full. For
this let h : ψ(d) −→ ψ(d′) be a map in Prin. Then we can choose (g, G) as
in (1) such that (g, h, G) : d0 −→ d′0 is a map in HP with d0 = d : B −→ C.
We can find a map ϕ′ : Xd0 −→ Xd′0 extending (g, h, G) and we define (f, F ) in
such a way that the strict translation functor t on B yields (tf, tg, tF ) as part
of ϕ0. Then we get ψ(f, g, F ) = {h}. This completes the proof of (2.4). ¤

For the proof of the addendum we observe that the coproduct of track trian-
gles is a track triangle.

3. Cogroups and Γ-Tracks

Let gr be the category of finitely generated free groups < E >.

Definition 3.1. Let C be a category with coproducts X∨Y . Then a cogroup
X in C is given by a coproduct preserving functor

gr −→ C

which carries Z to X. If B is a track category with strong coproducts X ∨ Y ,
then a pseudo cogroup X in B is a pseudo functor

gr −→ B

which preserves coproducts. Hence we have for α :< E >−→< E ′ > in gr a
map α∗ : ∨EX −→ ∨E′X and for β :< E >−→< E ′′ > we have a track

∨EX
α∗ //

<<∨E′X
β∗ //

⇓τ

∨E′′X

( βα)∗

We call τ a linearity track for X.
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For −1 : Z→ Z we write −1X = (−1)∗ : X → X and for i1 + i2 : Z→ Z ∨ Z
in gr we write (i1 + i2)∗ = i1 + i2 : X → X ∨ X. This is the comultiplication
of X.

Now let B be an additive track category with strong coproducts and a strong
zero object ∗. Then, by the use of the linearity tracks above, we obtain as in
[1] (8.1) well defined Γ-Tracks for each f : X −→ Y in B0.

X ∨X
f∨f //

Γ
=⇒

Y ∨ Y

X

i1+i2

OO

f
// Y

i1+i2

OO (3.2)

X
f //

Γ
=⇒

Y

X

−1

OO

f
// X

−1

OO (1)

We use these tracks to define, for −i1 + i2 : X −→ X ∨X, also the Γ-track

Γ : (−i1 + i2)f =⇒ −i1f + i2f (2)

given by pasting in the diagram

X ∨X
f∨f //

Γ∨0�f

Y ∨ Y

X ∨X

Γ
=⇒

−1∨1

OO

f∨f // Y ∨ Y

−1∨1

OO

X

i1+i2

OO

f
// Y

i1+i2

OO

(3)

Here 0�f : f =⇒ f is the trivial track. In [5] we prove the following result.

Lemma 3.3. Let B be an additive track category with strong coproducts.
Then each object X in B admits the structure of a pseudo cogroup.

In some of the proofs below we assume that objects X in B are actually
cogroups so that we omit this way the linearity tracks for X. We leave it to the
reader to generalize the argument in case the linearity tracks are nontrivial.

Example 3.4. Let SPF
be the category of simplicial group spectra FX where

X is a simplicial spectrum, see [7] (5.2). Then SPF
has a cylinder functor and

the homotopy category SPF
/ ' = Spec is the stable homotopy category of the
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spectra. Moreover the associated track category for SPF
is a triangulated track

category B with a strict translation functor t in which each object is a cogroup
in B0. Hence the results of this paper hold in particular in the stable homotopy
theory.

4. The Homotopy Relation for Homotopy Pairs

Let B be an additive track category with strong coproducts and a strong zero
object. For each object X in B we choose the structure of a pseudo cogroup as
in Lemma 3.3.

Definition 4.1. For a morphism d : A −→ B in B0 we define the cylinder
object I(d) by the diagram in B

A
∂2 //

0

;;A ∨B ∨ A
∂1 //

⇓∂12

B ∨B

Here we set ∂1 = (i1d,−i1 + i2, i2d) and ∂2 = i1 + i2d− i3. Moreover the track
∂12 is given by Γ in(3.2)(2) and by linearity tracks, i.e., for ∂1∂2 = i1d + (−i1 +
i2)d− i2d and δ = i1d + d(−i1 + i2)− i2d = (d∨ d)(i1 + (−i1 + i2)− i2) let ∂1∂2

be the composite

∂1∂2
i1d+Γ−i2d +3 δ

(d∨d)τ
+3 0.

Here τ is he appropriate linearity track.

Definition 4.2. Let d : A −→ B and d′ : A′ −→ B′ be objects in the
category of homotopy pairs. Then two morphisms

(d, g, F ) , (f ′, g′, F ′) : d −→ d′

in HP are homotopic if and only if there exists a map a : B −→ A and there
exist tracks

α : (g, g′)(−i1 + i2) =⇒ d′a,

β : (f, a, f ′)∂2 =⇒ 0

such that pasting in the following diagram yields the trivial track 0 =⇒ 0.

A

∂2

²²

0

··
0

$$

β
=⇒

A ∨B ∨ Aks
(f,a,f ′)

//

∂1

²²

(F,α,F ′)
=⇒

A′

d′

²²
B ∨B

(g,g′)
// B′
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Here the left-hand side of the diagram is given by the cylinder I(d) in (4.1).

Remark 4.3. A Toda complex X = (Xn, dn, Hn, n ∈ Z) is a sequence of maps
dn : Xn+1 −→ Xn and tracks Hn : dn+1dn =⇒ 0 in B. This is a secondary chain
complex if all Toda pairs (Hn+1, Hn) represent the zero element, see [1] (5.1). Let
SCh be the category of secondary chain complexes with morphisms defined as
maps between Toda complexes,see [1] (5.3). We consider an object d : A −→ B
in HP as an object X in SCh concentrated in degrees 0 and 1, that is, Xn = ∗
for n 6= 0, 1. This way we have the full inclusion of categories HP ⊂ SCh. In
[4] we shall describe a cylinder I(X) in the category SCh which generalizes the
cylinder I(d) in (4.1). The cylinder I(X) yields a homotopy relation ' on SCh
such that one has the full inclusion of homotopy categories HP/ ' ⊂ SCh/ '.

Theorem 4.4. Let B be a triangulated track category with strict coproducts
X ∨ Y . Then the functor ψ in (2.4) induces an equivalence of categories

ψ : HP/ ' ∼−→ Prin.

Hence the homotopy category of the homotopy pairs in B is equivalent to
the category of principal maps in A = B0/ '. Results of this kind under
connectivity and dimensional restrictions are described in [2]. We prove the
theorem in the next section.

5. Proof of the Equivalence (4.4)

Let d : A −→ B be a map of B0 and let C = Cd be given by a distinguished
track triangle extending d, see (2.2). We consider the following diagram in B

A
d //

²²
H�0=⇒

B

d0

²²
Γ

=⇒

B

∂
²²

∗
0

//

²²

C −i1+i2
//

j
²²

C ∨ C
(ϕ,ϕ′)

//

i
²²

X

tA
v // Cd0

w // C∂

u
;;xxxxxxxxx

Here ∂ = i1d0 + i2d0 and Γ is defined by (3.2)(2). Moreover H0 is given by (2.2).
The tracks in the diagram describe homotopy pairs in HP and wv is a map in
B0 representing ψ(Γ¤̄H�0 ) where ψ is the functor in (2.4) and w = ψ(Γ) and
v = ψ(H�0 ). Here v is an isomorphism in A by (2.2).

Lemma 5.1. Let ϕ, ϕ′ : C −→ X in B0. Then ϕ ' ϕ′ if and only if there
exists u : C∂ −→ X in B0 with ui = (ϕ, ϕ′) and uw = 0 in A.

Proof. We have ϕ ' ϕ′ if and only if (ϕ, ϕ′)(−i1 + i2) ' 0. Hence ϕ ' ϕ′

implies that (ϕ, ϕ′)∂ = 0 in A and hence there is u′ with u′i = (ϕ, ϕ′) in A.
Then u′wj = 0 so that u′w factors in A through the cofiber tB of j. This
cofiber is isomorphic to the cofiber of i. Therefore we can alter u′ by a map
tB −→ X in such a way that we get u with uw = 0. Conversely assume u is
given. Then uv = 0 and hence (ϕ, ϕ′)(−i1 + i2) = uwj = 0 in A. ¤
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Next we consider the following diagram in B where we use the cylinder object
I(d) in (4.1)

A
∂2 //

²²
∂�12=⇒

A ∨B ∨ A
(0,1,0)

//

∂1

²²
V

=⇒

B

∂
²²

∗ //

²²

B ∨B
d0∨d0

//

²²

C ∨ C

²²
tA

w′ // C∂1

v′ // C∂

Here V is given by (i1H0, 0
�, i2H0). We consider V and ∂�12 as morphisms in

HP. Let v′ and w′ be maps which represent ψ(V ) and ψ(∂�12) respectively. We
observe v′ is an isomorphism in A.

Lemma 5.2. We have v′w′ = wv in A.

Proof. We have wv = ψ(Γ ¤̄ H�0 ) and v′w′ = ψ(V ¤̄ ∂�12). Therefore it suffices
to show that in HP we have the equation

Γ ¤̄ H�0 = V ¤̄ ∂�12. (1)

Let p1 = (1, 0) : C ∨C −→ C and p2 = (0, 1) : C ∨C −→ C be the projections.
Then (1) holds if and only if (2) holds.

pi(Γ ¤̄ H�0 ) = pi(V ¤̄ ∂�12) for i = 1, 2. (2)

This follows from the bilinearity of the coefficients D in (2.1). For convenience
we now assume that additive tracks τ in (3.1) are trivial tracks. Then we get
p2V = (0�, H0), p2∂

�
12 = 0� and p2Γ = 0�. Hence (2) for i = 2 is equivalent to

H�0 = d0d−H0. (3)

This holds since for any track H : f ⇒ 0 one has 0� = H −H = H ¤ (f −H).
Next we consider the case i = 1 in (2). Then we have p1V = (H0, 0

�), p1∂
�
12 =

d + Γ̄ with Γ̄ : d(−1) ⇒ (−1)d, p1Γ = Γ̄�0 : (−1)d0 ⇒ d0(−1). Therefore for
i = 1, (2) is equivalent to

Γ̄�0 ¤̄ H�0 = (H�0 , 0�) ¤̄ (d + Γ̄). (4)

Indeed, we have

(H0, 0
�) ¤̄ (d + Γ̄) = (H0, 0

�)(i1 + i2d) ¤ d0(d + Γ̄)

= (H0 + d0(−1)d) ¤ (d0d + d0Γ̄)

= H0 + d0Γ̄ : 0 =⇒ d0(−1)d. (5)

On the other hand, we get

Γ̄�0 ¤̄ H�0 = Γ̄�0 d ¤ (−1)H�0
= d0Γ̄ ¤ (−H�0 ), see (7),

= d0Γ̄ ¤ (H0 − d0d), see (3),

= H0 + d0Γ̄. (6)
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Here we use the fact that by the rules for Γ-tracks the following diagram repre-
sents a trivial track.

0

•
Γ̄

=⇒

d //

−1
²²

""•
Γ̄0=⇒

⇑H0

d0 //

−1
²²

•
−1

²²• <<d
// •

d0

//

⇓H0

•

0

(7)

This completes the proof of (5.2). ¤
Proof of (4.4). Let d : A −→ B and d′ : A′ −→ B′ be objects in HP and let
F = (f, g, F ) and F ′ = (f ′, g′, F ′) be morphisms d −→ d′ in HP. We have to
show that F is homotopic to F ′ as in (4.2) if and only if ψ(F ) = ψ(F ′). By
(4.2) we obtain the following diagram in B

0

A
&&∂2 //

²²
∂�12=⇒

A ∨B ∨ A

(F,α,F ′)
=⇒

(f,a,f ′)
//

∂1

²²

⇑β

A′

d′
²²

}}

∗ //

²²

B ∨B

²²

(g,g′)
// B′

²²

H′0⇒ 0

tA
w′ // C∂1

W // Cd′

Cd ∨ Cd

i

OO

(ψ,ψ′)

66mmmmmmmmmmmmmmm

Here w′, W and i are maps representing ψ(∂�12), ψ(F, α, F ′) and d ∨ d ⊂ ∂1

respectively and ψ and ψ′ are maps representing ψ(F ), resp. ψ(F ′). Since ψ is
a functor we have Wi = (ψ, ψ′) in A.

Now assume F ' F ′ in HP so that a, α, β are given. Then we can choose W
as above and we observe that Ww′ in A is represented by pasting tracks ∂�12,
(F, α, F ′) and H ′

0. Compare the proof of (2.4). This pasting yields the same
element as the pasting of ∂�12, (F, α, F ′) and β which by the definition of F ' F ′

in (4.2) represents 0. Hence Ww′ = 0 and therefore (5.1) and (5.2) show ψ ' ψ′

since v and v′ are isomorphisms in A.
On the other hand, assume now ψ ' ψ′. Then by (5.1) and (5.2) there

exists W with Wi = (ψ, ψ′) in A and Ww′ = 0 in A. Since the functor ψ
in (2.4) is full, we find a, α as above with ψ(F, α, F ′) = W and ψ(F ) = ψ,
ψ(F ′) = ψ′ in A. Moreover, there exists β′ : (f, a, f ′)∂2 ⇒ 0, since Ww′ = 0
induces t((f, a, f ′)∂2) = 0. Now pasting ∂�12, (F, α, F ′) and β yields an element
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ξ ∈ HomA(tA,B′). This element maps to 0 in HomA(tA,Cd′), since Ww′ = 0.
Hence there exists ξ′ ∈ Hom(tA,A′) which maps to ξ, i.e., d′ξ′ = ξ. Now
we replace β′ by ξ′ and get β such that the pasting of ∂�12, (F, α, F ′) and β
represents the zero element. This shows F ' F ′ in HP. ¤

6. The Category of 2-Stage Spectra

Let k be a commutative ring with unit and let Mod be the category of k-
modules and k-linear maps. This is a symmetric monoidal category via the
tensor product A⊗B over k. A pair of modules is a morphism

X =
(
X1

∂−→ X0

)

in Mod. A morphism f : X −→ Y of pairs is a commutative diagram

X1

f1 //

∂
²²

Y1

∂
²²

X0

f0 // Y0

Clearly, a pair in Mod coincides with a chain complex concentrated in degrees
0 and 1. For two pairs X and Y the tensor product of the chain complexes
corresponding to them is concentrated in degrees 0, 1 and 2 and is given by

X1 ⊗ Y1
∂1−→ X1 ⊗ Y0 ⊕X0 ⊗ Y1

∂0−→ X0 ⊗ Y0

with ∂0 = (∂ ⊗ 1, 1 ⊗ ∂) and ∂1 = (−1 ⊗ ∂, ∂ ⊗ 1). Truncating X ⊗ Y we get
the pair

X⊗̄Y =
(
(X⊗̄Y )1 = coker(∂1)

∂→ X0 ⊗ Y0 = (X⊗̄Y )0

)

with ∂ induced by ∂0.
We define the tensor product A⊗B of two graded modules in the usual way,

i.e. by

(A⊗B)n =
⊕

i+j=n

Ai ⊗Bj.

A (graded) pair module is a sequence Xn = (∂ : Xn
1 → Xn

0 ) with n ∈ Z of
pairs in Mod. We identify such a graded pair module X with the underlying
morphism ∂ of degree 0 between graded modules

X =
(
X1

∂−→ X0

)
.

Now the tensor product X⊗̄Y of graded pair modules X, Y is defined by

(X⊗̄Y )n =
⊕

i+j=n

X i⊗̄Y j.

This defines a monoidal structure on the category of graded pair modules. Mor-
phisms in this category are of degree 0. For two morphisms f , g : X −→ Y
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between graded pairs modules, a homotopy H : f =⇒ g is a morphism H :
X0 −→ Y1 of degree 0 as in the diagram

X1

∂
²²

f1 //
g1

// Y1

∂
²²

X0

H}}}

>>}}}

f0 //
g0

// Y0

satisfying f0− g0 = ∂H and f1− g1 = H∂. A pair algebra B is a monoid in the
monoidal category of graded pair modules, with multiplication

µ : B⊗̄B −→ B.

We assume that B is concentrated in nonnegative degrees, that is Bn = 0 for
n < 0. A left B-Module is a graded pair module M together with a left action

µ : B⊗̄M −→ M

of the monoid B on M . More explicitly pair algebras and modules over them
can be described as follows.

Definition 6.1. A pair algebra B is a graded pair

∂ : B1 −→ B0

in Mod with Bn
1 = Bn

0 = 0 for n < 0 such that B0 is a graded algebra in Mod,
B1 is a graded B0-B0-bimodule, and ∂ is a bimodule homomorphism. Moreover
for x, y ∈ B1 the equality

∂(x)y = x∂(y)

holds in B1.

Definition 6.2. A (left) module over a pair algebra B is a graded pair M =
(∂ : M1 −→ M0) in Mod such that M1 and M0 are left B0-modules and ∂ is
B0-linear. Moreover a B0-linear map

µ̄ : B1 ⊗B0 M0 −→ M1

is given, fitting in the commutative diagram

B1 ⊗B0 M1

µ

²²

1⊗∂ // B1 ⊗B0 M0

µ

²²µ̄
wwnnnnnnnnnnnnn

M1
∂

// M0

where µ(b⊗m) = ∂(b)m for b ∈ B1 and m ∈ M1 ∪M0.

For an indeterminate element x of degree n = |x| let B[x] denote the B-
module with B[x]i consisting of expressions bx with b ∈ Bi, i =0,1, with bx
having degree |b|+ n, and structure maps given by ∂(bx) = ∂(b)x, µ(b′ ⊗ bx) =
(b′b)x and µ̄(b′⊗ bx) = (b′b)x. A free B-module is a direct sum of several copies
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of modules of the form B[x], with x ∈ I for some set I of indeterminates of
possibly different degrees. It will be denoted by

B[I] =
⊕
x∈I

B[x].

Let B-Mod be the category of left modules over the pair algebra B. Morphisms
f = (f0, f1) : M −→ N are pair morphisms which are B-equivariant, i.e., f0

and f1 are B0-equivariant and compatible with µ̄ above, i.e. the diagram

B1 ⊗B0 M0

1⊗f0

²²

µ̄ // M1

f1

²²
B1 ⊗B0 N0

µ̄ // N1

commutes. For two such maps f , g : M −→ N a track H : f =⇒ g is a degree
zero map

H : M0 −→ N1

satisfying f0 − g0 = ∂H and f1 − g1 = H∂ such that H is B0-equivariant. For
tracks H : f =⇒ g, K : g =⇒ h their composition K¤H : f =⇒ h is K + H.

The category B-Mod with these tracks is a well defined additive track cate-
gory with strong direct sums M ⊕N . Let

B-mod ⊂ B-Mod (6.3)

be the full subcategory consisting of finitely generated free B-modules. The
category of homotopy pairs HP(B-mod) is defined dually to (2.3). Morphisms
d′ −→ d are diagrams

A

F⇐

A′foo

B

d

OO

B′
g

oo

d′
OO (6.4)

in B-mod. Two such morphisms (f, g, F ), (f ′, g′, F ) : d′ −→ d are homotopic
if there exists (a, α, β) as in the diagram

A

β⇐

A⊕B ⊕ A

∂2

OO

(F,α,F ′)⇐=

A′

qq

(f,a,f ′)
oo

B ⊕B

∂1

OO

B′
(g,g′)

oo

d′
OO

with ∂1 = (dp1,−p1 +p2, dp2) and ∂2 = p1 +dp2−p3. Here p1, p2, p3 denote the
projections. This defines a natural equivalence relation ' on HP(B-mod).
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Theorem 6.5. Let B be the pair algebra of secondary cohomology operations
computed in [3]. Then one has an equivalence of categories

(HP(B- mod)/ ')op ∼−→ 2- stage.

Here 2-stage is the category of 2-stage spectra and principal maps in (1.5).

Proof. It is proved in [3] (5.5.6) that the track category of finite direct sums
of Eilenberg–MacLane spectra is equivalent to the track category (B-mod)op.
This equivalence is compatible with strong coproducts and hence induces the
equivalence in the theorem by the use of theorem (4.4). Since the composition
in B-mod is bilinear, Γ-tracks are trivial in the notion of homotopy in (6.4). ¤
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