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ON CUSP FORMS OF WEIGHT 9/2
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Abstract. The modular properties of general theta-functions with charac-
teristics are used to build a cusp form of weight 9/2.
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1. INTRODUCTION

It is well known that r(n; f), the number of representations of a positive
integer n by a positive definite quadratic form f, can be expressed as the sum

r(n; f) = p(n; f) +v(n; f), (1)

where p(n; f) is a singular series. This series has been exhaustively studied and
formulas for computing it are known ([1]; [2]). The second summand v(n; f) is
a Fourier coefficient of a cusp form. It can be expressed in terms of modular
forms as follows:

I(r; f) = E(r; f) + X(7), (2)
I f) =1+ r(n; NQ (3)

where 7 € H ={7: Im7 > 0}, Q = ¢*™", X(7) is a cusp form, and

E(rif) =14 p(n; )Q" (4)
n=1

is the Eisenstein series corresponding to f. If the genus of the quadratic form
f contains one class, then, according to Siegel’s theorem ([3]-[5]), V(7; f) =
E(7; f) and therefore the problem of obtaining “exact” formulas for r(n; f) is
solved completely. If the genus contains more than one class, then it is necessary
to determine the cusp form X (7). Many papers are devoted to the problem of
finding X (7). The cusp forms in these works are constructed in the form of
linear combinations of product of simple theta-functions with characteristics or
their derivatives (see, e.g., [6]-[8]), products of Jacobi theta-functions or their
derivatives (see, e.g., [9]), and theta-functions with spherical polynomials (see,
e.g., [10]). All these functions are special cases of linear combinations of the
so-called generalized theta-functions with characteristics defined below by (7).
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In the present paper, using modular properties of these functions, a cusp form
of weight 9/2 is constructed which belongs to the space of entire modular forms
of type (—=9/2,48,v(M)). Here

M € Ty(48) = {(Z z) € SLy(Z)| e =0 (mod48)}

and v(M) is a system of multipliers with respect to the quadratic form of level
16:

k 9
fP=43"224+ > 27 (k=12,...8). (5)
j=1 j=k+1

(All of these forms have same multiplier system.)

This cusp form can be used to obtain exact formulas for the number of rep-
resentations of positive integers by the forms f*). Using modular properties
of simple theta-functions with characteristics, Lomadze obtained such formulas
for k =1,6,8 ([7], [8]).

2. PRELIMINARIES

Lemma 1 ([11], p. 444). Let f = f(x) be a positive definite quadratic form in
s variables, N be the level of f. Then function (3) belongs to the space of entire
modular forms of type (—s/2, N,v(M)), where v(M) is a system of multipliers
with respect to f and

M € Ty(N) = {(Z Z) €SLy(Z) | c=0 (modN)}. (6)

Definition ([11], p. 438). Let f = %ZL‘IAZL‘ be a positive definite quadratic
form, A be an integral matrix with even diagonal elements, and x € Z°, s > 2,
be a column vector. Moreover, let g and h be special vectors with respect to A,
P, = P,(z) be a spherical function of order v with respect to A, and N be the
level of f. Then we define the corresponding generalized theta-function with
characteristics as follows:

h/A(z—g) mitz’ Az
Ion(Ts P f) = Y (=1) v Py(z)e »7 . (7)

=g (mod N)

Lemma 2 ([11], Lemma 4). Let k be an arbitrary vector and | be a special
vector with respect to the form f. Then the following equalities hold:

ﬁg+Nk,h(T; quf) (_1) N 19gh<7-; quf)?
ﬁg,h—i—Ql(T; ow) 19gh(7—; Py,f)'
Lemma 3 ([11], p. 444). Let f, = fr(x) be a positive definite quadratic form

in s variables, Ay be the matriz of fi, Ay be the determinant of Ag, Ny be
the level of fi, g™ and h® be special vectors with respect to Ay (if 2 ¢ le,

then h'®) is a vector with even components), By be arbitrary complex numbers
(k =1,2,...,7). Let Pk = P,Ek)(x) be a spherical function of order v with

h' Ah
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respect to fr (k= 1,2,...,7), and A be the determinant of a positive definite
quadratic form f in s+ 2v variables.
Then the function

J
X(r5£) = Bidgwnw (1: PP, fi) (8)
k=1

is an entire modular form of type (—(s/2 + v),N,v(M))) if and only if the
following conditions are met

N
Nel N, N7 | flg™), 4Ne| § fuh®) (9)
Furthermore, for all & and 0 such that ad =1 (mod N) we have

) _1)s/2A
Z Bl g 00 (15 P, fic) (sgn 6)” <()Tk>
k=1

BNV NN
— <( ) |5| >ZBkﬁg(k)h(k>(T§ Pzgk)»fk)'
k=1

Lemma 4 ([11}, p. 446). If all conditions of Lemma 3 are fulfilled and v > 0,
then the function X (7) is a cusp form of type (—(s/2+v), N,v(M)).
3. Basic REsuLT

Theorem. Assume k=1,2,...,8,

k 9
f(k) :421?—’_ Z x?u P3 = T1T2T3, h,: (07070)7
J=1 J=k+1

(gM) = (8,8,8), (¢?) =(16,16,16), (¢**) = (8,8,16),
fi = 1223 + 1225 + 1273,
Let By, By, Bs be arbitrary complex numbers. Then the function
X (1) = B1Y,0) (15 Ps, f1) + BaV ) 1, (75 Ps, f1) + B3V 4 (75 P, f1)

is a cusp form of type (—9/2;48,v(M)), where v(M) is a system of multipliers
with respect to f*) (all of these forms have same system of multipliers).

Proof. In Lemma 3 we assume
A=24% (k=1,2,...,8),
f=f® N =48 N, =48, Ny=48,
v =23, P?fl) = P3(2) = Pé?’) = Py = 212973,
N =48, A =A7A,=A;=06-43
(9) = (8.8.8), (¢?) = (16,16,16),
(g®) =(8,8,16), j=3, s=3.
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It is easy to verify that the function X (7) satisfies the conditions (9) of Lemma 3.
We have
—1\s/2AA —1)s/2AA
(sgné)”(( )|c5| 1) = (sgn5)”(—( )|6| 2)

~sen8(57) ()
—1)s/AA,
oy (SU2) s (7))
—1)l(s+2v)/2]
(( : 0] A):(%)

If ad =1 (mod48), then ad =1 (mod 12). In particular,

a==+1,45 (mod12) and respectively 6 = +1,4+5 (mod 12).  (11)
If in (10) we take § > 0 and 6 =1 (mod 12), then

(7 - ()1

In case 0 > 0 and § = —5 (mod 12), we have

()= () =-()= () -

But if in (10) we take 6 < 0 and § =1 (mod 12), then

() =(55) = (55) = (5) =

In case § < 0 and 6 = —5 (mod 12), we have
() - -

sgn5<|5|> =1 for 6 =1 (mod6). (12)

Thus

Now suppose that in (10) 6 > 0 and 6 =5 (mod 12). Then

on(5) ()= () ()=

In case § > 0 and 6 = —1 (mod 12), we have

i 7) = () =)= ()

But if in (10) we take d < 0 and 6 =5 (mod 12), then

() --(3) - () -3 -
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In case 6 <0 and § = —1 (mod 12) we get

ans() =)=

Thus 5
sgn6<m> =—1 for 6 = -1 (mod6). (13)
Hence, by (10), (12) and (13), for all & and § with ad =1 (mod 48) we have
(1)
ey (278
—1)[(s+2v)/2]
= <( D A) for « =1 (mod6), (14)
0]
—1)[(s+2v)/2]
:—(( D 5] A) for « = -1 (mod6).

Due to Lemma 2
Vogon (T3 P3, f1) = 0,0, (7; P3, f1) for a =1 (mod6),

15

= —U,w(7; Ps, f1) for a = —1 (mod6), (15)

19049(2)h(7-;p37 fi) = 19g<2)h(7'3 P, fi) for a=1 (mod6), (16)
= —Uy@4(7; Ps, f1) for = —1 (mod6),

Vogn(T; P3, f1) = 0y, (7; P3, f1) for a =1 (mod6), an

= —Uy@(7; P3, f1) for a =—1 (mod6).

By (14)—(17) it is easy to verify that all conditions of Lemma 3 are satisfied
and therefore the function X (7) belongs to the space of entire modular forms
of type (—=9/2;48,v(M)). By Lemma 4 our theorem is proved. O
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