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NEW ESTIMATES OF THE SINGULAR SERIES
CORRESPONDING TO POSITIVE QUATERNARY
QUADRATIC FORMS

GURAM GOGISHVILI

Abstract. Let m € N, f be a positive definite, integral, primitive, quater-
nary quadratic form of the determinant d and let p(f, m) be the correspond-
ing singular series.

When studying the best estimates for p(f, m) with respect to d and m we
proved in [4] that

p(f,m) =0(d™ 3mlnlnb(alm))

where b(k) is the product of distinct prime factors of 16k if k # 1 and b(k) =
if k=1.

The present paper proves a more precise estimate

p(fym) = (d03d1 mlnb(dl)lnlnb( ),

where d = dody, d = [[ p"®,do= [] p"P,di= T[ »"®, hip)=0
p|25d p|2°d p|2%d
pl2m ptm, p>2
if p>2; h(2) > —A4.
The last estimate for p(f,m) as a general result for quaternary quadratic
forms of the above-mentioned type is unimprovable in a certain sense.
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1. INTRODUCTION

Let
4
f= tastazs (1)
a,B=1
be any positive definite, integral, primitive, quaternary quadratic form of the
determinant d = d(f), so the ng((lH, 99, 33, A44, 2@12, ce 2@34) =1.

We consider the main term of formulas for the number of representations
r(f,m) of m € N by f. The main term expressed by the so-called singular
series p(f,m) can be represented as an infinite product over all primes p

p(f,m) =

(2)

p=>2

The formulas for the x(p) (even under more general assumptions) are obtained
by Malyshev [6]. These formulas are simplified in some cases and represented
in the convenient form in [1].
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The estimates of p(f,m) with respect to d and m are important for the
investigation of the asymptotic behavior of (f,m), determination of one-class
genera of the forms (1), the existence of the so-called Gauss type formulas for
r(f,m) (r(f,m) = p(f,m)) and in other applications.

In the paper [6] some estimates of x(p), p > 2, are given. They yield

p(f,m) = O(dzm**?) (3)

for any € > 0.

Studying the representation of numbers by sums of squares, Rankin [7] es-
timated the corresponding p(f,m). Some analogous results for a quaternary
form of special type are obtained by Kiming [5]. In [2] we essentially improved
the existing results and obtained

p(f,m) = O(d~ 351 m!tee) (4)

for any €1 > 0,65 > 0 and calculated the constant in the “O-term”. This
constant depends only on e, and es.
The papers [3] and [4] give more precise estimates

p(f,m) = O(d_%mlnlndlnlnm) (5)

and
p(f,m) = O(d 3mInlnb(dm)), (6)

where b(k) is the product of distinct prime factors of the number 16k if k # 1,
and b(k) =3 if k= 1.
The paper [4] gives an estimate for n-ary (n > 5) quadratic forms too

p(f,m) = O(d e mt),
The present paper sharpens the result (6) and proves

p(f,m) = O(dy *d; *mInb(dy) Inln b(m)), (7)

where dody = d, dy = [] p"®, dy = J] p"™®, h(p) > 0if p > 2 and
p|25d p|24d
p|2m p-m, p>2

h(2) > —A4.
The estimate (7) as a general result for quaternary quadratic forms of the
above-mentioned type is unimprovable in a certain sense since the estimate
1

11
O(d, *d, *m) is not valid for any forms of such kind. An example of such
extreme forms is constructed in [3].

2. NOTATION AND SOME PRELIMINARY RESULTS

It is known (cf., for example, [6]) that for any prime p > 2 and quadratic
form (1) there exist integers e, and quadratic forms ¢,, o = 1, s, such that

f=) pe¢a( mod p=t?),
a=1



NEW ESTIMATES OF THE SINGULAR SERIES 689

where —1 < e; < ey < -+ < e, (if p = 2, then any n,-ary ¢, may be diagonal

Na /2
or of the type ¢, = /621 (2al, 527 5+ 207 5T 0 pYap + 2a05y5 5) and only then e; may

be —1. If p # 2, then ¢, is diagonal and p t det(d,), o = 1, 5).

Let p be any prime factor of d (more exactly, p be a factor of 2'd, since d may
be the number of type 27*d, with d, being an odd integer), d = p"®Pd,, ptd,,
m = pmy, p{my, w=w(p) = 0. According to the formulas for x(p) (cf., [6]
or [1]) we obtain the estimates of x(p), p | 2'd, p > 2. In all possible cases, for
the representable m and the forms (1) we have

x(p)=2 if w=0, n =1
1
X(p)él—i—}—9 if w=0, n;>1;
SO
x(p) <2 if w=0. (8)

An estimate for w > 0 is obtained in [2].

h(p)
6

x(p) <p s (L4+p2)(1+p") if w>0. (9)

From the formulas for x(2) (cf., [2]) we obtain

X<2) <29 + Z 2t72fpln(t:)1 na(t—ea—1)/24v(t)

e1<tbw+2
N 2wa(w+2)/2+2.571/(w+3) if 2 ,f B(’LU + 3>’
0 if 2| B(w+3),

(1)
where v =v(t) =1if 2| > ng; v(t) = % if QTZla(t:)l Na,
a=1

() 0 if t <eq,
B(t)=> na(t—ca), I(t)=<Fk if ey <t < ep,
a=l1 s if t > e,.

In a similar way as it was done in [2], from the last estimate we obtain

h(2)

x(2)<4-27¢ if w>0, (10)
where d = 2"?)d,, h(2) and dy are integers, h(2) > —4, 2t ds.

3. ESTIMATES OF x(p), p{2%d, p > 2

Let m = p“m,, p{ m, and
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be the Jacobi symbol. The paper gives the formulas for the corresponding x(p)
in the above-mentioned case.

X(p)=(1-0p2) Y &'

06t6w
It follows from the last formula that
x(p) < 1 —i—p_2 ifp)(25dm (11)
x(p) P pt= A -pH
>0
=1+p ' if p12°d, p|m. (12)

4. ESTIMATE OF p(f,m)
Now using (10), (8), (9), (11) and (12) we obtain

[Ix®=x1]x® ] x@ I x@ ] x®

p=>2 p|24d p|24d p-25dm p-25d
p2m plm, p>2 plm
h(2) h(p) _ _ _ _
2 [[2 I o +p+p ) ] O+p> [J+p™
pl24d  p|2¢d p-25dm p-25d
p-2m  p|m,p>2 plm
1
<d-dgr W [a+p ) ]Ja+p), (13)
p>2 plm

where o(d;) is the number of prime divisors of d;.

It is obvious that 2°(%) < b(d,), so o(dy) = O(Inb(d,)).

Let m > 1 and p1, ..., po@m) be the first o(m) prime numbers, then using the
well-known estimates (cf., for example, [8]) we obtain

[[a+r< I +p)=00pmm)

plm 26p6ps(m)

= O(ln(e(m)Ino(m))) = O(lno(m)) = O(Inlnb(m)).  (14)
This result together with the estimate
[[a+p?) <D a (15)
p>2 a=1

lead us to the final result for the product

[Ix» O(dg nb(dy) InIn b(m)). (16)

p=>2

Clearly, (2) and (16) give the desired result (7).
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