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1. We will mostly use the notions and notation from [1] and [2].
Let

QX)) =0Q(z1,...,x5) = Z bys Ty T

1<r<s<f

be a positive quadratic form with integral coefficients b,,; D denote the deter-
minant of the quadratic form

f
QQ(X) = Z ApsTrLsg (arr - 2b'r"'r; Agr = Apg = b'r57 r < S)'

r,s=1

N be the level of Q(X) (see [2], p. 207); x(d) be the character of Q(X), i.e.,

if 2 | f, then y(d) = (sgnd)//*(“152) and if 2 1 f, then y(d) = (22) (=)
is the Kronecker symbol). A positive quadratic form with f variables of level
N with the character x is called a quadratic form of type (f/2, N, x). Further,
suppose that z = exp(2mi7), zy = exp(2miT/N), Im7 > 0, p is an odd prime
number, N, N; € N, 4| N.

If F(r) Mk/g(f()(N), X), F(7) # 0, then in the neighbourhood of the cusp
¢ = oo (see [1], Ch. 1V, §1)

F(r)= Z A2, Qmy F# 0.

m=mgo>0
The number
ord (F(1),00,Tg(N)) = mg (1)
is called the order of F(7) # 0 at the cusp ¢ = oo with respect to I'o(V).
In what follows let 7%/2 = (\/7)F = |7|*/2 exp(mipk), where /|7 > 0, =% <

o < 3, ke, ([—‘;) is the Jacobi symbol when 2 { d, d € N, and if d is odd
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negative, then (fl) = Sgnc(ﬁ); also (E) =1

. 1 if d=1(mod 4),
“T Vi if d=—1(mod 4).
Let F(7) be any function on HH = {r € C | Im7 > 0}. Then for any

L= (‘CL Z) € To(N) and k € Z let

F(T)|xL = (et + d) " F(L7);

F)lipa = (20 (5) (er +)7?) "R,

Let Q(X) be a quadratic form of type (f/2, N, x), A be the matrix of 2Q(X),
he€Z/,hA=0(mod N), B,(X) be a spherical function of order v with respect
to Q(X) (see [2], p. 211) and

gez/t
g=h (mod N)

Note ([2], p. 210) that

D7 Q(X), Pu(X), 1) = 9(r; Q(X), B(X), o) if By = hy (mod N),  (2)
0(7; Q(X), B (X), —=h) = (=1)"0(7; Q(X), B,(X), h). (3)
Lemma 1 ([2], pp. 217, 218). If 2| f, then

a) 19<7—; Q(X)a PI/(X)7h> S Mf/2+u(F<N));

b) if v > 0, then ¥(m; Q(X), P,(X), h) € Sfjorn (T(N));

c) for any L = <Cé Z) € I'o(N)

ﬁ(T;Q(X)7PV(X)7 h) |f/2+1/ L =exp (% abQ(h)> X(d)ﬁ(7_§ Q(X)a P,,(X),ah),

where x is the character of Q(X).

Lemma 2 ([3]). If21 f, then
a) (7 Q(X), P(X), h) € My, (T(N)); ~
b) if” > O; then 19( Q(X)’P( )7h) € Sf/2+u( (N))7

c) for any L = (CCL fi) € I'o(V)

97 QX), B (X),1) |1 joen I
~exp (QNi ab@<h>) (sgnd)” ( ‘d}) ()9 Q(X), P,(X), ah).

where x is the character of Q(X).
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Lemma 3 ([1], Ch. IV, §1). If 2| f and ¢(d) = sgnd (ﬁ) then

Mf/Z(fO(N)a X) = Mf/Q(FO(N)a (bf/QX)?
St2(To(N), x) = Spa(To(N), ¢'x).

Lemma 4 ([1], Ch. 1V, §1). If F.(T) € M (To(N),x,) (r = 1,2), then
Fi(r)Fy(T) € M(lirkz)/Q(fo(N),Xlxg); if F1 or Fy is a cusp form, then F\Fy is
also a cusp form.

Lemma 5 ([1], Ch. IV, §1). a) Mys(T1(N)) = &, Mya(To(N), x);

b) if x(—1) = =1, then My2(I'o(N), x) = 0.

Let H* = HUQU {oo}; IV C SLy(Z) be a subgroup of finite index, p =
[SLy(Z) : T'], g be the genus of the surface I\ H*; e, es, . . ., €, be the orders of

T'-inequivalent elliptic points; v, and v3 denote the numbers of I'-inequivalent
elliptic points of order 2 and 3, respectively; v, be the number of cusps with

respect to I''; u be the number of regular cusps.

Lemma 6 ([4], Ch. 2, §6). a) g=1+ 4 — 22 18 _ V.
b) if 2 | k, then

(k—1)(g—1)+(§—1)yoo+;[’“(;+;ﬂ if k>2,
g if k=2

¢)if 2k, k>3, and (_01 _01> ¢T', then

dim Sy(1) = (k—1)(g — 1)+ “E=2 | om0k =D 5 [‘k(es _—1)] ;

d) if I' = To(Ny), then = Ny [] <1+ ]1))

p|N1
0 if 4| Ny, 0 if 9| N,
=9 <1+ (%)) if4tN: BTN (1+ (f’)) if 91N,

pIN1
where (_—3) 15 the Kronecker symbol.
It is known (see [1], Ch. III, §1) that if IV = T';(V;), then

uz%NfH(l—%). (4)

p|N1

Lemma 7 ([1], Ch. IV, §1; [5], p. 127). Let p = (]OV _01>, 2t k,

F(T)|kep = (NYA/T)FF(p1), x1(d) = <%‘> Then the map

/29 = Skya(To(N), x) — Skya(To(N), Xx1)s
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where X 1s the complex conjugate of x, is the isomorphic imbedding.

2. Lemma 8. The group I'y(4p) has 5(p — 1) cusps. When 2 | k, they are
k-regular.

Proof. It is known (see [1], Ch. III, §1; [2], p. 102) that [To(4p) : T1(4p)] = p—1
and
Voo =6 for T'o(4p). (5)

It is easy to verify that

ab—1
B = {(4(; 459 ) ‘a:3,5,...,2p—1; be{3,5,...,4p — 3}, ad=1 (mod 4p)}

A 1))

is a complete system of representatives of right cosets of [y(4p) by I';(4p). One
must seek the cusps of I';(4p) in the set

{L_lC | L € B, ¢ isa cusp of F0(4p)}.
Li¢ and Ly¢ are T'y(4p)-equivalent iff there is ¢ € T'¢ such that Li'oL, €

I';(4p). It is known (see [1], Ch. III, §3) that 'y, = {:I: ((1) Tf) ‘ n e Z} and

if ( = 07100, then I'c = 07 'To N Ty(4p). For {4 = o0, ( = 0, 3 = —%,

2 0 1) 2 1 0

(10 (10 (YO (L0
03—41,04—p1,05—21 and og = 2]?1

Having performed suitable calculations, we get that the points L(, L € B,
( = 0,0, —}l or —% are I'; (4p)-inequivalent. Their number is 4(p — 1). Among
the points L(, L € B, { = —% or —% there are only p — 1 that are I'y(4p)-
inequivalent. Hence, by the definition of cusp, the lemma is proved. O

Lemma 9. a) If4 | k, then

(o = _1107 (= —2and (5 = —2%0, respectively, o1 = o0 _ (0 —1>>

kE—5 if k>4,

dim Sy, /2(I'g(12)) =
1 k/2( 0(12)) {O if k=4
b) if 2| k, then

9%k —9 if k>4,

dim S/2(T'1(12)) = {0 if k=4

) if 4|k, x(d) = (%), then

k—4 if k>4,

dim Sk/2(To(12), x) = {0 if k=4.
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Proof. a) When I" =T'y(12), by (5), Lemmas 3 and 6 we have
w=v3=0, ve=6 p=24, g=0, Sp»(T(12)) = Si(To(12)).

Then the result follows from Lemma 6.
b) When IV =T',(12) C I'0(12), by (4), Lemmas 3, 5, 6 and 8 we get

=13 =0, V=10, p=148 g=0, Si;(T1(12)) = Sk/2(T1(12)).

Then the result follows from Lemma 6.
c¢) Let ¢ be the Euler function. It is well known that the number of characters
mod 12 is p(12) = 4 and only two of them, the principal character and x(d) =
12

(7), are even. Therefore, by Lemma 5, we obtain

Skya(T1(12)) = Sa(To(12)) @ Skya(To(12), X)-
Then the result follows from a) and b). O

Lemma 10. Let Q(X) be a quadratic form of type (f/2,N,x), A be the
matriz of 2Q(X), P,(X) be a spherical function of order v with respect to Q(X),
he€Z', hA =0 (mod N), A € N. If N> | Q(h) and for all a and d with
ad =1 (mod N) the equality

(det A

) ot @), ). a)

1

~ s (o) () omeenxn ©

holds, then ¥(1;Q(X), P,(X),h) € Mf/2+,,(f0(N),X1), and if v > 0, then
I QX), P(X), h) € Spran(To(N), x1), where xi(d) = (sgnd)//? (S5
when 2 | f and x1(d) = (%) when 21 f.
Proof directly follows from Lemmas 1-3, the definition of the character of a
quadratic form and the definition of a modular form (see [5], p. 85). O
Corollary. If h = 0 and v = 0, then J(7,Q(X)) = J(1:Q(X),1,0) €
Mi/o(Lo(N), x)-

3. Lemma 11. Let Q; = 3(2% + 23 +22), h = (4,4,4), P/(X) = xz1. Then

a) 7»01(7):19(7;@17P1(X),h)=4z ( Z x1>z”

Q1=9n
zr=1(mod 3)

= 4(2 =328 — 221 4625 4 627 — 327 — 12210 4 - ) € S55(T(12));
b) ord (¢(7),00,T6(12)) = 1.
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Proof. a) For ); we have
6 0 0

A=(0 6 0], N=12, hA=(24,24,24),
006

det A =216, Q(h) =144, f=3.

By definition (see[2], p. 211), P;(X) is a spherical function of order v = 1 with
respect to Q).

From (2) it follows that one must verify condition (6) only for a = d = 5,
a=d="7and a=d=11. It is easy to check that

216 18 -1
= — 12 1 =1 g -1
5h h (mod 12), (5) , (5) , (5) ’
216 18 —1
h=h d 12 — ) =-1 — =1 ) = 1
11h = —h (mod 12), 216 =1, 18 =1, -1 - 1
11 11 11

Bearing in mind (2) and (3) we obtain that for all « and d with ad = 1 (mod 12)
the equality

()i () () i

holds. By Lemma 10, 11 () € S5/2(To(12)), since 2{ f and 1 (d) = (%) is the

principal character mod 12.
The expansion of ¢ (7) is obtained after easy calculations.
b) immediately follows from (1) and a). O

The following lemmas are proved exactly in the same manner as Lemma 11.

Lemma 12. Let Qo = 3(2? + 23) + 4(22 + 2324 + 23), PI(X) = 21, h =
(4,4,4,4). Then

a) a(1) = V(1; Q2, P1(X _4Z< Z 331)2”

Q2=9n
zr=1 (mod 3)

=4(32% —32° — 62" +325+ 122" - 6204 -..) € 56/2(f0(12));
b) ord ((7),00,T0(12)) = 2.
Lemma 13. Let Q5 = 22 + 3(22 + 22), by = (6,6,0), P\V(X) = 22 — 22,

PP(X) = a3 — a3 — 203, Qi = 2(2? + xyas +3) + 303, hy = (4,4,4), Py(X) =
1179 + 22, Then

a) ¥ (1) = 9(r;Qs, P ), h1) —362:( Z x%—x%)z”

Q3=4n
2-x1, 2-12,2|T3
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=36(4z +42° — 242" — 2425 + 4027 +362° + 1620 +--+),

@Dél)(ﬂ W73 Qu, Po(X =16 Z ( Z T1To9 + x%) 2"

Q4=9n
zr=1(mod 3)

=16(92% — 92° —362° + 2725 + 3625 +0- 210+ ...),

?/fzgl)( ) =0(7;Qs, P, ), hi) = 362 ( Z x] — 275 — 2x§> 2"

Q3=4n
2-x1, 2-x2,2|T3

— 36(322° — 642" + 6427+ 0 210 ...

b) ¢{V(r) € Srj2(To(12));
c) ord (zbgl)(T),m,Fg(lQ)) =s (s=1,2,3).

Lemma 14. Let ngl)(X) = T122%3, Péz) (X) = 2% — 31123 + 2211913, Q5 =
(23 + 139+ 23) + 322, P3(X) = 1123 — 10235 — 337,22 — 3x2x3, hy = (3, -3, 6),
Qo = 3(2? + 22 + 23) + 4(xF + myz5 + 72), Po(X) = 627 — 823 + w179 — 4475,
ho = (4,4,4,6,—6). Then

a) Ui (r) = 9(r; Qu. P4 —64z< 3 p;D(X))Zn

Q1=9n
zr=1(mod 3)

=64(z — 622 +122° — 82" + 1220 — 4827 4+ 482% — 1527 + 6020 + - ),

Y (1) = 9(1;Q1, Py —64Z< 3 P§2>(X)>zn

Q1=9n
zr=1(mod 3)

= 64(—272% + 272% +272° 4+ 2162° — 2162° +0- 204 --+),

U (1) = (75 Qs, Py(X h1—272< 3 P3(X)>z"

Qs=16n
z1=1 (mod 4)
z2=—1(mod 4)
z3=2(mod 4)

= 27(5762° — 15362 + 34562° — 268827 — 38402' 4 - --),

¥i(7) = V(75 Qo, Po(X), ho) —4Z< S PQ(X)>2”

Qe=36n
z1=x2=x3=2 (mod 6)
z4=x5=3 (mod 6)

= 4(722" — 2162° — 2162° + 93627 + 4322° — 15122 — 144020 + - - ),

where Q1 and h are defined by Lemma 11;

b) ¢£2)(7) € 59/2@0(12));
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) ord (P (7),00,19(12)) =5 (s=1,...,4).
Lemma 15. Let P3(X) = 4x3 — Tz3 — 62123 + 212iws + 12212374, Q7 =
(22 +23) +4(22 + w3y + 1 + 1+ w576+ 72), PV(X) = 222 — 622+ 422 + 2129,
PP(X) = 222 + 322 — 622 + 2125 — 2w576, by = (4,4,4,4,6,—6). Then

a) f)( ) =9(7;Q2, P3(X —64Z< Z Pg(X))?;”

Q2=9n
zr=1(mod 3)

= 64(1622* — 4862° — 32427 +9722% — 12962 + - .),

D(r) = 0(r; Qr. PV (X), ) = 4§: ( S P2“>(X)> o

Q7=36n
x1=+=x4=2 (mod 6)
r5=x6=3 (mod 6)

= 4(2162° — 64827 — 8642° + 6482" + 25922 + .. .),

$(7) = 0(7;Qr, P (X), ) = 42 ( S P2(2)(X)) o

Q7=36n
z1=-=x4=2 (mod 6)
z5=x6=3 (mod 6)

= 4(—4322° + 43227 + 17282° — 86427 — 34562' + -+ +),
where Q2 and h are defined by Lemma 12;

b) ¢§3)(7) € 510/2@0(12));
c) ord (¢§3>(T), 00,T9(12)) =5 (s =4,5,6).

In what follows let x(d) = (%)

Lemma 16. Let P;(X) = z3. Then

a) Qi (1) =9(1;Qu, P(X), hy) = 42 ( Z x3> 2" = 4(32 — 62°

Q4=
zr=1(mod 3)

327 — 627 4627 + 1225 — 927 112210 ) € S5(To(12), ),
where Q4 and hy are defined by Lemma 13;
b) ord (£24(7),00,T(12)) = 1.
Lemma 17. Let Qg = 23 + 323, Py(X) = 23 — 323, h = (6,6). Then

a) (1) = 9(r: Qs, Po(X —362( > P ))f

Qs=4n
2-x1,2-T2

= 36(—82 + 242> — 1627 — 7222+ 0- 21 + -+ ) € S52(T0(12), X);
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b) ord (le)(T),OO,FOOQ)) =1.

Lemma 18. Let Py(X) = 2129, Qo = 22423+322, PV (X) = 222— 3224322,
PP (X) =722 — 1022 + 922, hy = (0,6,6). Then

a) Q;%):19<T;@9,P2<“<X>,h1>:%i( S p2<1><x>>zn

Qo=4n
2|z, 2-z2, 2-x3

= 36(642% — 962° — 1282% + 2562° — 12827 — 2562° + 6402 +--+);
QM (1) = 9(7; Qo, P (X), hy) — 1449(7; Qy, Po(X), h)

= 36i ( > PQ‘Q)(X)) 2 — 23o4i ( > PQ(X)> 2"

n=1 Qo=4n Q1=9
2|x1, 2-z2, 2-x3 zr=1 (mod 3)

= 36(2882° —11522° —5762°+11522"4+23042° +11522° — 2304210 + .. .),

n=1

where Q1 and h are defined by Lemma 11;

b) QI (1) € S75(To(12), x);
c) ord (2(7),00,T6(12)) =s (s =2,3).

Lemma 19. Let Po(X) = 1822 — Tx? + 22x314 + 231703 — 47129, P2(1)(X) =
4:15% + 3x1w9 — 1221203 + 8x3x4, h = (4,4,2,2). Then

a) Q7 (7) = 9(; Qa, PV (X), h) = 4 i ( > P2(1)(X)> 2 = 4(2522°

Q2=36n
z1=x2=2 (mod 6)
z3=x4=1 (mod 6)

— 1442* — 3602° — 5762° — 14427 + 14402® 4 10802" + 2882 + -+ +),

Qf)(T) =9(7;Qa, Py(X), h) = 42 < Z PQ(X)) n

Q2=36n
z1=22=2 (mod 6)
1‘353}451 (mod 6)

= 4(3602* — 3602° — 10802° + 36027 4 14402° + 10802 — 7202 + .. .),
where Qo is defined by Lemma 12;

b) QP(r) € Sg/a(To(12), X);
c) ord (99)(7), 00,T9(12)) =7 (r=3,4).

Lemma 20. Let P{V(X) = 28 — 61222, P(X) = 223 — 122522 + 30223 — 223,
Q1o = 32?3 + 4(23 + Tow3 + 23 + T3 + xyx5 + 22), Poy(X) = 32?2 — 623 + 1023 +
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6x1xy + 1dxyws, hy = (4,4,4,2,2). Then
a) 953)( ) =9(1;Qu, P ), ha) = 42( Z ngl)(X)> 2" = 64(—62

Q4=9n
zr=1(mod 3)

— 627 +482% 4 4821 — 1202° — 1262° + 482° + 41427 + 3002 + .. .),

O () = 0(r; Qs P (X)) = 64 ( > <X>> g
n=1 Q4=9n
zr=1(mod 3)
= 64(1622° — 9722% + 194427 +0- 210 +...),

Q) (7) = 9(7; Quo, P(X Z( 3 &(X))z”

Q10=36n
z1=x2=x3=2 (mod 6)
T4=x5=1 (mod 6)

= 4(6482° — 12962° — 64827 + 12962° + 19442° — 12962 + .- -),
where Q4 and ho are defined by Lemma 13;

b) QY(r) € 59/2(f0(12)7>();
c) ord (QP(7),00,T9(12)) =s (s =1,3,5).
Lemma 21. Let Qy = 2(22 + z129 + 22) + 4(22 + 2324 + 22), PV(X) =
2224 + 1302, PP(X) = 2220 + 1122 — 23wy — w322, h = (4,4,4,4). Then
a) 03" (r) = 9(r; Qu, P} - 642 ( 3 P?fl)(X)) 2
erQIIE;ZZ 3)
= 64(182% + 182" — 10825 — 1442° + 1082 + - . -),
QY (7) = v Qu, P (X), h) = 64 ( 2 PB(Q)(X)) :
n=1 QR11=9n
zr=1(mod 3)
= 64(—1622" 4 4862° — 972210 4 .. .);
b) QP(r) € 510/2(50(12)&);
c) ord (Qg?’)(r), 00,[(12)) =5 (s =2,4).
Lemma 22. Let Q19 = 4(23 + 2129+ 23+ 22 + 23724 +73), by = (6,—6,6, —6).

Then
a) 9(1;Qu,1,h) = Z ( Z 1) 2"

n=1 Q11=9n
zr=1(mod 3)

=922+ 92" + 27204928+ 54210 .- € M4/2(f0(12)),
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where Q11 and h are defined by Lemma 21,

V(7;Q12, 1, hy) = Z ( Z 1) 2"

n=1 \ Qi2=4n
2-x,

=427 + 821 +42° +162° + 2421+ ... € M4/2(f0(12));

b) F(T) = ;119(7'; Q12 th) - éﬁ(T;Qm 17h)

=24 254322 40.204... ¢ M4/2(f0(12)),
ord (F(71),00,T0(12)) = 4.

Let Q(X) = 22. Q(X) is the quadratic form of type (%, 4, 1). By the Corol-
lary of Lemma 10 we have

W) =9(r, QX)) =1+22+2*+22240- 204 ...
€ Mi2(To(4)) C Myyo(To(12)), (7)
ord (9(7),00,T(12)) = 0. ®)
Theorem. Let

Vo [kea itk k-4 i k#£2(mod 4),
"TYk=5 ifdlk, " k=5 if k=2 (mod 4);

Br = (bsy) (s =1,2,...,14; r =1,2,..., M) and C, = (¢cs) (s = 1,2,...,13;
r=1,2,...,0;) be the matrices whose elements are non-negative integers satis-
fying the conditions

5 7 < 9 < = 1 k
— by, + 3bg, + — ber + = ber +5 bsy + 2013, + = b1y, = —, 9
5 bir + 2+2; +2SZ:; +S:21:O + 2bisy + 5 by = 5 (9)
b1y + b3, + ber + 2(boy + bay + bry) + 3(bsy + bsyr) + 4(bo, + b1or + b13r)
11
+5bi1y 4 Gbio, =7, Y by >0, (10)
s=1
5 7 9 1
5 € 3o + 5 (€ar o car) + 4esr + o) + 5 ; Cor 5 (€0 + C10,)
1 t k
2 r 5 r 5= a5 11
+ 012,+2613,+2 5 (11)
Cir + Cor + Crr + 2(037' + C8r) + 3(C4r + Csr + CQT) + 4(06r + Cl(),'r + ClQ,'r)
11
5, Hl=r, 24 ¢y, >0, t>0, (12)
s=1

t=0 Jff ¢=0; (13)
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2 5
Goja(r) = For ()i (7) T T wber () [T (s ()
s=1 s=3
9 12
< [Tw@s )t TT @sm)tr, r=1,2,..., A, (14)
$=6 s=10
4 6
Hijoo(7) = Gapa (1) Fo2 (r)0o (1) (7) [T ()7 T (@25 (7))o
s=2 5=5
11
< [T, r=1,2.....8, (Goo(r) =1). (15)
s=7
Then
a) for any integer k >5
dim Sy /2(To(12)) = Ak, dim Sg2(To(12), ) = % (16)

and the systems of functions (14) and (15) are the bases of the spaces
Sk/Q(fO(H)) and Sk/g(fo(m),x), respectively;

b) if F(7) € Sk/g(fo(m)) (or Sk/g(fo(ﬁ), X)) and its first A\, (or 0y) Fourier
coefficients vanish, then F(T) is identically zero, i.e., this space has no “Weier-
strass gaps” at co.

Proof. a) First we prove that for any integer k > 5 there exist matrices By and
C) with the properties required by the theorem. By (7), (8) and Lemmas 4,
11-13, 16-19 and 22 we have B

1)if k= 5, then As = 05 = 1, G5/21(7) = Y1(7) € S52(F0(12)); Hsp2.1(7) =
(1) € Ss5/2(I'0(12), x);

2) if k =6, then Ag = 2, 06 = 1, Ge2,1(1) = V1(T)U(T), Gea2(T) = (7)),
Gg/gﬂn(T) - SG/E(F0(12)), OI‘d(GG/27T(T)7OO,F0(12)) =T (7” = 1,2), HG/QJ(T) =
QY () € So/a(To(12), X);

3) if k = 7, then Ay = & = 3, Grjon(r) = V(1) € S7(T0(12)),
ord(Grya,r(7),00,T9(12)) = 1 (r = 1,2,3); Hypoa(r) = QY (7)0(7), Hypoo(7) =
QM () (s = 2,3), ord(Hr o, (7),00,T0(12)) = 7, Hrjpp(1) € S7/2(To(12),
(r=1,2,3);

4) if k£ = 8, then )\8 = 3, 58 = 4, Gg/gﬂn<7'> = G7/2’T<T>79(7') S Sg/z(fo(lZ)),
Ord(Gg/g’T(T),OO7F0(12)) =T (7“ = 1,2,3), Hg/%f«(T) = H7/2’7«(7')’l9(7') (7“ =
1,2,3), Hsppa(r) = QP(), Hsjpolr) € Sga(To(12),x), ord(Hsjas(T), 00,
[9(12)) =s (s=1,...,4).

Now we show that if for some k£ > 9 there exist matrices Bj, and C}, then
there also are matrices Byy4 and Cjyy.

It follows from the definition that Apiy = A\ + 4 and 04 = 0p + 4. By
(7)—(15) and Lemmas 4, 11-22 we obtain

Grjor(T) € Sia(To(12)), (17)
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ord(Gr/or(7),00,T0(12)) =7 (r=1,2,..., \),
Hiz0(7) € Siy2(To(12), %),
ord(Hpyja,(7),00,I0(12)) =r (r=1,2,...,0).
Consider the systems of functions
G%,T(T) = Gk/27r(7')194(’7') (r=1,2,..., ),
G%W(T) = Grjara(T)F(T) (r=Xe+1,..., N +4),
H%’T(T) = Hk/277«(7-)7.94(7_) (r=1,2,...,0),
H%W(T) = Hypora(T)F(T) (r=0c+1,...,0, +4).
(7), (8), (17)—(24) and Lemmas 4 and 22 imply that
G, (r) € Suga (To(12),
ord(G%’r(T), 00,I0(12)) =r (r=1,2,..., Apsa),
Heo () € Suss (Fo(12), )
ord(H%,r(T), 00,10(12)) =7r (r=1,2,...,0k14)-

Thus for any integer k£ > 5 there exist matrices By, and (', whose elements are
non-negative integers satisfying conditions (9)—(13). Furthermore, for functions

(14) and (15), (17)—(20) are fulfilled.

It follows from (18) and (20) that the systems of functions (17) and (19) are

linearly independent. Therefore
dim Sg2(To(12)) > A, dim Sy /o(To(12), x) > 0.

Consider following cases:
1°. Let £ = 4m. Then by Lemma 9

dim Sk/2<f0(12)) = A, dim Sk/?(f0(12)7>() = 0.
2°. Let k = 4m + 2. According to Lemma 9
dim S 2(To(12)) + dim Sy /5(To(12), x) = dim So(T1 (12)) = 2k — 9;

but if £ = 4m + 2, then
A+ 0, =2k — 9.

From (25)—(27) follows (16), since A\, > 0 and 6 > 0 if & > 5.
3°. If k=4m + 1, then Ay = 0 = dxr1. By Lemma 4 and 2° we have

dim Sy/»(T(12), x) < dim Ses (To(12), X) = 41 = 6.
(28), (25) and Lemma 7 imply (16).

4°. If k = 4m + 3, then 0y = Ay = A\gy1. By Lemma 4 and 1° we obtain

dim Sy5(T'o(12)) < dim Sesr (To(12)) = Aes1 = .

From (29), (25) and Lemma 7 follows (16).
2° Directly follows from (18), (20) and (16).

(25)

(26)

(27)

(28)

(29)

O
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Remark. From Lemma 9 it follows that dim Sk/Q(fO(M), X) = 0 when k£ < 5.
Therefore the basis of the space Sy /2(I'0(12), x) is constructed for any integer k.
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