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ON THE EISENSTEIN SERIES CORRESPONDING TO
QUADRATIC FORMS OF CERTAIN TYPE

NIKOLOZ KACHAKHIDZE

Abstract. The Eisenstein series corresponding to quadratic forms of type
(f/2, 4N, χ) (N is a square-free natural number) are constructed using the
bases of the spaces of Eisenstein series given in [4].
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We will use the notation and notions from [3] and [4].
In [5] Malyshev constructed a Hardy–Littlewood singular series for any inte-

gral positive quadratic form with f ≥ 4 variables. In [2] Beridze summed up
this series. But the use of this result to obtain Fourier coefficients of this series
for a given quadratic form needs very long and tedious calculations.

As is known (see [7], p. 160), for any entire modular form F (τ) there exists
a linear combination of Eisenstein series E(τ) such that F (τ)− E(τ) is a cusp
form. In this paper, using the results of [4], we find a linear combination of
Eisenstein series E (τ, Q(x)) such that ϑ (τ, Q(x)) − E (τ,Q(x)) is a cusp form
of a certain type.

In what follows, let f, M ∈ N, N = p1p2 · · · pj (pl is an odd prime number,
l = 1, 2, . . . , j; pl1 6= pl2 when l1 6= l2). If Q(X) is a quadratic form with integral
coefficients and with f variables m ∈ N, g ∈ Zf , then

S(Q,m) =
∑

g mod m

exp

(
2πi

m
Q(g)

)
.

Lemma ([7], p. 213; [6]). Let L =

(
a b
c d

)
∈ SL2(Z), c 6= 0; Q(X) be a

quadratic form of type (f/2,M, χ), A be the matrix of 2Q(X); h, g ∈ Zf . Then

ϑ(Lτ,Q(X)) =
(
√
−i(cτ + d)sgn c)f

√
det A · |c|f/2

∑

h mod M
hA≡0(mod M)

ϕL
hϑ(τ ; Q(X), 1, h),

where

ϕL
h =

∑

g mod |c|
exp

(
2πi

c

(
aQ(g) +

1

M
sgn c · gAh′ +

d

M2
Q(h)

))
.

Proposition 1. Let 2 - f , f ≥ 5, Q(X) be a quadratic form of type
(f/2, 4N,χ) and
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E(τ, Q(X)) = E1(τ ; f/2, 4N, χ) +
exp(πif/4)√

det A

( ∑

Nl|N
Nl 6=N

2−fN
−f/2
l S(Q, 4Nl)

× E2,l(τ ; f/2, 4N,χ) +
∑

Nl|N

(−1

Nl

)
N
−f/2
l S(Q,Nl)E3,l(τ ; f/2, 4N, χ)

)
, (1)

where E1(τ ; f/2, 4N, χ) and Er,l(τ ; f/2, 4N,χ) (r = 2, 3) are defined in [4].
Then

ϑ(τ, Q(X))− E(τ,Q(X)) ∈ Sf/2(Γ̃0(4N), χ).

Proof. It follows from Proposition 2 of [4] and Theorem 2.2, p. 86, of [1] that

ϑ(τ,Q(X))− E(τ, Q(X)) ∈ Mf/2(Γ̃0(4N), χ).

Therefore we must only show that ϑ(τ, Q(X)) and E(τ,Q(X)) assume equal

values at cusps. The group Γ0(4N) has 2j+1 f -regular cusps (see [4]). Let L̃1 =((
1 0
0 1

)
, 1

)
, L̃2,l =

((
1 0

−4Nl 1

)
,
√−4Nlτ + 1

)
(Nl|N,Nl 6= N), L̃3,l =

((
1 0
−Nl 1

)
,−iεNl

√−Nlτ + 1

)
(Nl|N); A be the matrix of 2Q(X), h ∈ Zf .

Using the Lemma we get

lim
τ→i∞

(
ϑ(τ, Q(X))|f/2L̃1

)
= 1, (2)

lim
τ→i∞

(
ϑ(τ, Q(X))|f/2L̃2,l

)
= lim

τ→i∞

(
1√

det A(4Nl)f/2
·
(√

i(−4Nlτ + 1)√−4Nlτ + 1

)f

×
∑

h mod 4N
hA≡0(mod 4N)

ϕ
L2,l

h ϑ(τ ; Q(X), 1, h)

)

=
exp(πif/4)√
det A(4Nl)f/2

∑

g mod 4Nl

exp

(
− 2πi

4Nl

Q(g)

)

=
exp(πif/4)√
det A(4Nl)f/2

S(Q, 4Nl), (3)

lim
τ→i∞

(
ϑ(τ, Q(X))|f/2L̃3,l

)
= lim

τ→i∞

(
1√

det AN
f/2
l

·
( √

i(−Nlτ + 1)

−iεNl

√−Nlτ + 1

)f

×
∑

h mod 4N
hA≡0(mod 4N)

ϕ
L3,l

h ϑ(τ ; Q(X), 1, h)

)

=
if exp(πif/4)√
det AN

f/2
l εf

Nl

∑

g mod Nl

exp

(
−2πi

Nl

Q(g)

)
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=
if exp(πif/4)√
det AN

f/2
l εf

Nl

S(Q,Nl). (4)

It can be readily seen that

lim
τ→i∞

(
E1(τ ; f/2, 4N,χ)|f/2L̃1

)
= 1, (5)

lim
τ→i∞

(
E1(τ ; f/2, 4N,χ)|f/2L̃r,l

)
= 0, (6)

lim
τ→i∞

(
Er,l(τ ; f/2, 4N, χ)|f/2L̃1

)
= 0 (r = 2, 3), (7)

lim
τ→i∞

(
E2,l(τ ; f/2, 4N, χ)|f/2L̃2,l

)
= 1, (8)

lim
τ→i∞

(
E3,l(τ ; f/2, 4N, χ)|f/2L̃3,l

)
= if

(−1

Nl

)
, (9)

lim
τ→i∞

(
Er1,l1(τ ; f/2, 4N, χ)|f/2L̃r2,l2

)
= 0 when r1, r2 = 2

or 3 and (r1, l1) 6= (r2, l2). (10)

Then the result follows from (1)–(10). ¤
Proposition 2. Let Q(X) be a quadratic form of type (f/2, 4N, χ), 2|f,

χ = φψ, φ be a character mod 4, ψ be a character mod N ,

E(τ, Q(X)) = E1(τ ; f/2, 4N,χ) +
if/2

√
det A

( ∑

Nl|N
Nl 6=N

2−fN
−f/2
l S(Q, 4Nl)

× E2,l(τ ; f/2, 4N,χ) +
∑

Nl|N
N
−f/2
l S(Q,Nl)E3,l(τ ; f/2, 4N,χ)

)

if φ is not the principal character mod 4 and

E(τ, Q(X)) = E1(τ ; f/2, 4N, χ) +
if/2

√
det A

( ∑

Nl|N
Nl 6=N

2−fN
−f/2
l S(Q, 4Nl)

× E2,l(τ ; f/2, 4N, χ) +
∑

Nl|N

(
N
−f/2
l S(Q,Nl)E3,l(τ ; f/2, 4N,χ)

+(2Nl)
−f/2S(Q, 2Nl)E4,l(τ ; f/2, 4N, χ)

) )

if φ is the principal character mod 4, where

E1(τ ; f/2, 4N,χ) and Er,l(τ ; f/2, 4N, χ) (r = 2, 3, 4)

are defined in [4]. Then

ϑ(τ, Q(X))− E(τ,Q(X)) ∈ Sf/2(Γ̃0(4N), χ).

This Proposition is proved in the same manner as Proposition 1.
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