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Abstract. The basis of the space of cusp forms Sk/2(Γ̃0(12), χ) is con-
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1. We will mostly use the notions and notation from [1] and [2].
Let

Q(X) = Q(x1, . . . , xf ) =
∑

1≤r≤s≤f

brsxrxs

be a positive quadratic form with integral coefficients brs; D denote the deter-
minant of the quadratic form

2Q(X) =

f∑
r,s=1

arsxrxs (arr = 2brr; asr = ars = brs, r < s).

N be the level of Q(X) (see [2], p. 207); χ(d) be the character of Q(X), i.e.,

if 2 | f , then χ(d) = (sgn d)f/2
(

(−1)f/2D
|d|

)
and if 2 - f , then χ(d) =

(
2D
|d|

)
(( ·

· )

is the Kronecker symbol). A positive quadratic form with f variables of level
N with the character χ is called a quadratic form of type (f/2, N, χ). Further,
suppose that z = exp(2πiτ), zN = exp(2πiτ/N), Im τ > 0, p is an odd prime
number, N,N1 ∈ N, 4 | N .

If F (τ) ∈ Mk/2(Γ̃0(N), χ), F (τ) 6= 0, then in the neighbourhood of the cusp
ζ = ∞ (see [1], Ch. IV, §1)

F (τ) =
∞∑

m=m0≥0

am0z
m, am0 6= 0.

The number

ord (F (τ),∞, Γ0(N)) = m0 (1)

is called the order of F (τ) 6= 0 at the cusp ζ = ∞ with respect to Γ0(N).

In what follows let τ k/2 = (
√

τ)k = |τ |k/2 exp(πiϕk), where
√
|τ | > 0, −π

2
<

ϕ ≤ π
2
, k ∈ Z,

(
c
d

)
is the Jacobi symbol when 2 - d, d ∈ N, and if d is odd

ISSN 1072-947X / $8.00 / c© Heldermann Verlag www.heldermann.de



724 N. KACHAKHIDZE

negative, then
(

c
d

)
= sgn c

(
c
|d|

)
; also

(
0
±1

)
= 1;

εd =

{
1 if d ≡ 1 ( mod 4),

i if d ≡ −1 ( mod 4).

Let F (τ) be any function on H = {τ ∈ C | Im τ > 0}. Then for any

L =

(
a b
c d

)
∈ Γ0(N) and k ∈ Z let

F (τ)|kL = (cτ + d)−kF (Lτ);

F (τ)|k/2L̃ =
(
εd

( c

d

)
(cτ + d)1/2

)−k

F (Lτ).

Let Q(X) be a quadratic form of type (f/2, N, χ), A be the matrix of 2Q(X),
h ∈ Zf , hA ≡ 0 ( mod N), Pν(X) be a spherical function of order ν with respect
to Q(X) (see [2], p. 211) and

ϑ(τ ; Q(X), Pν(X), h) =
∑

g∈Zf

g≡h (mod N)

Pν(g)z
1
N

Q(g)

N .

Note ([2], p. 210) that

ϑ(τ ; Q(X), Pν(X), h1) = ϑ(τ ; Q(X), Pν(X), h2) if h1 ≡ h2 ( mod N), (2)

ϑ(τ ; Q(X), Pν(X),−h) = (−1)νϑ(τ ; Q(X), Pν(X), h). (3)

Lemma 1 ([2], pp. 217, 218). If 2 | f , then
a) ϑ(τ ; Q(X), Pν(X), h) ∈ Mf/2+ν(Γ(N));
b) if ν > 0, then ϑ(τ ; Q(X), Pν(X), h) ∈ Sf/2+ν(Γ(N));

c) for any L =

(
a b
c d

)
∈ Γ0(N)

ϑ(τ ; Q(X), Pν(X), h) |f/2+ν L = exp

(
2πi

N2
abQ(h)

)
χ(d)ϑ(τ ; Q(X), Pν(X), ah),

where χ is the character of Q(X).

Lemma 2 ([3]). If 2 - f , then

a) ϑ(τ ; Q(X), Pν(X), h) ∈ Mf/2+ν(Γ̃(N));

b) if ν > 0, then ϑ(τ ; Q(X), Pν(X), h) ∈ Sf/2+ν(Γ̃(N));

c) for any L =

(
a b
c d

)
∈ Γ0(N)

ϑ(τ ; Q(X), Pν(X), h) |f/2+ν L̃

= exp

(
2πi

N2
abQ(h)

)
(sgn d)ν

(−1

|d|
)ν

χ(d)ϑ(τ ; Q(X), Pν(X), ah),

where χ is the character of Q(X).
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Lemma 3 ([1], Ch. IV, §1). If 2 | f and φ(d) = sgn d
(
−1
|d|

)
, then

Mf/2(Γ̃0(N), χ) = Mf/2(Γ0(N), φf/2χ),

Sf/2(Γ̃0(N), χ) = Sf/2(Γ0(N), φf/2χ).

Lemma 4 ([1], Ch. IV, §1). If Fr(τ) ∈ M kr
2
(Γ̃0(N), χr) (r = 1, 2), then

F1(τ)F2(τ) ∈ M(k1+k2)/2(Γ̃0(N), χ1χ2); if F1 or F2 is a cusp form, then F1F2 is
also a cusp form.

Lemma 5 ([1], Ch. IV, §1). a) Mk/2(Γ̃1(N)) = ⊕χMk/2(Γ̃0(N), χ);

b) if χ(−1) = −1, then Mk/2(Γ̃0(N), χ) = 0.

Let H∗ = H ∪ Q ∪ {∞}; Γ′ ⊂ SL2(Z) be a subgroup of finite index, µ =
[SL2(Z) : Γ′], g be the genus of the surface Γ′ \H∗; e1, e2, . . . , er be the orders of
Γ′-inequivalent elliptic points; ν2 and ν3 denote the numbers of Γ′-inequivalent
elliptic points of order 2 and 3, respectively; ν∞ be the number of cusps with
respect to Γ′; u be the number of regular cusps.

Lemma 6 ([4], Ch. 2, §6). a) g = 1 + µ
12
− ν2

4
− ν3

3
− ν∞

2
;

b) if 2 | k, then

dim Sk(Γ
′) =





(k − 1)(g − 1) +
(

k
2
− 1

)
ν∞ +

r∑
s=1

[
k(es−1)

2es

]
if k > 2,

g if k = 2;

c) if 2 - k, k ≥ 3, and

(−1 0
0 −1

)
/∈ Γ′, then

dim Sk(Γ
′) = (k − 1)(g − 1) +

u(k − 2)

2
+

(ν∞ − u)(k − 1)

2
+

r∑
s=1

[
k(es − 1)

2es

]
;

d) if Γ′ = Γ0(N1), then µ = N1

∏
p|N1

(
1 + 1

p

)
,

ν2 =





0 if 4 | N1,∏
p|N1

(
1 +

(
−1
p

))
if 4 - N1;

ν3 =





0 if 9 | N1,∏
p|N1

(
1 +

(
−3
p

))
if 9 - N1,

where
(−3
·
)

is the Kronecker symbol.

It is known (see [1], Ch. III, §1) that if Γ′ = Γ1(N1), then

µ =
1

2
N2

1

∏

p|N1

(
1− 1

p2

)
. (4)

Lemma 7 ([1], Ch. IV, §1; [5], p. 127). Let ρ =

(
0 −1
N 0

)
, 2 - k,

F (τ)|k/2ρ̃ = (N1/4
√

τ)−kF (ρτ), χ1(d) =
(

N
|d|

)
. Then the map

|k/2ρ̃ : Sk/2(Γ̃0(N), χ) → Sk/2(Γ̃0(N), χχ1),
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where χ is the complex conjugate of χ, is the isomorphic imbedding.

2. Lemma 8. The group Γ1(4p) has 5(p − 1) cusps. When 2 | k, they are
k-regular.

Proof. It is known (see [1], Ch. III, §1; [2], p. 102) that [Γ0(4p) : Γ1(4p)] = p−1
and

ν∞ = 6 for Γ0(4p). (5)

It is easy to verify that

B =

{(
a ab−1

4p

4p b

) ∣∣∣a=3, 5, . . . , 2p− 1; b∈{3, 5, . . . , 4p− 3}, ad≡1 ( mod 4p)

}

∪
{(

1 0
0 1

)}

is a complete system of representatives of right cosets of Γ0(4p) by Γ1(4p). One
must seek the cusps of Γ1(4p) in the set

{
L−1ζ | L ∈ B, ζ is a cusp of Γ0(4p)

}
.

L1ζ and L2ζ are Γ1(4p)-equivalent iff there is σ ∈ Γζ such that L−1
1 σL2 ∈

Γ1(4p). It is known (see [1], Ch. III, §3) that Γ∞ =

{
±

(
1 n
0 1

) ∣∣∣ n ∈ Z
}

and

if ζ = σ−1∞, then Γζ = σ−1Γ∞σ ∩ Γ0(4p). For ζ1 = ∞, ζ2 = 0, ζ3 = −1
4
,

ζ4 = −1
p
, ζ5 = −1

2
and ζ6 = − 1

2p
, respectively, σ1 =

(
1 0
0 1

)
, σ2 =

(
0 −1
1 0

)
,

σ3 =

(
1 0
4 1

)
, σ4 =

(
1 0
p 1

)
, σ5 =

(
1 0
2 1

)
and σ6 =

(
1 0
2p 1

)
.

Having performed suitable calculations, we get that the points Lζ, L ∈ B,
ζ = ∞, 0,−1

4
or −1

p
are Γ1(4p)-inequivalent. Their number is 4(p− 1). Among

the points Lζ, L ∈ B, ζ = −1
2

or − 1
2p

there are only p − 1 that are Γ1(4p)-

inequivalent. Hence, by the definition of cusp, the lemma is proved. ¤

Lemma 9. a) If 4 | k, then

dim Sk/2(Γ̃0(12)) =

{
k − 5 if k > 4,

0 if k = 4;

b) if 2 | k, then

dim Sk/2(Γ̃1(12)) =

{
2k − 9 if k > 4,

0 if k = 4;

c) if 4 | k, χ(d) =
(

12
d

)
, then

dim Sk/2(Γ̃0(12), χ) =

{
k − 4 if k > 4,

0 if k = 4.
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Proof. a) When Γ′ = Γ0(12), by (5), Lemmas 3 and 6 we have

ν2 = ν3 = 0, ν∞ = 6, µ = 24, g = 0, Sk/2(Γ̃0(12)) = Sk/2(Γ0(12)).

Then the result follows from Lemma 6.
b) When Γ′ = Γ1(12) ⊂ Γ0(12), by (4), Lemmas 3, 5, 6 and 8 we get

ν2 = ν3 = 0, ν∞ = 10, µ = 48, g = 0, Sk/2(Γ̃1(12)) = Sk/2(Γ1(12)).

Then the result follows from Lemma 6.
c) Let ϕ be the Euler function. It is well known that the number of characters

mod 12 is ϕ(12) = 4 and only two of them, the principal character and χ(d) =(
12
d

)
, are even. Therefore, by Lemma 5, we obtain

Sk/2(Γ̃1(12)) = Sk/2(Γ̃0(12))⊕ Sk/2(Γ̃0(12), χ).

Then the result follows from a) and b). ¤

Lemma 10. Let Q(X) be a quadratic form of type (f/2, N, χ), A be the
matrix of 2Q(X), Pν(X) be a spherical function of order ν with respect to Q(X),
h ∈ Zf , hA ≡ 0 ( mod N), ∆ ∈ N. If N2 | Q(h) and for all a and d with
ad ≡ 1 ( mod N) the equality

(
det A

|d|
)

ϑ(τ ; Q(X), Pν(X), ah)

= (sgn d)ν

(−1

|d|
)ν (

∆

|d|
)

ϑ(τ ; Q(X), Pν(X), h) (6)

holds, then ϑ(τ ; Q(X), Pν(X), h) ∈ Mf/2+ν(Γ̃0(N), χ1), and if ν > 0, then

ϑ(τ ; Q(X), Pν(X), h) ∈ Sf/2+ν(Γ̃0(N), χ1), where χ1(d) = (sgn d)f/2
( (−1)f/2∆

|d|
)

when 2 | f and χ1(d) =
(

2∆
|d|

)
when 2 - f .

Proof directly follows from Lemmas 1–3, the definition of the character of a
quadratic form and the definition of a modular form (see [5], p. 85). ¤

Corollary. If h = 0 and ν = 0, then ϑ(τ, Q(X)) = ϑ(τ ; Q(X), 1, 0) ∈
Mf/2(Γ̃0(N), χ).

3. Lemma 11. Let Q1 = 3(x2
1 + x2

2 + x2
3), h = (4, 4, 4), P1(X) = x1. Then

a) ψ1(τ) = ϑ(τ ; Q1, P1(X), h) = 4
∞∑

n=1

( ∑
Q1=9n

xr≡1 ( mod 3)

x1

)
zn

= 4(z − 3z3 − 2z4 + 6z6 + 6z7 − 3z9 − 12z10 + · · · ) ∈ S5/2(Γ̃0(12));

b) ord (ψ1(τ),∞, Γ0(12)) = 1.
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Proof. a) For Q1 we have

A =




6 0 0
0 6 0
0 0 6


 , N = 12, hA = (24, 24, 24),

det A = 216, Q1(h) = 144, f = 3.

By definition (see[2], p. 211), P1(X) is a spherical function of order ν = 1 with
respect to Q1.

From (2) it follows that one must verify condition (6) only for a = d = 5,
a = d = 7 and a = d = 11. It is easy to check that

5h ≡ −h ( mod 12),

(
216

5

)
= 1,

(
18

5

)
= −1,

(−1

5

)
= 1;

7h ≡ h ( mod 12),

(
216

7

)
= −1,

(
18

7

)
= 1,

(−1

7

)
= −1;

11h ≡ −h ( mod 12),

(
216

11

)
= −1,

(
18

11

)
= −1,

(−1

11

)
= −1.

Bearing in mind (2) and (3) we obtain that for all a and d with ad ≡ 1 ( mod 12)
the equality(

216

|d|
)

ϑ(τ ; Q1, P1(X), ah) = sgn d

(−1

|d|
)(

18

|d|
)

ϑ(τ ; Q1, P1(X), h)

holds. By Lemma 10, ψ1(τ) ∈ S5/2(Γ̃0(12)), since 2 - f and χ1(d) =
(

36
|d|

)
is the

principal character mod 12.
The expansion of ψ1(τ) is obtained after easy calculations.
b) immediately follows from (1) and a). ¤
The following lemmas are proved exactly in the same manner as Lemma 11.

Lemma 12. Let Q2 = 3(x2
1 + x2

2) + 4(x2
3 + x3x4 + x2

4), P1(X) = x1, h =
(4, 4, 4, 4). Then

a) ψ2(τ) = ϑ(τ ; Q2, P1(X), h) = 4
∞∑

n=1

( ∑
Q2=9n

xr≡1 (mod 3)

x1

)
zn

= 4(3z2 − 3z3 − 6z4 + 3z6 + 12z7 − 6z10 + · · · ) ∈ S6/2(Γ̃0(12));

b) ord (ψ2(τ),∞, Γ0(12)) = 2.

Lemma 13. Let Q3 = x2
1 + 3(x2

2 + x2
3), h1 = (6, 6, 0), P

(1)
2 (X) = x2

2 − x2
3,

P
(2)
2 (X) = x2

1− x2
2− 2x2

3, Q4 = 2(x2
1 + x1x2 + x2

2) + 3x2
3, h2 = (4, 4, 4), P2(X) =

x1x2 + x2
3. Then

a) ψ
(1)
1 (τ) = ϑ(τ ; Q3, P

(1)
2 (X), h1) = 36

∞∑
n=1

( ∑
Q3=4n

2-x1, 2-x2,2|x3

x2
2 − x2

3

)
zn
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= 36(4z + 4z3 − 24z4 − 24z6 + 40z7 + 36z9 + 16z10 + · · · ),

ψ
(1)
2 (τ) = ϑ(τ ; Q4, P2(X), h2) = 16

∞∑
n=1

( ∑
Q4=9n

xr≡1 (mod 3)

x1x2 + x2
3

)
zn

= 16(9z2 − 9z3 − 36z5 + 27z6 + 36z8 + 0 · z10 + · · · ),

ψ
(1)
3 (τ) = ϑ(τ ; Q3, P

(2)
2 (X), h1) = 36

∞∑
n=1

( ∑
Q3=4n

2-x1, 2-x2,2|x3

x2
1 − 2x2

2 − 2x2
3

)
zn

= 36(32z3 − 64z4 + 64z7 + 0 · z10 + · · · );
b) ψ(1)

s (τ) ∈ S7/2(Γ̃0(12));

c) ord
(
ψ(1)

s (τ),∞, Γ0(12)
)

= s (s = 1, 2, 3).

Lemma 14. Let P
(1)
3 (X) = x1x2x3, P

(2)
3 (X) = x3

1 − 3x1x
2
2 + 2x1x2x3, Q5 =

4(x2
1 +x1x2 +x2

2)+3x2
3, P3(X) = 11x3

1−10x3
2−33x1x

2
2−3x2x

2
3, h1 = (3,−3, 6),

Q6 = 3(x2
1 + x2

2 + x2
3) + 4(x2

4 + x4x5 + x2
5), P2(X) = 6x2

1 − 8x2
4 + 3x1x2 − 4x4x5,

h2 = (4, 4, 4, 6,−6). Then

a) ψ
(2)
1 (τ) = ϑ(τ ; Q1, P

(1)
3 (X), h) = 64

∞∑
n=1

( ∑
Q1=9n

xr≡1 (mod 3)

P
(1)
3 (X)

)
zn

= 64(z − 6z2 + 12z3 − 8z4 + 12z6 − 48z7 + 48z8 − 15z9 + 60z10 + · · · ),

ψ
(2)
2 (τ) = ϑ(τ ; Q1, P

(2)
3 (X), h) = 64

∞∑
n=1

( ∑
Q1=9n

xr≡1 (mod 3)

P
(2)
3 (X)

)
zn

= 64(−27z2 + 27z3 + 27z6 + 216z8 − 216z9 + 0 · z10 + · · · ),

ψ
(2)
3 (τ) = ϑ(τ ; Q5, P3(X), h1) = 27

∞∑
n=1

( ∑
Q5=16n

x1≡1 (mod 4)
x2≡−1 (mod 4)
x3≡2 (mod 4)

P3(X)

)
zn

= 27(576z3 − 1536z4 + 3456z6 − 2688z7 − 3840z10 + · · · ),

ψ
(2)
4 (τ) = ϑ(τ ; Q6, P2(X), h2) = 4

∞∑
n=1

( ∑
Q6=36n

x1≡x2≡x3≡2 (mod 6)
x4≡x5≡3 (mod 6)

P2(X)

)
zn

= 4(72z4 − 216z5 − 216z6 + 936z7 + 432z8 − 1512z9 − 1440z10 + · · · ),

where Q1 and h are defined by Lemma 11;

b) ψ(2)
s (τ) ∈ S9/2(Γ̃0(12));



730 N. KACHAKHIDZE

c) ord
(
ψ(2)

s (τ),∞, Γ0(12)
)

= s (s = 1, . . . , 4).

Lemma 15. Let P3(X) = 4x3
1 − 7x3

3 − 6x1x
2
2 + 21x2

1x3 + 12x1x3x4, Q7 =

3(x2
1 +x2

2)+4(x2
3 +x3x4 +x2

4 +x2
5 +x5x6 +x2

6), P
(1)
2 (X) = 2x2

1−6x2
3 +4x2

5 +x1x2,

P
(2)
2 (X) = 2x2

1 + 3x2
3 − 6x2

5 + x1x2 − 2x5x6, h1 = (4, 4, 4, 4, 6,−6). Then

a) ψ
(3)
4 (τ) = ϑ(τ ; Q2, P3(X), h) = 64

∞∑
n=1

( ∑
Q2=9n

xr≡1 (mod 3)

P3(X)

)
zn

= 64(162z4 − 486z6 − 324z7 + 972z8 − 1296z10 + · · · ),

ψ
(3)
5 (τ) = ϑ(τ ; Q7, P

(1)
2 (X), h1) = 4

∞∑
n=1

( ∑
Q7=36n

x1≡···≡x4≡2 (mod 6)
x5≡x6≡3 ( mod 6)

P
(1)
2 (X)

)
zn

= 4(216z5 − 648z7 − 864z8 + 648z9 + 2592z10 + · · · ),

ψ
(3)
6 (τ) = ϑ(τ ; Q7, P

(2)
2 (X), h1) = 4

∞∑
n=1

( ∑
Q7=36n

x1≡···≡x4≡2 (mod 6)
x5≡x6≡3 ( mod 6)

P
(2)
2 (X)

)
zn

= 4(−432z6 + 432z7 + 1728z8 − 864z9 − 3456z10 + · · · ),
where Q2 and h are defined by Lemma 12;

b) ψ(3)
s (τ) ∈ S10/2(Γ̃0(12));

c) ord
(
ψ(3)

s (τ),∞, Γ0(12)
)

= s (s = 4, 5, 6).

In what follows let χ(d) =
(

12
|d|

)
.

Lemma 16. Let P1(X) = x3. Then

a) Ω1(τ) = ϑ(τ ; Q4, P1(X), h2) = 4
∞∑

n=1

( ∑
Q4=9n

xr≡1 (mod 3)

x3

)
zn = 4(3z − 6z2

+ 3z3 − 6z4 + 6z5 + 12z8 − 9z9 + 12z10 + · · · ) ∈ S5/2(Γ̃0(12), χ),

where Q4 and h2 are defined by Lemma 13;

b) ord (Ω1(τ),∞, Γ0(12)) = 1.

Lemma 17. Let Q8 = x2
1 + 3x2

2, P2(X) = x2
1 − 3x2

2, h = (6, 6). Then

a) Ω
(1)
1 (τ) = ϑ(τ ; Q8, P2(X), h) = 36

∞∑
n=1

( ∑
Q8=4n

2-x1, 2-x2

P2(X)

)
zn

= 36(−8z + 24z3 − 16z7 − 72z9 + 0 · z10 + · · · ) ∈ S6/2(Γ̃0(12), χ);
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b) ord
(
Ω

(1)
1 (τ),∞, Γ0(12)

)
= 1.

Lemma 18. Let P2(X) = x1x2, Q9 = x2
1+x2

2+3x2
3, P

(1)
2 (X) = 2x2

1−3x2
2+3x2

3,

P
(2)
2 (X) = 7x2

2 − 10x2
1 + 9x2

3, h1 = (0, 6, 6). Then

a) Ω
(1)
2 (τ) = ϑ(τ ; Q9, P

(1)
2 (X), h1) = 36

∞∑
n=1

( ∑
Q9=4n

2|x1, 2-x2, 2-x3

P
(1)
2 (X)

)
zn

= 36(64z2 − 96z3 − 128z4 + 256z5 − 128z7 − 256z8 + 640z10 + · · · );
Ω

(1)
3 (τ) = ϑ(τ ; Q9, P

(2)
2 (X), h1)− 144ϑ(τ ; Q1, P2(X), h)

= 36
∞∑

n=1

( ∑
Q9=4n

2|x1, 2-x2, 2-x3

P
(2)
2 (X)

)
zn − 2304

∞∑
n=1

( ∑
Q1=9n

xr≡1 (mod 3)

P2(X)

)
zn

= 36(288z3−1152z5−576z6+1152z7+2304z8+1152z9−2304z10 + · · · ),

where Q1 and h are defined by Lemma 11;

b) Ω(1)
s (τ) ∈ S7/2(Γ̃0(12), χ);

c) ord
(
Ω(1)

s (τ),∞, Γ0(12)
)

= s (s = 2, 3).

Lemma 19. Let P2(X) = 18x2
3 − 7x2

1 + 22x3x4 + 2x1x3 − 4x1x2, P
(1)
2 (X) =

4x2
3 + 3x1x2 − 12x1x3 + 8x3x4, h = (4, 4, 2, 2). Then

a) Ω
(2)
3 (τ) = ϑ(τ ; Q2, P

(1)
2 (X), h) = 4

∞∑
n=1

( ∑
Q2=36n

x1≡x2≡2 (mod 6)
x3≡x4≡1 (mod 6)

P
(1)
2 (X)

)
zn = 4(252z3

− 144z4 − 360z5 − 576z6 − 144z7 + 1440z8 + 1080z9 + 288z10 + · · · ),

Ω
(2)
4 (τ) = ϑ(τ ; Q2, P2(X), h) = 4

∞∑
n=1

( ∑
Q2=36n

x1≡x2≡2 (mod 6)
x3≡x4≡1 (mod 6)

P2(X)

)
zn

= 4(360z4 − 360z5 − 1080z6 + 360z7 + 1440z8 + 1080z9 − 720z10 + · · · ),

where Q2 is defined by Lemma 12;

b) Ω(2)
r (τ) ∈ S8/2(Γ̃0(12), χ);

c) ord
(
Ω(2)

r (τ),∞, Γ0(12)
)

= r (r = 3, 4).

Lemma 20. Let P
(1)
3 (X) = x3

2−6x2x
2
3, P

(2)
3 (X) = 2x3

2−12x2x
2
3+3x2

2x3−2x3
3,

Q10 = 3x2
1 + 4(x2

2 + x2x3 + x2
3 + x2

4 + x4x5 + x2
5), P2(X) = 3x2

1 − 6x2
2 + 10x2

4 +
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6x1x4 + 14x4x5, h1 = (4, 4, 4, 2, 2). Then

a) Ω
(3)
1 (τ) = ϑ(τ ; Q4, P

(1)
3 (X), h2) = 64

∞∑
n=1

( ∑
Q4=9n

xr≡1 ( mod 3)

P
(1)
3 (X)

)
zn = 64(−6z

− 6z2 + 48z3 + 48z4 − 120z5 − 126z6 + 48z8 + 414z9 + 300z10 + · · · ),

Ω
(3)
3 (τ) = ϑ(τ ; Q4, P

(2)
3 (X), h2) = 64

∞∑
n=1

( ∑
Q4=9n

xr≡1 ( mod 3)

P
(2)
3 (X)

)
zn

= 64(162z3 − 972z6 + 1944z9 + 0 · z10 + · · · ),

Ω
(3)
5 (τ) = ϑ(τ ; Q10, P2(X), h1) = 4

∞∑
n=1

( ∑
Q10=36n

x1≡x2≡x3≡2 (mod 6)
x4≡x5≡1 (mod 6)

P2(X)

)
zn

= 4(648z5 − 1296z6 − 648z7 + 1296z8 + 1944z9 − 1296z10 + · · · ),
where Q4 and h2 are defined by Lemma 13;

b) Ω(3)
s (τ) ∈ S9/2(Γ̃0(12), χ);

c) ord
(
Ω(3)

s (τ),∞, Γ0(12)
)

= s (s = 1, 3, 5).

Lemma 21. Let Q11 = 2(x2
1 + x1x2 + x2

2) + 4(x2
3 + x3x4 + x2

4), P
(1)
3 (X) =

x2
3x4 + x3x

2
4, P

(2)
3 (X) = x2

1x2 + x1x
2
2 − x2

3x4 − x3x
2
4, h = (4, 4, 4, 4). Then

a) Ω
(3)
2 (τ) = ϑ(τ ; Q11, P

(1)
3 (X), h) = 64

∞∑
n=1

( ∑
Q11=9n

xr≡1 (mod 3)

P
(1)
3 (X)

)
zn

= 64(18z2 + 18z4 − 108z6 − 144z8 + 108z10 + · · · ),

Ω
(3)
4 (τ) = ϑ(τ ; Q11, P

(2)
3 (X), h) = 64

∞∑
n=1

( ∑
Q11=9n

xr≡1 (mod 3)

P
(2)
3 (X)

)
zn

= 64(−162z4 + 486z6 − 972z10 + · · · );
b) Ω(3)

s (τ) ∈ S10/2(Γ̃0(12), χ);

c) ord
(
Ω(3)

s (τ),∞, Γ0(12)
)

= s (s = 2, 4).

Lemma 22. Let Q12 = 4(x2
1 +x1x2 +x2

2 +x2
3 +x3x4 +x2

4), h1 = (6,−6, 6,−6).
Then

a) ϑ(τ ; Q11, 1, h) =
∞∑

n=1

( ∑
Q11=9n

xr≡1 (mod 3)

1

)
zn

= 9z2 + 9z4 + 27z6 + 9z8 + 54z10 + · · · ∈ M4/2(Γ̃0(12)),
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where Q11 and h are defined by Lemma 21,

ϑ(τ ; Q12, 1, h1) =
∞∑

n=1

( ∑
Q12=4n

2-xr

1

)
zn

= 4z2 + 8z4 + 4z6 + 16z8 + 24z10 + · · · ∈ M4/2(Γ̃0(12));

b) F (τ) =
1

4
ϑ(τ ; Q12, 1, h1)− 1

9
ϑ(τ ; Q11, 1, h)

= z4 − 2z6 + 3z8 + 0 · z10 + · · · ∈ M4/2(Γ̃0(12)),

ord (F (τ),∞, Γ0(12)) = 4.

Let Q(X) = x2. Q(X) is the quadratic form of type
(

1
2
, 4, 1

)
. By the Corol-

lary of Lemma 10 we have

ϑ(τ) = ϑ(τ,Q(X)) = 1 + 2z + 2z4 + 2z9 + 0 · z10 + · · ·
∈ M1/2(Γ̃0(4)) ⊂ M1/2(Γ̃0(12)), (7)

ord (ϑ(τ),∞, Γ0(12)) = 0. (8)

Theorem. Let

λk =

{
k − 4 if 4 - k,

k − 5 if 4 | k,
δk =

{
k − 4 if k 6≡ 2 ( mod 4),

k − 5 if k ≡ 2 ( mod 4);

Bk = (bsr) (s = 1, 2, . . . , 14; r = 1, 2, . . . , λk) and Ck = (csr) (s = 1, 2, . . . , 13;
r = 1, 2, . . . , δk) be the matrices whose elements are non-negative integers satis-
fying the conditions

5

2
b1r + 3b2r +

7

2

5∑
s=3

bsr +
9

2

9∑
s=6

bsr + 5
12∑

s=10

bsr + 2b13,r +
1

2
b14,r =

k

2
, (9)

b1r + b3r + b6r + 2(b2r + b4r + b7r) + 3(b5r + b8r) + 4(b9r + b10,r + b13,r)

+ 5b11,r + 6b12,r = r,

11∑
s=1

bsr > 0, (10)

5

2
c1r + 3c2r +

7

2
(c3r + c4r) + 4(c5r + c6r) +

9

2

11∑
s=7

csr +
1

2
(c8r + c10,r)

+ 2c12,r +
1

2
c13,r +

t

2
=

k

2
, (11)

c1r + c2r + c7r + 2(c3r + c8r) + 3(c4r + c5r + c9r) + 4(c6r + c10,r + c12,r)

+ 5c11,r + ` = r, 2 -
11∑

s=1

csr, ` ≥ 0, t ≥ 0, (12)

t = 0 iff ` = 0; (13)
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Gk/2,r(τ) = F b13,r(τ)ϑb14,r(τ)
2∏

s=1

ψbsr
s (τ)

5∏
s=3

(ψ
(1)
s−2(τ))bsr

×
9∏

s=6

(ψ
(2)
s−5(τ))bsr

12∏
s=10

(ψ
(3)
s−6(τ))bsr , r = 1, 2, . . . , λk, (14)

Hk/2,r(τ) = Gt/2,`(τ)F c12,r(τ)ϑc13,r(τ)Ωc1r
1 (τ)

4∏
s=2

(Ω
(1)
s−1(τ))csr

6∏
s=5

(Ω
(2)
s−2(τ))csr

×
11∏

s=7

(Ω
(3)
s−6(τ))csr , r = 1, 2, . . . , δk (G0,0(τ) ≡ 1). (15)

Then
a) for any integer k ≥ 5

dim Sk/2(Γ̃0(12)) = λk, dim Sk/2(Γ̃0(12), χ) = δk (16)

and the systems of functions (14) and (15) are the bases of the spaces

Sk/2(Γ̃0(12)) and Sk/2(Γ̃0(12), χ), respectively;

b) if F (τ) ∈ Sk/2(Γ̃0(12)) (or Sk/2(Γ̃0(12), χ)) and its first λk (or δk) Fourier
coefficients vanish, then F (τ) is identically zero, i.e., this space has no “Weier-
strass gaps” at ∞.

Proof. a) First we prove that for any integer k ≥ 5 there exist matrices Bk and
Ck with the properties required by the theorem. By (7), (8) and Lemmas 4,
11–13, 16–19 and 22 we have

1) if k = 5, then λ5 = δ5 = 1, G5/2,1(τ) = ψ1(τ) ∈ S5/2(Γ̃0(12)); H5/2,1(τ) =

Ω1(τ) ∈ S5/2(Γ̃0(12), χ);
2) if k = 6, then λ6 = 2, δ6 = 1, G6/2,1(τ) = ψ1(τ)ϑ(τ), G6/2,2(τ) = ψ2(τ),

G6/2,r(τ) ∈ S6/2(Γ̃0(12)), ord(G6/2,r(τ),∞, Γ0(12)) = r (r = 1, 2); H6/2,1(τ) =

Ω
(1)
1 (τ) ∈ S6/2(Γ̃0(12), χ);

3) if k = 7, then λ7 = δ7 = 3, G7/2,r(τ) = ψ
(1)
r (τ) ∈ S7/2(Γ̃0(12)),

ord(G7/2,r(τ),∞, Γ0(12)) = r (r = 1, 2, 3); H7/2,1(τ) = Ω
(1)
1 (τ)ϑ(τ), H7/2,s(τ) =

Ω
(1)
s (τ) (s = 2, 3), ord(H7/2,r(τ),∞, Γ0(12)) = r, H7/2,r(τ) ∈ S7/2(Γ̃0(12), χ)

(r = 1, 2, 3);

4) if k = 8, then λ8 = 3, δ8 = 4, G8/2,r(τ) = G7/2,r(τ)ϑ(τ) ∈ S8/2(Γ̃0(12)),
ord(G8/2,r(τ),∞, Γ0(12)) = r (r = 1, 2, 3); H8/2,r(τ) = H7/2,r(τ)ϑ(τ) (r =

1, 2, 3), H8/2,4(τ) = Ω
(2)
4 (τ), H8/2,s(τ) ∈ S8/2(Γ̃0(12), χ), ord(H8/2,s(τ),∞,

Γ0(12)) = s (s = 1, . . . , 4).
Now we show that if for some k ≥ 9 there exist matrices Bk and Ck, then

there also are matrices Bk+4 and Ck+4.
It follows from the definition that λk+4 = λk + 4 and δk+4 = δk + 4. By

(7)–(15) and Lemmas 4, 11–22 we obtain

Gk/2,r(τ) ∈ Sk/2(Γ̃0(12)), (17)
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ord(Gk/2,r(τ),∞, Γ0(12)) = r (r = 1, 2, . . . , λk), (18)

Hk/2,r(τ) ∈ Sk/2(Γ̃0(12), χ), (19)

ord(Hk/2,r(τ),∞, Γ0(12)) = r (r = 1, 2, . . . , δk). (20)

Consider the systems of functions

G k+4
2

,r(τ) = Gk/2,r(τ)ϑ4(τ) (r = 1, 2, . . . , λk), (21)

G k+4
2

,r(τ) = Gk/2,r−4(τ)F (τ) (r = λk + 1, . . . , λk + 4), (22)

H k+4
2

,r(τ) = Hk/2,r(τ)ϑ4(τ) (r = 1, 2, . . . , δk), (23)

H k+4
2

,r(τ) = Hk/2,r−4(τ)F (τ) (r = δk + 1, . . . , δk + 4). (24)

(7), (8), (17)–(24) and Lemmas 4 and 22 imply that

G k+4
2

,r(τ) ∈ S k+4
2

(Γ̃0(12)),

ord(G k+4
2

,r(τ),∞, Γ0(12)) = r (r = 1, 2, . . . , λk+4),

H k+4
2

,r(τ) ∈ S k+4
2

(Γ̃0(12), χ),

ord(H k+4
2

,r(τ),∞, Γ0(12)) = r (r = 1, 2, . . . , δk+4).

Thus for any integer k ≥ 5 there exist matrices Bk and Ck, whose elements are
non-negative integers satisfying conditions (9)–(13). Furthermore, for functions
(14) and (15), (17)–(20) are fulfilled.

It follows from (18) and (20) that the systems of functions (17) and (19) are
linearly independent. Therefore

dim Sk/2(Γ̃0(12)) ≥ λk, dim Sk/2(Γ̃0(12), χ) ≥ δk. (25)

Consider following cases:
1◦. Let k = 4m. Then by Lemma 9

dim Sk/2(Γ̃0(12)) = λk, dim Sk/2(Γ̃0(12), χ) = δk.

2◦. Let k = 4m + 2. According to Lemma 9

dim Sk/2(Γ̃0(12)) + dim Sk/2(Γ̃0(12), χ) = dim Sk/2(Γ̃1(12)) = 2k − 9; (26)

but if k = 4m + 2, then
λk + δk = 2k − 9. (27)

From (25)–(27) follows (16), since λk ≥ 0 and δk ≥ 0 if k ≥ 5.
3◦. If k = 4m + 1, then λk = δk = δk+1. By Lemma 4 and 2◦ we have

dim Sk/2(Γ̃0(12), χ) ≤ dim S k+1
2

(Γ̃0(12), χ) = δk+1 = δk. (28)

(28), (25) and Lemma 7 imply (16).
4◦. If k = 4m + 3, then δk = λk = λk+1. By Lemma 4 and 1◦ we obtain

dim Sk/2(Γ̃0(12)) ≤ dim S k+1
2

(Γ̃0(12)) = λk+1 = λk. (29)

From (29), (25) and Lemma 7 follows (16).
2◦ Directly follows from (18), (20) and (16). ¤
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Remark. From Lemma 9 it follows that dim Sk/2(Γ̃0(12), χ) = 0 when k < 5.

Therefore the basis of the space Sk/2(Γ̃0(12), χ) is constructed for any integer k.
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